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Introduction

Procedural mathematics is a method of doing mathematics that stemmed from my dissatisfaction with clas-
sical logic and in particular, universal quantification. My intuitive understanding of universal quantification
is as an infinite conjunction, i.e. Py A P, A P3 A ---. My uneasiness with the proposition is not deep, it’s
simply that the proposition’s end has always felt inaccessible, out of reach, rarefied. Perhaps my discomfort
stems from the fact that I was programming for nearly a decade before learning university-level mathematics,
and so I had implicitly /intuitively developed a different more syntactical and restrained understanding of
program correctness over an unbounded domain. Procedural mathematics is my attempt at articulating this
programmatic understanding.

Background of Procedural Mathematics

Perhaps it would be easier to describe procedural mathematics by first contrasting it to its alternatives. One
method of doing mathematics is through argumentation. In this method, the objects under consideration
are first defined, then a statement called a theorem is made, then a deductive argument for why the theorem
holds called a proof is provided. Here, proofs can use theorems that have been proven earlier and likewise for
definitions. This method is perfectly valid and is underpinned by such concepts as universal quantification
for expressing generality, existential quantification for expressing existence, the domains over which they
apply, and the logical rules governing their interactions with other logical operators such as conjunction and
disjunction. The fact that this so far has been the only known general method for doing mathematics has,
I believe, led to a situation where it has been applied in contexts (especially in education and technology)
where alternative approaches may have been suitable.

Another method for doing mathematics, albeit incomplete, goes by various names including Transparent
Proofs, Transparent Pseudo Proofs, and Gneric Proofs. This method is essentially a specialization of the
argumentation method presented above except that instead of giving a deductive argument for why the
theorem holds, a deductive argument for why a particular case of a theorem holds is presented in such a
way that the main ideas for the proof of the general case are communicated. The benefit of this method is
that universal and existential quantification, domains of discourse, and the apparatus of mathematical logic
are temporarily backgrounded whilst the techniques specific to the given proof are given center stage. The
drawback of this method is that the outcome is not actually a proof because the line between the main ideas
of the general proof and the ideas incidental to the particular case is not made explicit. And as soon as this
line is made clear, the Transparent Pseudo Proof reverts to being an ordinary proof. Hence in the end, this
method only tends to be used in brief proof sketches.

Yet another incomplete method of doing mathematics goes by the name of Proof Without Words. A proof
without words is understood to be a theorem statement followed by a diagram or a picture that demonstrates
it to be self-evident. It is convenient to extend this definition to include unexplained algorithms because
their persuasive effect can be similar to that of diagrams and pictures. Similar to the Transparent Pseudo
Proofs mentioned above, this method of doing mathematics excels in emphasizing the content of a proof over
its form. Unfortunately Proof Without Words are not quite proofs because the link between the ”picture”
and the theorem to be proved is necessarily implicit. That something is missing in these kinds of proofs is
evidenced by the tendency for their authors to caption diagrams and pictures, and write proofs of correctness
for unexplained algorithms so as to ”complete” them. What is sought then is a method for doing proof based
mathematics that does not depend on the concepts of mathematical logic, nor consequently, argumentation,
and yet can scale enough to communicate topics like number theory, real and complex analysis, and linear
algebra.



Description of Procedural Mathematics

Overall, this method replaces proving stated mathematical theorems with inventing correct procedures to
realize stated objectives. To achieve this, the first part of this method calls for the elucidation of the
mathematical semantic rules being followed; their adherence is the criterion for “correctness”. Rules whose
adherence is known to guarantee that procedure implementations meet stated objectives in practice (like
those of elementary algebra) are what would typically be chosen here. The use of semantic rules in this
method is similar to its use in computer science, though the types of rules are markedly different. There, type
systems and ownership systems are the most common semantic rules and they serve to prevent syntactically
valid programs from compiling when objects of an incorrect type are found in certain contexts within the
source code or when object access patterns in the source code are incorrect respectively. The key point
of semantic rules is that they serve to rule out grammatically correct instructions before they are even
“executed”.

So far with our semantic rules we have enough to “prove” “theorems” true in a programmatic manner. But
just like machine code is hard to read and write for programmers, our newfangled “proofs” would be hard
to read and write for mathemticians. The next parts of this method are about using commonplace software
engineering techniques to structure our “proofs” better and hence allow them to scale enough to realize
complex objectives. The second part of this method is the declaration of terminology that will later be used.
Declarations are more similar to their namesake in computer programming than they are to definitions in
proof-based mathematics. Their purpose is to simplify/make concise instructions that involve manipulating
complex structures, just like in computer programming. Nevertheless, the conceptual role of declarations is
analogous to that of definitions in mathematics: they give single a name to a group of related ideas; and this
in turn enables comprehension of more complex structures.

The third part of this method is announcement of the mathematical objective to be achieved. Some rea-
sonable objectives might be to show that an arithmetical equality holds, construct an object with certain
properties, or construct another procedure with a potentially different objective. Again, objectives are more
similar to the comments that one might see above a procedure in a computer program’s source code than they
are to a theorem statement in proof-based mathematics. Their purpose is to enable readers to understand
more complex proofs by sometimes getting them to see certain parts of proofs as black boxes that have the
effect given by their objective. For this reason procedure objectives could be said to play a role analogous to
theorem statements in proof-based mathematics. However there are some conceptual differences: unlike the
theorem statement of a proof, a procedure objective is not a fact nor is it a logical consequence of a group
of axioms; rather it is merely a description of the intent of the associated implementation.

The last part of this method is the implementation of a semantically valid procedure for achieving the
stated objective. This procedure might in turn use previous procedures or even the current procedure (in
which case, the procedure is said to be recursive) to achieve sub-objectives. Semantically valid procedures
are very similar to source code written in a statically typed programming language because both comprise
an unambiguous set of instructions that can be carried out by a practitioner and both are constructed
according to some agreed upon some set of semantic rules. Their dissimilarity is that semantically valid
procedures would usually be written in a natural language grammar for a human audience whereas source
code is usually written in an artificial grammar primarily for execution on a computer. Semantically valid
procedures are also similar to deductive proofs in that both are constructed according to rules which serve
to bestow correctness upon the proof; however they are crucially different in that one is instructional whilst
the other is argumentative in nature.



Comparing Procedural Mathematics

Classical Mathemat- | Transparent / | Procedural Mathe-
ics Wordless Proofs matics
Grammatical Mood | Factual because proofs | Factual because the | Intentional because

establish theorems,
which are facts about
abstract objects. For
example, claims that
a proposition holds
on every member of a
domain are valid.

theorems being proved
are identical to their
equivalents in classical
mathematics.

procedures are labelled
only with their intent.
I.e. no claim is made
that procedures achieve
the objectives on every
member of a domain.

Generality Full. Universal quanti- | None becuase a theo- | Full. Symbols are used
fiers are used to express | rem is proven for only | to indicate values that
the generality of propo- | one well-chosen case. | are only known at ”run-
sitions over infinite do- | That being said, most | time”. At ”run-time”
mains. readers should be able | these symbols take on

to generalize proof to | a single value, rather
other cases. than ranging over a set.

Transparency Optional because the | More than in classical | Full because procedural
logical and object lan- | mathematics because | mathematics is about
guage can be insepara- | theorems are proven | providing instructions
bly mixed. For exam- | only on explicitly se- | to do mathematics
ple, a non-constructive | lected objects. I.e. | rather than ”doing”
arithmetical proof gen- | transparent proofs | mathematics. Hence
erally cannot be put | enforce more terms in | procedure  execution
in purely arithmetical | the object language | yields artifacts purely
terms. than classical proofs. in the object language.

Correctness Crite- | All inferences leading | Almost the same as | Adherence of proce-

rion to theorem must orig- | classical mathematics, | dure implementations
inate from stated in- | but the generalization | to well-chosen mathe-
ference rules and must | steps are not made ex- | matical semantic rules
trace back to stated ax- | plicit. with the objective in a
ioms. ”conclusive” position.

Expressiveness Full. Sufficient for do- | Subset of classical | Subset of classical
ing pure and applied | mathematics where | mathematics. Captures
mathematics and in- | existential statements | topics like trigonome-
cludes topics like trans- | have  witnesses be- | try and calculus. Fails
finite set theory. cause proofs are done | to express topics like

on explicitly chosen | transfinite set theory.
witnesses.

Imports Universal and exis- | Inference rules and ax- | Data structures, proce-
tential quantification, | ioms. Universal and ex- | dures, lambdas, recur-

transfinite set theory,
inference rules, axioms.

istential quantification
are made implicit.

sion, static analysis.

Treatment of Con-
tradictions

The derivation of a con-
tradiction from an as-
sumption implies that
the assumption is false.
Justified by the law of
noncontradiction.

Largely outside the
scope of transparent /
wordless proofs. Where
they do occur, inter-
pretation is the same
as that of classical
mathematics.

Sentences are shown
to be ”impossible” by
providing a procedure
(with an effectively
empty domain)  to
transform it into a
more obviously "im-
possible” sentence.




The above table shows the similarities and differences between the four methods of doing mathematics
presented above. Note that they are not all trying to do exactly the same thing, as is evidenced by the
variations in their grammatical moods. Also note that while procedural mathematics is strictly less expressive
than classical mathematics, it may just be expressive enough to conduct most fields of applied mathemtics
within.

Methodology of Mathematical Experiment

Above I have described a general method for doing mathematics but did not provide evidence that it is
workable. The rest of this book intends to prove that this approach is indeed generally usable by reformu-
lating the elementary parts of number theory, hard analysis, calculus, and linear algebra using the tools of
procedural mathematics. So, while formal mathematics usually takes the format of definition-theorem-proof,
this project has the format of declaration-procedure objective-procedure implementation. So where there
usually would have been a statement and proof of Euler’s totient theorem, procedure 1:72 is provided, and
where there would have been a definition of Euler’s totient function, declaration 1:28 is provided. Perhaps not
surprisingly, software programming tools and concepts like lambdas, procedures, recursion, and modularity
have turned out to be instrumental in rendering intelligable what could have been an indecipharable network
of instructions/operations.
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Chapter 1

Integer Arithmetic

Declaration 1:0(1.22)

The phrase ”integer” will be used as a shorthand for
an ordered pair of natural numbers.

Declaration 1:1(1.23)

The phrase ”"the positive part of a” and the nota-
tion po(a), where a is an integer, will be used as a
shorthand for the first entry of a.

Declaration 1:2(1.24)

The phrase ”the negative part of a” and the nota-
tion ne(a), where a is an integer, will be used as a
shorthand for the second entry of a.

Declaration 1:3(1.25)

The phrase "a = 0", where a,b are integers, will be
used as a shorthand for "po(a) + ne(b) = ne(a) +

po(b)”.

Procedure I:0(1.65)
Objective

Choose an integer a. The objective of the following
instructions is to show that a = a.

Implementation

1. Show that a = a using declaration I:3
given that po(a) + ne(a) = ne(a) + po(a).
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Procedure 1:1(1.66)
Objective

Choose two integers a,b such that a = b. The ob-
jective of the following instructions is to show that
b=a.

Implementation
1. Using declaration 1:3, show that b =«
(a) given that po(b) + ne(a) = ne(b) + po(a)
(b) given that po(a) 4+ ne(b) = ne(a) + po(b)

(c) given that a = 0.

Procedure 1:2(1.67)
Objective

Choose three integers a,b, ¢ such that ¢ = b and
b = c¢. The objective of the following instructions is
to show that a = c.

Implementation

1. Show that po(a) +ne(b) = ne(a) + po(b) using
declaration I:3.
Show that po(b) + ne(c) = ne(b) + po(c) using
declaration I:3.

3. Hence show that a = ¢

(a) given that po(a) + ne(c) = ne(a) + po(c)

(b) given that po(a) + ne(b) + po(b) + ne(c)
ne(a) 4+ po(b) 4+ ne(b) + po(c).



Declaration 1:4(1.26)

The notation a + b, where a, b are integers, will be
used as a shorthand for the pair {po(a) + po(b),

ne(a) + ne(b)).
Procedure 1:3(1.68)

Objective

Choose four integers a, b, c,d such that a = ¢ and
b = d. The objective of the following instructions is
to show that a +b=c+d.

Implementation

1. Show that po(a) +ne(c)
declaration I:3.

2. Show that po(b) + ne(d)
declaration I:3.

= ne(a) +po(c) using
= ne(b) + po(d) using

3. Hence using declaration I:4, show that a + b

(a) = (po(a),ne(a)) + (po(b), ne(b))

(b) = (po(a) + po(b), ne(a) + ne(b))

(¢) = (po(a) + po(b) + ne(c) + ne(d), ne(a) +
ne(b) + ne(c) + ne(d))

(d) = {(po(a) +ne(c)) + (po(b) +ne(d)), ne(a) +
ne(b) + ne(c) + ne(d)

(€) = ((ne(a) +po(c)) + (ne(b) + po(d)), ne(a) +
ne(b) + ne(c) + ne(d))

(f) = (ne(a) + ne(b) + po(c) + po(d),ne(a) +
ne(b) + ne(c) + ne(d))

(8) = (po(c) + po(d), ne(c) + ne(d))

(h) = {po(c), ne(c)) + (po(d), ne(d))

(i) =c+d.

Procedure 1:4(1.69)

Objective

Choose three integers a,b,c. The objective of the
following instructions is to show that (a + b) + ¢ =
a+ (b+c).

Implementation

1. Using declaration I:4, show that (a +b) + ¢

(a) = (<I)>>0(a) + po(b), ne(a) + ne(b)) + (po(c),
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(b) =(<(§9>0(a)+p0(b))+p0( ); (ne(a) +ne(b)) +

(c) = (po(a) + (po(b) + po(c)), ne(a) + (ne(b) +
ne(c)))

(d) = (<§>>0(a),ne( )) + (po(b) + po(c),ne(b) +

Procedure I:5(1.70)
Objective

Choose two integers a,b. The objective of the fol-
lowing instructions is to show that a +b =10+ a.

Implementation

1. Using declaration I:4, show that a + b

(a) = (po(a) + po(b), ne(a) + ne(b))
(b) = (po(b) + po(a), ne(b) + ne(a))
(¢c) =b+a.

Declaration 1:5(1.27)

The notation a, where a is a natural number, will
contextually be used as a shorthand for the pair (a,
0).

Procedure I:6(1.71)

Objective

Choose an integer a. The objective of the following
instructions is to show that 0 + a = a.
Implementation

1. Using declaration I:4, show that 0 + a

(a) = (0,0) + (po(a), ne(a))
(b) = (0 +po(a),0 + ne(a))
(¢) = (po(a), ne(a))

(d) =

Declaration I:6(1.28)

The notation —a, where a is an integer, will be used
as a shorthand for the pair (ne(a),po(a)).



Procedure I:7(1.72) Implementation

Objective 1. Show that po(a)+ne(c) = ne(a) + po(c) using

Choose two integers a, b such that a = b. The ob- declaration I.3.

jective (;)f the following instructions is to show that 2. Show that po(b) + ne(d) = ne(b) + po(d) using
—a==0 declaration I:3.
Implementation 3. Hence using declaration I:7, show that ab

1. Show th?tt po(a) + ne(b) = ne(a) +po(b) using (a) = (po(a)po(b) + ne(a)ne(b), po(a) ne(b) +

declaration I:3. ne(a) po(b))

2. Hence using declaration I:6, show that —a (b) = (po(a) po(b) + ne(a) ne(b) + poa) ne(d) +
(a) = (ne(a),po(a)) ne(c)po(d) + po(c)ne(d), po(a) ne(b) +
(b) = (ne(a) + po(b). po(a) + po(®) B L T e
(c) = (po(a) +ne(b), po(a) + po(b))

(¢) = (po(a)(po(b) + ne(d)) + ne(a)ne(b) +

(d) = (ne(b), po(b)) ne(c)po(d) + po(c)ne(d),po(a)ne(b) +
(e) = —b ne(a) po(b) + po(a)ne(d) + ne(c)po(d) +

po(c) ne(d))
Procedure 1:8(1.73) (d) = (po(a)(ne(b) + po(d)) + ne(a)ne(b) +
Objective ne(c)po(d) + po(c)ne(d), po(a)ne(b) +

ne(a) po(b) + po(a)ne(d) + ne(c)po(d) +
Choose an integer a. The objective of the following po(c) ne(d))
instructions is to show that —a +a = 0.

O el ettty 4 otar ) -

mplementation po(c) ne(d), ne(a) po + po(a)ne +
tmplementat ne(c) pold) + po(c) ne(d)

1. Using declaration I:4, show that —a + a

= a +
(a) = (-a)+a po(c)ne(d),ne(a) po(b) + po(a)ne(d) +
(b) = (ne(a), po(a)) + (po(a), ne(a)) ne(c) po(d) + po(e) ne(d))
(c) = (ne(a) + po(a), po(a) + ne(a)) (8) = (ne(a)(po(d) + ne(b)) + po(c)po(d) +
(d) = (0,0) po(c) ne(d),ne(a) po(b) + po(a)ne(d) +
ne(c) po(d) + po(c) ne(d))
(e) =0.
(h) = (<;le(?2l§p0(lg))+ n;)(d)) + pf()(;) pf()g(l;l) +
. o(c)ne(a),ne(a) po + o(a)ne +
Declaration I:7(1.29) Ee(c) po(d) + po(cI; ne(d)) P
The notation ab, where a, b are integers, will be used ) ((nela) () ne(d) () pold)
as a shorthand for the pair (po(a) po(b)+ne(a) ne(d), i) = ne(a) + pol(c))ne(a) + po(c)po(a),
po(a)ne(b) + ne(a) pol(ob)>. e po(a) ne(d) + ne(c) po(d) + po(c) ne(d))
(i) = ((po(a) + ne(c))ne(d) + po(c)po(d),
Procedure 1:9(1.74) po(a) ne(d) + ne(c) po(d) 4+ po(c) ne(d))
Objective () = (ne(e)ne(d) + po(c) po(d), ne(c) po(d) +
Choose four integers a, b, c,d such that a = ¢ and po(c) ne(d))
b = d. The objective of the following instructions is
to show that ab = cd. (1) =cd
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Procedure 1:10(1.75)
Objective
Choose three integers a,b,c. The objective of the
following instructions is to show that (ab)c = a(bc).
Implementation

1. Using declaration 1:7, show that (ab)c

(a) = (po(a)po(b) + ne(a)ne(b), po(a)ne
ne(a) po(b)){po(c), ne(c))
) po(

{(po(a) po(b) + me(a)ne(b)) po(c) +
po(a) ne(b)+ne(a) po(b)) ne(c), (po(a
ne(a)ne(b))ne(c) — +  (po(a

ne(a) po(b)) po(c))

(b) +

(b)

(po(a)(p

ne(a)(po(b) n
ne(b) po(c))
ne(b) ne(c)))

= (po(a),ne(a))(po(b) po(c) + ne(b)
po(b) ne(c) + ne(b) po(c))

(e) = a(be).

o(b) po(c
e(¢)+ne(b) p
+ e

(d)

Procedure 1:11(1.76)

Objective

Choose two integers a,b. The objective of the fol-
lowing instructions is to show that ab = ba.
Implementation

1. Using declaration 1:7, show that ab

(a) = (po(a)po(b) + ne(a)ne(db), po(a)ne(d) +
ne(a) po(b))
(b) = (po(b) po(a) + ne(b) ne(a), po(b) ne(a) +
ne(b) po(a))
(¢) = ba.

Procedure 1:12(1.77)

Objective

Choose an integer a. The objective of the following
instructions is to show that la = a.
Implementation

1. Using declaration 1:7, show that la
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(a) = (1,0){po(a), ne(a))

(b) = (1po(a) + One(a), 1 ne(a) + 0po(a))
(¢) = (po(a),ne(a))

(d) =a

Procedure 1:13(1.78)
Objective

Choose three integers a,b,c. The objective of the
following instructions is to show that a(b + ¢) =
ab + ac.

Implementation

1. Using declaration I:4 and declaration [:7, show
that a(b+ ¢)

(a) = (po(a), ne(a))(po(b) +po(c), ne(b) +ne(c))

(b) = (po(a)(po(b) + po(c)) + ne(a)(ne(b) +
ne((c))));po(a) (ne(b) + ne(c)) + ne(a)(po(b) +
po(c

Procedure 1:14(1.91)

Objective
Choose an integer a. The objective of the follow-
ing instructions is to show that (—1)2¢ = 1 and
(_1)2a+1 = 1.
Implementation
1. Show that (—1)* = (=1)(-1) + 1+ (1) =
D(-1)+1)+1=(-1)0+1=1.
2. Hence show that (—1)%¢ = ((-1)?)¢ = 1% =
1.
3. Also show that (—1)2%t1 = (-1)%¢(-1) =

1(~1) = —1.



Declaration 1:8(1.30)

The phrases "a < b” and ”b > a”, where a,b are
rational numbers, will be used as a shorthand for
"po(a) + ne(b) < ne(a) + po(b)”.

Procedure 1:15(1.79)
Objective

Choose four integers a, b, ¢, d such that a < b, a = ¢
and b = d. The objective of the following instruc-
tions is to show that ¢ < d.

Implementation

1. Show that po(a) +ne(c)
declaration I:3.

2. Show that po(b) + ne(d)
declaration I:3.

= ne(a) +po(c) using
= ne(b) + po(d) using
3. Show that po(a) 4+ ne(b) < ne(a)+ po(b) using

declaration I:8.

4. Hence show that po(c) + ne(d)

(a) = (ne(a)+po(c)) + (po(b) +ne(d)) —ne(a) —
po(b)
(b) = (po(a) +ne(c)) + (ne(b) +po(d)) — ne(a)
po(b
(¢) = (po(a) + ne(b)) + ne(c) + po(d) — ne(a)
po(b
(d) < (ne(a) 4 po(b)) + ne(c) + po(d) — ne(a) —
po(b
(e) =ne(c) 4 po(d).
5. Hence show that ¢ < d using declaration
I:8.

Procedure 1:16(1.80)
Objective

Choose three integers a, b, ¢ such that a < b. The
objective of the following instructions is to show that
a+c<b+ec

Implementation

1. Show that po(a)+ne(b) < ne(a)+po(b) using
declaration I:8.

2. Hence show that po(a + ¢) + ne(b+ ¢)
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(a) = po(a) + po(c) + ne(b) + ne(c)
(b) = (po(a) + ne(b)) + po(c) + ne(c)
(¢) = (ne(a) 4+ po(b)) + po(c) + ne(c)
(d) = ne(a) + ne(c) + po(b) + po(c)

(e) =

3. Hence show that a + ¢ < b+ ¢ using dec-
laration I:8.

ne(a + ¢) + po(b + ¢).

Procedure 1:17(1.81)
Objective

Choose two integers a,b. The objective of the fol-
lowing instructions is to show that a < b, a = b and
a >b.

Implementation
1. Show that either
(a) po(a) + ne(b) < ne(a) + po(b)
(b) po(a) + ne(b) = ne(a) + po(b)
(¢) po(a)+ ne(b) > ne(a) + po(b)
2. Hence show that either

(a) @ < b using declaration I:8 given that
po(a) + ne(b) < ne(a) + po(b).

(b) a b using declaration 1:3 given that
po(a) + ne(b) = ne(a) + po(d).

(¢) a > b using declaration 1:8 given that
po(a) + ne(b) > ne(a) + po(b).

Procedure 1:18(1.85)
Objective

Choose two integers a, b such that 0 < a and 0 < b.
The objective of the following instructions is to show
that 0 < a+ 0.

Implementation

1. Show that ne(a) = po(0) + ne(a) < ne(0) +
po(a) = po(a) using declaration I:8.

2. Show that ne(b) = po(0) + ne(b) < ne(0) +
po(b) = po(b) using declaration L:8.



3. Show that po(0) + ne(a + b) = ne(a +b) =
ne(a) + ne(s) < po(a) + po(b) = pola +b) —
ne(0) + po(a + b).

4. Hence show that 0 < a + b given that
po(0) + ne(a + b) < ne(0) + po(a +b).

Procedure 1:19(1.86)
Objective

Choose two integers a, b such that 0 < ¢ and 0 < b.
The objective of the following instructions is to show
that 0 < ab.

Implementation

1. Show that ne(a) = po(0) + ne(a) < ne(0) +
po(a) = po(a) using declaration I:8.

2. Hence show that 0 < po(a) — ne(a).

3. Show that ne(b) = po(0) + ne(b) < ne(0) +
po(b) = po(b) using declaration I:8.

4. Hence show that 0 < po(b) — ne(b).
5. Hence show that 0 < ab

(a) given that po(0) + ne(ab) = ne(a)po(b) +
po(a)ne(b) < po(a)po(b) + ne(a)ne
ne(0) + po(ab)

(b) given that ne(a)(po(b) — ne(b)) <
po(a)(po(b) — ne(b))

(c) given that 0 < (po(a)—ne(a))(po(b)—ne(d)).

Declaration 1:9(1.34)

The notation ||a|| will be used as a shorthand for the
following expression:

1. —aifa<0

2. aifa>0

Procedure 1:20(1.87)

Objective

Choose two integers a,b. The objective of the fol-
lowing instructions is to show that ||ab|| = ||a||||]].
Implementation

1. If a > 0 and b > 0, then do the following;:
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(a) Show that |lab|| = ab = ||a||||b|| given that

ab > 0.
2. Otherwise if @ < 0 and b > 0, then do the
following:
(a) Show that |ab]] = —(ab) = (—a)b =

lal|||®|] given that ab < 0.

3. Otherwise if @ > 0 and b < 0, then do the

following:
(a) Show that |ab]| = —(ab) = a(-b) =
llall||b]l given that ab < 0.
4. Otherwise do the following:
(a) Show that |ab]] = ab = (—a)(-b) =
[lalll|®l]-

i. given that ab > 0

ii. given that @ < 0 and b < 0.

Procedure 1:21(1.88)
Objective

Choose two integers a, b. The objective of the follow-
ing instructions is to show that ||ja 40| < |lal| + ||b]|-

Implementation
1. If a+ b > 0, then do the following:
(a) Show that [[a+0b|| =a+b<]|a| + 0]
i. given that a < |a||
ii. and b < ||b]|.
2. Otherwise do the following:

(a) Show that |la +b|| = —(a +b) = (—a) +
(=0) < lall + o]l

i. given that —a < ||al|
iil. and —b < |||

ili. and a +b < 0.

Procedure 1:22(1.89)
Objective

Choose two integers a, b. The objective of the follow-
ing instructions is to show that ||a|| — ||b]] < ||a —b]].



Implementation

1. Show that ||la|| = ||b+ (a —b)|| < ||b]| + [la — b

using procedure 1:21.

2. Hence show that |ja| — [|b]| < ||a — b]|.

Declaration 1:10(1.03)

The notation sgn(a) will be used as a shorthand for
the following expression:

1. -1ifa<0
2.0ifa=0
3. 1ifa>0

Declaration I:11(sun0902201144)

The notation H(a) will be used as a shorthand for
the following expression:

1. 0ifa<0
2. 1ifa>0

Procedure 1:23(1.90)
Objective
Choose an integer a. The objective of the following
instructions is to show that a = sgn(a)||al|.
Implementation
1. If @ > 0, then do the following:
(a) Show that a = la = sgn(a)||al|
i. given that |la]]| = a
ii. and sgn(a) = 1.
2. If a = 0, then do the following;:

(a) Show that a = 0 = sgn(a)0 = sgn(a)]al|
given that ||| =a = 0.

3. Otherwise if a < 0, then do the following:
(a) Show that a = (—1)(—a) = sgn(a)||al|
i. given that |la]| = —a

ii. and sgn(a) = —1.
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Chapter 2

Modular Arithmetic

Procedure 1:24(1.00)
Objective

Choose an integer a and a positive integer b. The
objective of the following instructions is to con-
struct integers n and m such that a = nb + m and
0<m<hb.

Implementation
1. Let n = 0.
2. While (n + 1)b < a, do the following:
(a) Let n receive n + 1.
(b) Show that nb < a.
3. While nb > a, do the following:
(a) Let n receive n — 1.
(b) Show that (n+ 1)b > a.
4. Hence show that nb < a and (n+ 1)b > a.
5. Let m = a —nb.

6. Now show that b > a—nb =m > 0 and
a=bn+a—nb=nb+m.

7. Yield (n,m).

Declaration 1:12(1.00)

The notation a div b will be used to refer to the first
part of the pair yielded by executing procedure 1:24
on (a,b).
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Declaration 1:13(1.01)

The notation a mod b will be used to refer to the sec-
ond part of the pair yielded by executing procedure
I:24 on (a, b).

Declaration 1:14(1.02)

The notation a = b (mod c¢) will be used as a short-
hand for ”a mod ¢ = b mod ¢”.

Procedure 1:25(1.01)
Objective

Choose four integers a, b, c,d and a positive integer
e in such a way that ¢ = ¢ (mod e) and b = d
(mod e). The objective of the following instructions
is to show that a + b= c+d (mod e).

Implementation

1. Show that a + b

= (adive)e+ (a mod e)+ (bdive)e+ (b mod

(9]
~—

(a mod e) + (b mod e)

= (¢ mod €) + (d mod e)

(cdive)e+ (¢ mod e)+ (ddiv e)e+ (d mod

99
~—

c¢+d (mod e).



Procedure 1:26(1.02)
Objective

Choose four integers a, b, ¢,d and a positive integer
e in such a way that a = ¢ (mod e) and b = d
(mod e). The objective of the following instructions
is to show that ab = c¢d (mod e).

Implementation
1. Show that ab

(a) E))((a dive)e+ (a mod e))((bdive)e+ (b mod

(b) = (adive)(bdive)e? + (adive)(b mod e)e +
(a mod e)(bdive)e 4+ (a mod €)(b mod e)

(¢) = (a mod e)(bmod e)
(d) = (cmod e)(d mod e

)
(e) = (cdive)(ddive)e? + (cdive)(d mod e)e +
(¢ mod e)(ddive)e + (¢ mod e)(d mod e)

(f) =cd (mod e).

Procedure 1:27(1.03)
Objective

Choose an integer a and two positive integers b, c.
The objective of the following instructions is to show
that (e mod bc) mod b = a mod b.

Implementation

1. Show that (a mod bc)modbd
(adivbc)be) mod b = a mod b.

= (a -
Procedure 1:28(1.04)
Objective

Choose a positive integer a and four integers by,
bo, c1,co such that 0 < by < a, 0 < ¢y < a, and
bia + by = ci1a + ¢o. The objective of the following
instructions is to show that by = ¢; and by = ¢g.

Implementation

1. Show that by = by mod a = (bja + by) mod
a = (c1a + ¢p) mod a = ¢g mod a = ¢.

2. Therefore show that b; = ¢; given that
bia = cia.
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Procedure 1:29(1.05)
Objective

Choose an integer a and two positive integers b, c.
The objective of the following instructions is to show
that ca mod ¢b = ¢(a mod b) and that cadiveb =
adivb.

Implementation

1. Show that be(adivd) + c¢(a mod b)
c(b(adivd) + a mod b) = ca = cb(cadivedb) +
ca mod cb.

2. Show that 0 < a mod b < b.
3. Show that 0 < ¢(a mod b) < cb.
4. Show that 0 < ca mod ¢b < cb.

5. Hence show that c(a mod b) = ca mod cb
and adivb cadiveb using procedure
I:28.

Procedure 1:30(1.06)
Objective

Choose two integers a, b and a positive integer ¢ such
that @ mod c¢+b mod ¢ < ¢. The objective of the fol-
lowing instructions is to show that adive+bdive =
(a+b)dive and a mod ¢+ b mod ¢ = (a+ b) mod c.

Implementation

1. Show that a = c¢(adivc) + a mod c.
2. Show that b = ¢(bdive) + b mod c.

3. Therefore show that a+b = ¢(a div c+bdive)+
(a mod ¢+ bmod ¢).

4. Show that 0 < amod ¢+ bmod ¢ < c.

5. Also show that a + b = ((a + b)dive)e + (a +
b) mod c.

6. Show that 0 < (a + b) mod ¢ < c.

7. Hence show that adivc + bdive = (a +
b) divc and a mod ¢+b mod ¢ = (a+b) mod ¢
using procedure 1:28.



Procedure 1:31(1.07)
Objective

Choose two integers a,b and a positive integer ¢
such that amodc + bmodec > c¢. The objec-
tive of the following instructions is to show that
1+ adive+ bdive = (a + b)dive and a mod ¢ +
bmod ¢ — ¢ = (a + b) mod c.

Implementation
1. Show that a = c¢(adiv¢) + a mod c.
2. Show that b = ¢(bdive) + b mod c.

3. Therefore show that a+b = c(adiv c+bdivc)+
amod ¢+ bmod ¢ = ¢(1+adive+ bdive) +
(e mod ¢+ b mod ¢ — ¢).

4. Show that ¢ < a mod ¢+ b mod ¢ < 2¢.

5. Therefore show that 0 < a mod ¢+ b mod ¢ —
c<ec.

6. Also show that a +b = ¢((a + b)dive) + (a +
b) mod c.

7. Show that 0 < (a + b) mod ¢ < c.

8. Therefore show that 1+ adivc+ bdive =
(a + b)dive and amodc + bmodc — ¢
(a + b) mod ¢ using procedure I:28.

Procedure 1:32(1.08)
Objective

Choose an integer a and two positive integers b,
c. The objective of the following instructions is to
show that adivbe = (adivd)dive and a mod be =
((adivd) mod ¢)b + a mod b.

Implementation

1. Show

that «a

(((adivd)dive)e +

(adivb) mod ¢)b+a mod b = ((adiv d) div ¢)be+

(adivd) mod ¢)b + a mod b
given that @ = (adivbd)b + a mod b
((adivd)dive)e +

(
(a)
(b) given that adivb

(adivb) mod c.

2. Show that 0 < ((adivb) mod ¢)b < c¢b—b given
that 0 < (adivb) mod ¢ < ¢ — 1.

3. Therefore show that 0 < ((adivd) mod ¢)b +
a mod b < ¢b given that 0 < a mod b < b.
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4. Now show that a = (a div bc)bc+a mod be and
0 < a mod be < be.

5. Therefore show that (adivb)dive
adivbe and ((adivb) mod ¢)b + a mod b
a mod bc using procedure I:28.

Procedure 1:33(1.09)
Objective
Choose an integer a and a non-negative integer b.
The objective of the following instructions is to con-
sruct integers c¢,d, e, f,g such that a = cd, b = ce,
fa+ gb = ¢, and if b = 0, then ¢ = |a|, otherwise
0<ec<hb.
Implementation

1. If b= 0, then do the following:

(a) Show that a = sgn(a)|al.

(b) Show that b = 0|a.

(c) Show that |a| = sgn(a)a + 00b.

(d) Yield (|a|,sgn(a),0,sgn(a),0).

2. Otherwise do the following;:

(a) Show that 0 < a mod b < b.

(b) Use procedure 1:33 on (b,a mod b) to con-
struct (¢, d, e, f,g) and show that:

i. b=cd
ii. amod b= ce

iii. ¢ =b]] if @ mod b = 0, otherwise 0 < ¢ <
a mod b

iv. fb+ g(a mod b) = c.

(¢) Hence show that a = (adivb)b + (a mod
b) = c¢(d(adivbd) +e).

(d) Also show that (f — g(adivd))b+ ga =
fo+g(a—(adivd)b) = fb+ g(a mod b) = c.

(e) If a mod b = 0, then do the following:

i. Show that 0 < b = ¢ < b given that
b>0,b#0, and ¢ = ||b|| = b.

(f) Otherwise do the following:

i. Show that 0 < ¢ < amod b < b given
0 < c¢<amodb.



(¢) Therefore yield (c,d(adivd) +e,d, g, f —
gladivd)).
Declaration 1:15(1.04)

The notation (a,b) will be used to refer to the first
part of the quintuple constructed by using procedure
1:33 on the pair (a, b).

Procedure 1:34(1.10)
Objective

Choose an integer a and a positive integer b. Let 1 <
¢ < b be the largest integer such that ¢ mod ¢ = 0
and b mod ¢ = 0. The objective of the following in-
structions is to either show that 0 # 0 or (a,b) = c.

Implementation

1. Use procedure 1:33 on (a,b) to construct (d, e,
f,g,h) and show that:

(a) a=ed

(b) b=fd

(c) ga+hb=d

(d) 0<d<b.
2. If d > ¢, then do the following;:

(a) Show that a mod d # 0 or b mod d # 0 given
that 0 < d < bis larger than the largest inte-
ger such that ¢ mod ¢ =0 and b mod ¢ = 0.

(b) If a mod d # 0, then do the following:
i. Show that @ mod d = 0 given that a = ed.

ii. Hence show that 0 # 0 given that
amod d # 0 and a mod d = 0.

Abort procedure.
(¢) Otherwise if b mod d # 0, then do the fol-

lowing:
i. Show that b mod d = 0 given that b = fd.

ii. Hence show that 0 # 0 given that
bmod d # 0 and b mod d = 0.

iii.

iii. Abort procedure.
3. Otherwise if d < ¢, then do the following:

(a) Show that 0 = ge(adive) + he(bdive) =
g(c(adive)+a mod ¢) + h(c(bdivc) +b mod
¢) =ga+hb=d=#0 (mod ¢) given that:

21

i. ga+hb=d
ii. amodc=10
iii. bmod ¢ = 0.
(b) Hence show that 0 # 0.
(¢c) Abort procedure.
4. Otherwise show that (a,b) =d =c.

Procedure 1:35(1.11)
Objective

Choose integers a, ¢, d, j and a non-negative integer
b. Use procedure 1:33 on (a,b) to construct (e, f, g,
h,i). The objective of the following instructions is
to show that ca +db = (c+ gjla+ (d — fj)b.

Implementation

1. Show that (c+gj)a+ (d— fj)b=ca+db+
gja — fjb=ca+ db+ gjef — fjeg = ca + db.

Procedure 1:36(1.12)
Objective

Choose integers a, ¢, d and a non-negative integer b
such that ca + db = (a,b). Use procedure 1:33 on
(a,b) to construct (e, f, g, h,i). The objective of the
following instructions is to construct a j such that
c=h+gjand d=1i— fj.

Implementation

1. Use procedure 1:33 on (a, b) to show that:

(a) a=ef
(b) b=ceg
(¢) ha+ib=e.

2. Show that c¢f +dg =1

(a) given that cef + deg = ca+ db = (a,b) = e
(b) given that a = ef and b = eg.
3. Show that hf +ig=1

(a) given that hef +ieg = ha+ib=e

(b) given that a = ef and b = eg.
4. Let j = ci — hd.



5. Show that ¢ = h+cig—hdg = h+g(ci—hd) =
h+gj

chf

(a) given that ¢ — cig = ¢(1 — ig)
h(1 —dg) =h — hdg

(b) given that ¢f =1 — dg.
i—icf+dhf =i—f(ic—dh) =

6. Show that d =
i—fj
(a) given that d — dhf = d(1 — hf) =
i(l1—cf)=1i—icf
(b) given that dg =1 — cf.

7. Yield (j).

Procedure 1:37(1.13)
Objective

Choose an integer a and a positive integer b such
that 0 < (a,b) < b. The objective of the following
instructions is to show that 0 # 0 or a mod b # 0.

Implementation
1. If a mod b = 0, then do the following:

(a) Show that af = 0f =0 (mod b) given that
a mod b= 0.

(b) Use procedure I:33 on (a,b) to construct (c,
d,e, f,g) and show that:

i. fa+gb=c=(a,b)
ii. 0 <c=(a,b) <h.

(c) Hence show that fa = (a,b) Z 0 (mod b)
given that 0 < (a,b) < b.

(d) Hence show that 0 # 0 given that 0 =
0 (mod b).

af #

(e) Abort procedure.
2. Otherwise show that a mod b # 0.

Procedure 1:38(1.14)
Objective

Choose five integers a, d, e, f, g and two non-negative
integers b, ¢ such that a = cd, b = ce, and fa+ gb =
c. The objective of the following instructions is to
show that 0 < 0 or (a,b) =
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Implementation

1. Use procedure 1:33 on (a, b) to construct (u,v,
x,y, z) and show that:

(a) u>0
(b) a=wv
(¢) b=2zu
(d) u=ya+ zb.

2. Hence show that ¢ = fa + gb = (fv + gx)u.
3. If u =0, then do the following:

(a) Show that ¢ = (fv+gx)u =0=u= (a,b).
(b) Yield.

4. Show that u = ya+ zb = (yd + ze)c given that
u = ya + zb, a = cd, and b = ce.

5. If ¢ =0, then do the following:

(a) Show that (a,b) =u = (yd+ze)c=0=c.
(b) Yield.
6. Show that fv + gz =yd+ ze = +1

(a) given that (fv + gx)(yd + ze) =1

(b) given that ¢ = (fv+ gz)u = (fv + gz)(yd +
ze)c and ¢ > 0.

7. If fov4+gx = yd+ ze = —1, then do the follow-
ing:

(a) Show that u = (yd+ze)c = (—
that u = (yd + ze)c and ¢ > 0.

1)e < 0 given

(b) Hence show that 0 < u < 0 given that
u > 0.

(¢) Abort procedure.
8. Otherwise, do the following:
(a) Show that fv+ gx =yd+ ze = 1.

(b) Hence show that ¢ = (fo+gz)u = (1)u =
(a,b) given that ¢ = (fv + gz)u.

Procedure 1:39(1.15)
Objective

Choose an integer a and a non-negative integer b.
The objective of the following instructions is to show
that 0 < 0 or (a,b) = (—a,b).



Implementation

1. Use procedure 1:33 on (a, b) to construct (¢, d,
e, f,g) and show that:

(a) a=dec
(b) b=ec
(¢) fa+gb=c.

2. Hence show that —a = (—d)c.
3. Also show that (—f)(—a) + gb = c.

4. Use procedure I:38 on (—a,b,c,—d,e,—f,
g) to show that (—a,b) = c= (a,b).

Procedure 1:40(1.16)
Objective

Choose two non-negative integers a, b. The objective
of the following instructions is to show that 0 < 0
or (a,b) = (b,a).

Implementation

1. Use procedure 1:33 on {a, b) to construct (c,d,
e, f,g) and show that:

(a) b=-ec
(b) a=dc
(c) gb+ fa=c

2. Use procedure 1:38 on (b,a,c,e,d, g, f) to
show that (b,a) = ¢ = (a,b).

Procedure 1:41(1.17)
Objective

Choose two integers a, b and a positive integer ¢ such
that @ = b (mod ¢). The objective of the following
instructions is to show that 0 < 0 or (a,c) = (b, ¢).

Implementation

1. Use procedure 1:33 on {a, ¢) to construct (d, e,
f,g,h) and show that:

(a) a=-ed
(b) c=fd
(¢) ga+ hc=d.

2. Let j =bdivec —adive.

3. Hence show that b = a + jc = ed + jfd =
(e+3jf)d.

4. Also show that gb+ (h — gj)c = g(a + je) +
(h—gj)c = ga+ hc = d given that b = a + jc.

5. Use procedure 1:38 on (b,¢c,d,e+jf, f,9,
h — gj) to show that (b,c¢) =d = (a,c).

Procedure 1:42(1.18)

Objective

Choose an integer a and two non-negative integers
b, c. The objective of the following instructions is to
show that either 0 < 0 or (ca, cb) = c(a,b).

Implementation

1. Use procedure 1:33 on {a, b) to construct {(d, e,
f,g,h) and show that:

(a) a=-ed
(b) b= df
(c) ga+hb=d.

2. Hence show that ca = e(cd), ¢b = f(cd), and
g(ca) + h(cb) = cd.

3. Use procedure 1:38 on (ca,cb,cd, e, f, g, h)
to show that (ca,cb) = cd = c(a,b).

Procedure 1:43(1.19)
Objective

Choose an integer a and two non-negative integers
b, c. The objective of the following instructions is to
show that either 0 < 0 or (a, (b,¢)) = ((a,b), c).

Implementation

1. Use procedure 1:33 on (a,b) to construct (do,
€0, fo0, 90, ho) and show that:

(a) a = doeg
(b) b=dofo
(¢) goa+ hob = dp.

2. Use procedure 1:33 on (b, ¢) to construct (d,
e1, f1,91,h1) and show that:

(a) b= d1€1
(b) e=difr
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(¢) g1b+ hic=d;.

3. Use procedure 1:33 on ((a,b),c) to construct
(da, €2, fa, g2, h2) and show that:

(a) (a,b) = dzez
(b) c=daf2
(¢) g2(a,b) + hoc = da.

4. Show that a = dopey = eg(a,b) = egdes =
eoe2((a,b),c).

5. Also show that (b, c)

(a) = g1b+ hyc

(b) = g1dofo + hidafo

(c) = g1fola,b) + k1 fa((a,b),c)

(d) = g1fodz2e2 + hafa2((a,b),c)

e) = g1foe2((a,b),c) + hifa((a,b), c)

(
(f) = (g1foea + hif2)((a,b),c).
6. Also show that ((a,b),c)

(a) =do

(b) = ga(a,b) + hac

(¢) = gadp + hady f1

(d) = ga(goa + hob) + haf1(b,c)

(e) = gagoa + g2hodier + ha f1(b, c)
(f) = g290a + g2hoei (b, c) + ha fi(b, )

(8) = g290a + (g2hoer + haf1)(b, c).

7. Use procedure 1:38 on (a, (b,c), ((a,b),c),
eo€2, g1 foe2 + hif2, 9290, g2hoer + hafi) to

show that ((a,b),c) = (a, (b, ).
Declaration 1:16(1.05)

The notation (ag,a, - ,a,—1) will be used to con-
textually refer to one of the following integers:

L. ((ao),(al,ag,-~- 7an*1))

2. ((ap,a1), (az,as, -+ ,an-1))
3.

4. ((ag, a1, -+ ,an—2),(an-1))
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Procedure 1:44(1.20)
Objective

Choose two integers a, b and a non-negative integer
¢ such that (a,¢) = 1 and (b,¢) = 1. The objective
of the following instructions is to show that either
0<0or (ab,c) =1.

Implementation

1. Use procedure 1:33 on {a, ¢) to construct {(d, e,
f»g,h) and show that ga+hc = d = (a,c) = 1.

2. Use procedure 1:33 on (b, ¢) to construct (¢, u,
v, w, z) and show that wb+xzc =1t = (b,c) = 1.

3. Hence show that (gw)(ab) + (gax + wbh +
hzc)e = (ga + he)(wb 4+ zc) = 1.

4. Use procedure 1:38 on (ab,c,1,ab,c, gw,
gax + wbh + hxc) to show that (ab,c) = 1.

Procedure 1:45(1.21)
Objective

Choose an integer a and two non-negative integers
b, ¢ such that (a,bc) = 1. The objective of the fol-
lowing instructions is to show that either 0 < 0 or
(a,b) = 1.

Implementation

1. Use procedure I:33 on (a, bc) to construct (d,
f,g,h) and show that ga+(hc)b = ga+h(bc)
d=(a,bc) =1.

€,

2. Now use procedure I:38 on (a,b,1,a,b,g,
he) to show that (a,b) = 1.

Declaration 1:17(1.06)

The phrase ”prime number” will be used to refer
to integers a such that a > 1 and a mod k # 0 for
1<k<a.

Procedure 1:46(1.22)
Objective

Choose an integer a and a prime b such that
a mod b # 0. The objective of the following instruc-
tions is to show that either 0 # 0 or (a,b) = 1.



Implementation

1. Use procedure 1:33 on (a, b) to construct (c, d,
e, f,g) and show that:

(a) a=cd
(b) b=ce
(¢) 0<e<b.

2. If ¢ = b, then do the following:

(a) Show that ¢ mod b = 0 given that a = cd =
bd.

(b) Hence show that 0 # 0 given that
a mod b # 0.

(c) Abort procedure.
3. Otherwise if 1 < ¢ < b, then do the following:
(a) Show that b mod ¢ = 0 given that b = ce.

(b) Hence show that 0 # 0 given that b is
prime.

(c) Abort procedure.
4. Otherwise, do the following:
(a) Show that (a,b) =c=1.

Procedure 1:47(1.23)
Objective

Choose two integers a,b and a prime c¢ such that
a mod ¢ # 0 and b mod ¢ # 0. The objective of the
following instructions is to show that either 0 # 0
or ab mod ¢ # 0.

Implementation

1. Use procedure 1:46 on (a,c) to show that (a,

c) =1
2. Use procedure 1:46 on (b, c) to show that (b,
c)=1

3. Use procedure I:44 on {(a,b,c) to show that
0< (abc)=1<c.

4. Use procedure 1:37 on (ab,c) to show
that ab mod ¢ # 0.
Declaration 1:18(1.07)

The notation |a| will be used to refer to the number
of items in the list a.
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Declaration 1:19(1.10)

The notation o b will be used to refer to the list
formed by concatenating a and b.

Declaration 1:20(1.31)

The notation f(R), where R is a list and f[r] is a
function of r, will contextually be used as a short-
hand for the list (f(Ro), f(R1),---, [(R|r|-1))-

Declaration 1:21(1.09)

The notation a., where a is a list, will be used as a
shorthand for 1 if a is empty, otherwise it will be a
shorthand for the product of the entries of a.

Declaration 1:22(1.08)

The notation Hf% f(r), where R is a list and f[r]
is a function of r, will be used as a shorthand for

f(R)s.

Procedure 1:48(1.24)
Objective

Choose a positive integer a. The objective of the
following instructions is to construct a list of prime
numbers b such that a = b..

Implementation
1. If a = 1, then do the following:
(a) Show that a =1 = ()..
(b) Hence yield ().
2. Otherwsie, do the following:
(a) Show that a > 1.

(b) If thereisa c € [2 : a] such that @ mod ¢ = 0,
then do the following;:

i. Show that a = (adiv ¢)e.

ii. Hence show that 1 < adive < a.
ili. Use procedure I:48 on (adivc) to con-
struct (d) and show that:
A. every element of d is prime.

B. adive = d,.

iv. Hence show that d is non-empty given that
1 < adive =d,.



v. Use procedure 1:48 on (c) to construct (e)
and show that:

A. every element of e is prime.
B. c=e,.

vi. Hence show that e is non-empty given that
1 <c=e,.

vii. Hence show that d"e is a non-empty
list of prime numbers such that a =
(adive)e = dyex = (d7€)4.

viii. Yield (d"e).

(¢) Otherwise do the following:
i. Show that a is prime.

i. Yield (a).

Procedure 1:49(1.25)
Objective

Choose a prime a and a list of primes b such that
b. =0 (mod a). The objective of the following in-
structions is to either show that 0 = 1 or to con-
struct a k such that a = by.

Implementation
1. Show that a > 1 given that a is prime.
2. If |b] = 0, then do the following:
(a) Show that 1 =b, =0 (mod a).
(b) Hence show that 0 = 1 given that a > 1.
(¢c) Abort procedure.

3. Otherwise if 0 € b mod a, then do the follow-
ing:

(a) Show that b, £ 0 (mod a) using procedure
1:47.

(b) Hence show that 0 # 0 given that b, =0
(mod a).

(c) Abort procedure.
4. Otherwise do the following;:
a) Let k be such that by mod a = 0.
b) Show that by = (bg div a)a.
()
)

(d) If by diva > 1, then do the following:

(
(

Hence show that by, diva > 1.
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i. Show that 1 < a < by given that:
A a>1

B. bydiva > 1

C. by = (bpdiva)a.

ii. Hence show that by mod a # 0 given that
b, is prime and 1 < a < by.

iii. Hence show that 0 # by moda = 0

given that b; mod a = 0.

iv. Abort procedure.

(e) Otherwise do the following:

i. Show that b, = a given that b, diva =
1.

ii. Yield (k).

Declaration 1:23(1.11)

The notation [a : b] will be used as a shorthand for
the list:

1. (a,a+1,---,b=1),ifb>a
2. (),ifb=a
3. (a—1l,a—2,---,b),ifb<a

Procedure 1:50(1.26)
Objective

Choose two lists of primes a,b such that a, = b,.
The objective of the following instructions is to show
that either 1 > 1 or a is included in b.

Implementation
1. If |a| = 0, then do the following:
(a) Show that a is included in b.
2. Otherwise, do the following:
(a) Show that |a| > 0.
(b) Show that b, = a, =0 (mod ayg).
(c) Use procedure 1:49 on (ag, b) to construct (k)

and show that by = ag.
(d) Now show that (afi:ja|))« = (b[o:k)~ [kt 1:[p])) #-

(e) Now wuse procedure 1:50 on {ap:q,
b[O:k]"[k+1:|b\]> to show that a1:]q] 18 in-
cluded in bjo.p)~ (k1:6)]) -



(f) Hence show that « is included in b.

Procedure 1:51(1.27)
Objective

Choose two lists of primes a,b such that a, = b,.
The objective of the following instructions is to show
that either 1 > 1 or a is a rearrangement of b.

Implementation

1. Use procedure I:50 on (a,b) to show that a is
included in b.

2. Use procedure I:50 on (b,a) to show that b is
included in a.

3. Hence show that a is a rearrangement of
b.

Procedure 1:52(1.28)
Objective

Choose a positive integer a. The objective of the fol-
lowing instructions is to either show that 0 = 1 or
to construct a prime b such that b > a and [a+1 : b]
does not contain a prime.

Implementation
1. Show that a! +1 > 1.

2. Use procedure I:48 on (a! +1) to construct (d)
and show that:

(a) al+1=d,
(b) every element of d is prime.
3. Hence show that |d| > 0 given that a! +1 > 1.
4. Hence show that (a! + 1) mod dy = 0.
5. If dy € [2: a + 1], then do the following:
(a) Show that a!+1=1 (mod dp)
i. given that a! (mod dy) =0
ii. given that dg € [2:a + 1].
(b) Show that 0 =al+ 1 (mod dy)
i. given that (a! 4+ 1) mod dy =0
ii. given that a!+ 1 = d,.
(c) Hence show that 0 = 1.

(d) Abort procedure.
6. Otherwise do the following;:

(a) Show that dj is prime given that every
element of d is prime.

(b) Hence show that dy > a given that
dop > 1 and d0¢[2:a+1].

(c) Let b be the least prime in [a+1 : dy+1].
(d) Yield (b).

Procedure 1:53(1.29)
Objective
Choose a positive integer a. The objective of the
following instructions is to construct a positive in-
teger b such that [b+ 1 : b+ a] does not contain a
prime.
Implementation

1. Let b=al+ 1.

2. For i € [1: a], do the following:

(a) Show that b +¢ = al + 144 = @i +
DE+2) - (a)+14+i= 1+ +2)( +
3)---(a)+1).

(b) Therefore show that b+i=0 (mod i + 1).

(¢) Also show that b+i=al+1+i>al >a>
t+1>1.

(d) Hence show that b+ i is not prime.
3. Yield (b).

Procedure 1:54(1.30)
Objective

Choose two lists of primes a,b in such a way that
their intersection is empty. The objective of the fol-
lowing instructions is to show that 0 = 1 or (a.,
by) = 1.

Implementation

1. Use procedure 1:33 on (a, b.) to construct {c,
d,e, f,g) and show that:

(a) 0 <c< by

(b) ax =cd



(c) by = ce.
2. If ¢ > 1, then do the following:

Use procedure 1:48 on (c) to construct (h)
and show that ¢ = h,.

Hence show that || > 0 given that h, = ¢ >
1.

Now show that a. de

dho(hp1:n)« = 0 (mod ho).

Use procedure 1:49 on (hg,a) to construct
(k) and show that hg = a.

Now show that b,
eho(hpi:n))« =0 (mod hg).

ec eh.

Use procedure 1:49 on (hg,b) to construct
(m) and show that hg = byy,.

Hence show that ¢ and b intersect

given that ap = hg = by,
Abort procedure.
3. Otherwise do the following:

(a) Show that (a.,b.) = ¢ = 1 given that
0<c<b,and c< 1.

Procedure 1:55(1.31)
Objective

Choose two lists of primes a, b. Let ¢ be the common
sublist with multiplicity of a and b. The objective
of the following instructions is to show that either
0 <0 or (aby) = cx.

Implementation

1. Let d be the result of removing with multiplic-
ity elements of ¢ from a.

2. Show that a, = c.d,.

3. Let e be the result of removing with multiplic-
ity elements of ¢ from b.

4. Show that b, = c.e,.
5. Show that d and e share no common elements.

6. Therefore show that (a.,b.) (cads,
cs€x) = ci(dy,ex) = c. using procedure
1:42 and procedure 1:54.
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Procedure 1:56(1.32)
Objective

Choose an integer a and a positive integer b. The
objective of the following instructions is to construct
integers ¢, f, e such that ¢ = af, ¢ = be, ¢(a,b) = ab,
and |a| < || < |alb.

Implementation

1. Use procedure 1:33 on {(a, b) to construct {(d, e,
f,g,h) and show that:

(a) a =de
(b) b=df
(c) d>0.

2. Let c=af.

3. Show that ¢ =af = def = be.

4. Show that c¢(a,b) = cd = afd = ab.

5. Show that 1 < f <b

(a) given that 0 < b= df

(b) and d > 0.

6. Therefore show that |a| < |a|f < |alb.
7. Therefore show that |a| < |¢| < |alb.
8. Yield the tuple {c, f,e).

Declaration 1:24(1.12)

The notation [a,b] will be used to refer to the first
part of the triple yielded by executing procedure 1:56
on {a,b).

Procedure 1:57(1.33)

Objective

Choose two positive integers a,b. The objective
of the following instructions is to show that either
0 <0 or [a,b] = [b,a].

Implementation

1. Show that (a,b) > 0.

2. Show that [a,b](a,b) = ab = ba = [b,a](b,
a) = [b,a)(a,b) using procedure I:40.

3. Therefore show that [a,b] = [b, a].



Procedure 1:58(1.34)
Objective
Choose an integer a and two positive integers b, c.
The objective of the following instructions is to show
that either 0 < 0 or [ca, ¢b] = c[a, b].
Implementation

1. Show that (ca,cb) > 0.

2. Show that [ca,cb](ca,cb) = cach = c*ab =
c2[a,b](a,b) = cla,b](ca,cb) using procedure
I:42.

3. Therefore show that [ca, cb] = c[a, b].

Procedure 1:59(1.35)
Objective

Choose an integer a and two positive integers b, c.
The objective of the following instructions is to show
that either 0 < 0 or [[a, b], ] = [a, [b, c]].

Implementation

1. Using procedure 1:43, show that (a,b)(ab, (ac

be)) (b, ¢)[[a, b], ]

(a) = (ab, (ac, bc))(b; ¢)[(a, b)[a, b], (a, b)c]
(b) = (ab, (ac,bc))(b, c)[ab, (ac, be)]

(¢) = ab(ac,be)(b,c)

(d) = abe(a, b)(b, c)

(e) = bc(a,b)(ab,ac)

(f) = (a,b)((ab, ac), be)[(ab, ac), b
(8) = (a,b)(ab, (ac, be))[(ab, ac), be]
(h) = (a,b)(ab (CLC be))[a(b, ¢), b, ] (b, c)]
(i) = (a,b)(ab, (ac,bc))(b, ¢)[a, [b, c]].
2. Show that (a,b)(ab, (ac,bc))(b,c) > 0.

3. Therefore show that [[a,b],c] = [a, [b, c]].

Declaration 1:25(1.13)

The notation [ag, ay, -, a,—1] will be used to con-

textually refer to one of the following integers:
L. HG’O]’ [a17 az,--- 7a'n—1H

2. [lag, a1], [az, a3, - ,an_1]]
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3.

4. [lao, a1, ,an_2], [an_1]]

Procedure 1:60(1.36)
Objective

Choose three positive integers a, b, c. The objective
of the following instructions is to show that either
0<0or (la,8], ) = [(a,0), (b,c)).

Implementation

1. Using procedure I:56, procedure 1:42, proce-
dure 1:43, procedure 1:40, and procedure 1:34,
show that (a,b)((a, ), (b, ¢))([a,b], ¢)

(a) = ((a,¢), (b,¢))((a,b)[a,b], (a,b)c)
(b) = ((a,¢), (b, c))(ab, (ac, bc))
(c) = (a®b,a’c,c?a,c?b, b%a, bac, bc)
(d) = (a,b)(ab,ac,be, c?)

(e) = (a,b)(a,c)(b, )

(f) = (a,b)((a,c), (b, c))l(a, c), (b; c)].
2. Show that (a,b)((a,c), (b,c)) > 0.

3. Therefore show that ([a,b],
)].

C) = [(aac)v (b7

Procedure 1:61(1.37)
Objective

Choose three positive integers a, b, c. The objective
of the following instructions is to show that either
0 <0 or [(a,b),c] = ([a,],[b,]).

Implementation

1. Using procedure 1:56, procedure 1:42, proce-
dure 1:43, procedure 1:40, and procedure 1:34,
show that ((a,b),¢)(a, ¢)(b,c)[(a, )]

(a) = (@, )b, )(a,b)e
(b) = (ab, ac,cb,c?)(a,b)c

(c) = (a®b,a’c,ac?, ab?, abe, cb? bc?)c
(d) = (a,b,c)(ab,ac,bc)c

(e) = ((a,0),¢)(ac(b, c), be(a, ¢))

(1) = ((a,b), ¢)(a (b, ) (.l b, c]).



2. Show that ((a,b),c)(a,c)(b,c) > 0.

3. Therefore show that [(a,b),c] = ([a,d], [b,
).
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Chapter 3

Congruence Equations

Declaration 1:26(1.14)

The notation x;4(a,c), where a,c are two inte-
gers and b,d are two positive integers such that
a = c¢ (mod (b,d)), will be used to refer to the result
yielded by executing the following instructions:

1. Use procedure 1:33 on (b, d) to construct (f,g,
h’ Z’7 J>.

2. Yield the tuple
d))ib) mod [b,d]).

{la + ((¢ — a)div(b,

Procedure 1:62(1.39)
Objective

Choose three integers z,a,c and two positive in-
tegers b,d such that x = a (mod b) and z = ¢
(mod d). The objective of the following instructions
is to show that 0 # 0if @ # ¢ (mod (b, d)), otherwise
T = xp,d(a,c) (mod [b,d]).

Implementation

1. Use procedure 1:33 on (b, d) to construct (e, f,
g, h, 1) and show that:

(a) b=ecf
(b) d=eg
(c) hb+id =e.

2. Let j = xdivb — adivb.

3. Show that * = a + jb given that z = a
(mod b).

4. Let k = xdivd — cdivd.
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5. Show that * = c¢ + kd given that z = ¢
(mod d).

6. Therefore show that ¢ — a = jb — kd.
7. If a # ¢ (mod (b,d)), then do the following:

(a) Show that 0 #Z c—a = jb—kd = jef —keg =
0 (mod e).

(b) Therefore show that 0 # 0.
(c) Abort procedure.

8. Otherwise do the following:

(a) Let I = (¢ — a)div(b,d).

(b) Show that I(b,d) =le =c—a = jb—kd =
jef — keg given that ¢ —a =0 (mod (b,d)).

(c) Hence show that I = jf (mod g) given that
l=jf—kg.
(d) Hence show that fh =1 (mod g)
i. given that fh+gi =1
ii. given that efh+egi =bh+di=e
iii. given that b =-ef, d = eg, and hb+id = e.
(e) Hence show that Ih = jfh =j (mod g)
i. given that | = jf (mod g)
ii. and fh =1 (mod g).

(f) Hence show that (hb = jb (mod bg = [b,d])
using procedure 1:29.

(g) Hence show that z = a+ jb=a+1hb =
Xb,a(a,¢) (mod [b,d]).



Procedure 1:63(1.40)
Objective

Choose two integers a,c and two positive integers
b,d in such a way that a = ¢ (mod (b,d)). The ob-
jective of the following instructions is to show that
either 0 < 0 or xp.q(a,c) = xas(c, a).

Implementation

1. Use procedure 1:33 on (b, d) to construct (f,g,
h,i,7) and show that ib+ jd = f = (b,d).

2. Use procedure 1:33 on (d,b) to construct (k,
I,m,n,p) and show that pb+ nd = k = (d,
b) = (b,d).

3. Use procedure 1:36 on (b, p,n,d) to construct
(¢) and show that n = j — qg.

4. Now using procedure I:57, show that xp,4(a, c)

(a) = (a+ ((¢—a)div(b,d))ib) mod [b, d]

(b) = (a+ ((c —a)div(b,d))(f — jd)) mod [b,d]
(¢) = (a + ((c —a)div(b,d))f + ((a — ¢) div(b,

d))jd) mod [b, d]
(d) = (a+(c—a)+((a—c)div(b,d));jd) mod [b,d]
(e) = (c+ ((a—c)div(d,b))(n+ qg)d) mod [b,d]
(f) = (c+ ((a — ¢)div(d,b))dn + ((a — ¢) div(d,
b))q[b, d]) mod [b, d]

(g) = (c+ ((a = c)div(d,b))dn) mod [b, d]
(h) = (c+ ((a —¢)div(d, b))dn) mod [d, b]

(i) = xap(c, a).

Procedure 1:64(1.41)
Objective

Choose three integers z,a,c and two positive in-
tegers b,d such that a = ¢ (mod (b,d)) and =
Xb,a(a,c) (mod [b,d]). The objective of the follow-
ing instructions is to show that = a (mod b).

Implementation

1. Use procedure 1:33 on (b, d) to construct (e, f,

9, h7 7/>
2. Show that [b, d] = bg.
3. Hence show that (2 mod (bg)) modd =

(xp.a(a, ) mod (bg)) mod b
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(a) given that x mod (bg) = xp.qa(a, c) mod (bg)

(b) given that z mod [b,d] = xp.a(a,c) mod [b,
d).

4. Therefore using procedure 1:27, show
that z mod b = x4 4(a,¢) mod b = (a+ ((c —
a) div(b,d))hb) mod b = a mod b.

Procedure 1:65(1.42)
Objective

Choose three integers z,a,c and two positive in-
tegers b,d such that a = ¢ (mod (b,d)) and z
Xb,a(a,¢) (mod [b,d]). The objective of the follow-
ing instructions is to either show that 0 < 0 or to
show that x = a (mod b) and x = ¢ (mod d).

Implementation

1. Use procedure I:64 on (x,a,c¢,b,d) to
show that = = a (mod b).

2. Show that = = x4 .4(a,c)
b]) using procedure I:63.

= Xda(c,a) (mod [d,

3. Use procedure 1:64 on (z,c,a,d,b) to
show that = = ¢ (mod d).

Procedure 1:66(1.43)
Objective

Choose two integers a, c and three positive integers
b,d,e such that a = ¢ (mod (b,d)). The objective
of the following instructions is to show that x; 4(ea,
ec) = exp,a(a, c).

Implementation
1. Use procedure I:65 on (xp.4(a,c),a,c,b,d) to
show that:
(a) xb,a(a,c) = a (mod b)
(b) xv,4(a,c) = c (mod d).

2. Hence show that ex; q(a,c) = ea (mod b) us-
ing procedure 1:29.

3. Also show that exp,q(a,c) = ec (mod d) using
procedure 1:29.

4. Also show that ea = ec (mod (b, d)) using us-
ing procedure 1:26 given that a = ¢ (mod (b,

d)).



5. Hence show that ey q(a,c) = xp.a(ea,ec)
(mod [b,d]) using procedure I:62.

Procedure 1:67(1.44)
Objective

Choose two integers a, ¢ and three positive integers
b,d, e such that a = ¢ (mod (eb, ed)). The objective
of the following instructions is to show that Xep. cq(a,
¢) mod [b,d] = xs.4(a,c).

Implementation

1. Use procedure 1:65 on (xep ed(a, ¢),a,c, eb, ed)
to show that:

(a) Xeb,ed(a,c) =a (mod eb)
(b) Xebeala,c) = c (mod ed).

2. Show that xeped(a,c) = a (mod b) using pro-
cedure 1:27.

3. Show that Xep,ed(a,c) = ¢ (mod d) using pro-
cedure 1:27.

4. Show that a = ¢ (mod (b, d)) using procedure
1:27 given that a = ¢ (mod e(b,d)).

5. Hence show that xepea(a,c) =
(mod [b,d]) using procedure I:62.

Xb,d(a, C)

6. Hence show that x.peq(a,c) mod [b,d] =
Xb,a(a, c).

Procedure 1:68(1.46)
Objective

Choose three integers a, ¢, e and three positive inte-
gers b, d, f such that a = ¢ (mod (b,d)) and xs,q4(a,
¢) = e (mod ([b,d], f)). The objective of the fol-
lowing instructions is to show that 0 # 0 if ¢ # e
(mod (d, f)) or a # xa,f(c,e) (mod (b, [d, f])), oth-
erwise X(v.4),f (Xb,a(a; ¢), €) = Xp,[a.5(a; Xa,7(c; €))-

Implementation

1. Show that xp,q),¢(xb,da(a;c),e) = e (mod f)

using procedure 1:65.

2. Show that xy,a),r(xp,a(a;¢),€) = xe.ala;c)
(mod [b,d] = gb = hd) using procedure I:65.

3. Show that x(u.a),7(Xp,a(a,c),e) = xpala,c) =
a (mod b) using procedure 1:27 and procedure
1:65.
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4. Show that xp.a),7(Xp,d(a, c),e) = xp,a(a,c) = c
(mod d) using procedure 1:27 and procedure
1:65.

5. Use procedure 1:62 on (x4, 7(Xs,a(a,c),€),c,
e,d, f) to show that 0 # 0 if ¢ £ e (mod (d,
f)), otherwise x4, 7 (Xb,d(a, c),e) = xa,r(c, )
(mod [d, f]).

6. Use procedure 1:62 on (x[p.a),¢(Xp.a(a,c),e),
a,Xa,f(c,e),b,[d, f]) to show that 0 # 0
it a # xas(ce) (mod (b,[d, f])), other-
wise X[b,d),f(Xb,d(a;¢),€) = Xo,ja,f1(a Xd,r(c;
e)) (mod [b, [d, f]] = [[b, d], f]).

7. Hence show that xp q,¢(xs,4(a,c),e) =
Xb,(d, £1(a Xd, 7 (c; €))-

Declaration 1:27(1.15)

The notation xp,.p, ... b, , (@0, a1, ,a,—1) will be
used to contextually refer to one of the following
integers:

L. Xbo,[b1,b2, 7bn71](a’07 Xb1,b2, bn_1 (alv az, -+,
an—l))

2. X[bo,b1],[b2,b3,+ ,bp—_1] (Xbo,ln (a07 al)’ Xba,bs, b1 (a27
as, - .- 7a'n—1)

3.

4. X[bo,b1,+ sbn—2],br—1 (Xbo,blf" b2 <a07 Ay,
an—2)7 Ap—1

Declaration 1:28(1.16)

The notation ¢(n) will be used as a shorthand for
the sublist of [0 : n] where each entry z is such that
(z,n) =1.

Procedure 1:69(1.47)
Objective

Choose an integer a and a positive integer b such
that (a,b) = 1. The objective of the following in-
structions is to either show that 0 < 0 or to show
that each element of a¢(b) mod b is in ¢(b).

Implementation

1. Show that (a,b) = 1.
2. For i in [0 : |¢(b)|], do the following:



(a) Show that (¢(b);,b) = 1 using declaration
1:28.

(b) Use procedure I:44 on (a, ¢(b);,b) to show
that (ap(b);,b) = 1.

(¢) Use procedure I:41 on (a¢(b); mod b, ag(b);,
b) to show that (a¢(b); mod b,b) = (ap(b);,
b) = 1.

(d) Hence show that a¢(b); mod b is contained
in the list ¢(b) given that 0 < a¢(b); mod
b <b.

3. Hence show that each element of

ap(b) mod b is in ¢(b).

Procedure 1:70(1.48)
Objective

Choose an integer a and a positive integer b such
that (a,b) = 1. The objective of the following in-
structions is to either show that 0 # 0 or to show
that each element of a¢(b) mod b is distinct.

Implementation

1. Use procedure 1:33 on (a,b) to construct (r,
t,u,v,w) and show that va + wb = r = (a,
b) = 1.

2. Hence show that va =1 (mod b).
3. Now for i in [0 : |¢(b)|], do the following:
(a) For jin [i + 1 : |¢(b)|], do the following:

i. If ag(b); = a¢(b); (mod b), then do the
following:

A. Show that ¢(b); = vag(b); = vap(b); =
¢(b); (mod b).
B. Hence show that ¢(b); = ¢(b);.

. Show that ¢(b); # ¢(b); using declara-
tion I:28 given that i # j.

Hence show that ¢(b); # ¢(b); given
that (b(b)l = (b(b)] and ¢(b)z 7é (b(b)J

Abort procedure.

D.

E.
ii. Otherwise, do the following:
A. Show that a¢(b); # a¢(b); (mod b).

4. Therefore show that a¢(b) mod b is com-
posed of distinct elements.
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Procedure 1:71(1.49)
Objective

Choose an integer a and a positive integer b such
that (a,b) = 1. The objective of the following in-
structions is to either show that 0 < 0 or to show
that a¢(b) mod b is a rearrangement of ¢(b).

Implementation

1. Use procedure 1:69 on (a, b) to show that each
element of a¢(b) mod b is in ¢(b).

2. Show that |a¢(b) mod b| = |¢(b)|.

3. Use procedure L:70 on (a,b) to show that
ap(b) mod b is composed of distinct elements.

4. Hence show that a¢(b) mod b is a rear-
rangement of ¢(b).

Procedure 1:72(1.50)
Objective

Choose an integer a and a positive integer b such
that (a,b) = 1. The objective of the following in-
structions is to show that either 0 < 0 or al?®I =1
(mod b).

Implementation
1. For i in [0 : |¢(b)[], do the following:

(a) Use procedure 1:33 on (¢(b);, b) to construct
(ristiyui, v, w;) and show that v;é(b); +
’LUZ‘b =T ((ﬁ(b)l, b)

(b) Show that ’Uz(ﬁ(b)z + w;b = ((b(b)z, b) =1 us-
ing declaration I:28.

(¢) Hence show that v;¢p(b); =1 (mod b).

2. Hence wusing procedure I:71, show that

IO g,
(a) = 1"V ag (),

(b) = a? @I 6(0); (mod b).
3. Hence show that 1

() = 1" wis(0))

(b) = [T y, [IOI4®N g g,

(c) = al®®) HEO:Iaﬁ(b)H B(b); HEO:Itb(b)H v;
(d) = al*®l (mod b).



Declaration 1:29(1.17)

The notation a x b as a shorthand for the |a| x |b|
matrix such that for ¢ in [0 : |a|], for 5 in [0 : |b]],
(CL X b)@j = <ai,bj>.

Procedure 1:73(1.52)
Objective

Choose two positive integers a, b such that (a, b) = 1.
The objective of the following instructions is to show
that each entry of x45([0: a] x [0:8]) isin [0 : ab].

Implementation
1. Let h = xq([0: a] x [0:8]).
2. Show that 0 < h; ; < [a,b] = [a,b](a,b) = ab
for ¢ in [0 : a], for j in [0 : b].

3. Hence show that each entry of h is in
[0 : ab].

Procedure 1:74(1.53)
Objective

Choose two positive integers a, b such that (a,b) = 1.
The objective of the following instructions is to ei-
ther show that 0 < 0 or to show that each entry of
Xa,b([0 : a] x [0:8]) is distinct.

Implementation
1. Let h = x45([0 : a] x [0: b]).
2. For each distinct unordered pair of index pairs
(i,7) and (k,!) of h, do the following;:
(a) If h; j = hg,, then do the following:
i. Show that xau.(%,7) = Xas([0 : a];, [0 :

bl;) = hij = hip = Xan([0 : alx, [0 : O)1)
Xa,b(k7l)-

ii. Show that i = xa(4,7) = Xep(k, 1) = k
(mod @) using procedure 1:65 given that
Xa,b(653) = Xab(K; ).

iii. Hence show that 7 = k.

iv. Show that j = Xa.(4,7) = Xap(k,l) =1
(mod b) using procedure I:65 given that
Xa.b (15 ) = Xab (K, ).

v. Hence show that j = 1.

vi. Hence show that (i, j) = (k,1).
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vii. Hence show that (i,j) # (i,j) given
that (i, j) and (k,l) are distinct.

viii. Abort procedure.
(b) Otherwise do the following:
i. Show that h; j # hy .

3. Hence show that each entry of h is dis-
tinct.

Procedure I:75(1.54)
Objective

Choose two positive integers a, b such that (a,b) = 1.
The objective of the following instructions is to show
that either 0 < 0 or xq,5([0 : a] x [0 : ]) is a rear-
rangement [0 : ab].

Implementation

1. Let h = xq ([0 : a] x [0 :b]).

2. Use procedure 1:73 on {(a, b) to show that each
element of h is in [0 : ab].

3. Also show that h has the same number of en-
tries as [0 : ab)].

4. Use procedure 1:74 on {(a, b) to show that h is
composed of distinct elements.

5. Hence show that h is a rearrangement of
[0 : ab].
Procedure I:76(1.55)
Objective

Choose two positive integers a, b such that (a,b) = 1.
The objective of the following instructions is to ei-
ther show that 0 < 0 or to show that each entry of

Xa.p(¢(a) x ¢(b)) is in ¢(ab).

Implementation

L. Let h = xap(d(a) x ¢(b)).
2. Now, for each index pair (i,j) of h, do the

following:
(a) Show that 0 < h;; < [a,b] = la,b](a,
b) = ab.
(b) Show that h;; = xas(¢(a)i, d(b);) = é(a);
(mod a).



(c) Hence use procedure I:41 on (h; j, $(a);, a)
to show that (a,h; ;) = (hij,a) = (¢(a)i,
a) =1.

(d) Also show that h; ; = Xau(P(a)i, d(b);)
¢(b); (mod b).

(e) Hence use procedure I:41 on (h; ;, ¢(b);,b)
to show that (b,h;;) = (hi;,b) = (¢(b);,
b) = 1.

(f) Hence show that (h; j,ab) = (ab, h; ;) =1

(g) Hence show that h; ; is in ¢(ab).

3. Hence show that each entry of x, ;(¢(a) x
¢(b)) is in @(abd).

Procedure 1:77(1.56)
Objective

Choose two positive integers a, b such that (a,b) = 1.
The objective of the following instructions is to ei-
ther show that 0 < 0 or to show that each entry of

¢(ab) is in Xa,p(d(a) x ¢(b)).

Implementation

: |[¢(ad)]|], do the following:

(a) Show that (¢(ab);,ab) = 1.

(b) Show that ¢(ab); = ¢(ab); mod a (mod a).

(¢c) Hence show that (¢(ab); mod a,a)
(¢(ab);,a) = 1 using procedure I:41.

1. For ¢in [0

(d) Hence show that ¢(ab); mod a is amongst
¢(a) given that 0 < ¢(ab); mod a < a.

(e) Show that ¢(ab); = ¢(ab); mod b (mod b).

(f) Hence show that (¢(ab); mod b,b)
(¢(ad);,b) = 1 using procedure I:41.

(g) Hence show that ¢(ab); mod b is amongst
¢(b) given that 0 < ¢(ab); mod b < b.

(h) Hence show that (¢(ab); mod a, ¢(ab); mod

b) is amongst ¢(a) x ¢(b).
(i) Show that ¢(ab);i = Xab(¢(ab); mod
0, $(ab); mod b) (mod [a,8] = [a,B](a,

b) ab) using procedure I:62 given
that ¢(ab); = é(ab); mod a (mod a) and
@(ab); = ¢(ab); mod b (mod b).

(j) Hence show that ¢(ab); = xap(¢(ab); mod
a, d(ab); mod b).
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(k) Hence show that ¢(ab); is amongst

Xa,b(P(a) x ¢(b)) given that (¢(ab); mod a,
¢(ab); mod b) is amongst ¢(a) x ¢(b) and

o(ab)i = Xa,p(@(ab); mod a, ¢(ab); mod b).

2. Hence show that each entry of ¢(ab) is
in Xab(d(a) x ¢(b))-

Procedure I:78(1.57)
Objective

Choose two positive integers a, b such that (a,b) = 1.
The objective of the following instructions is to ei-
ther show that 0 < 0 or to show that ¢(ab) is a re-
arrangement of x,,(é(a) x ¢(b)) and that |¢(ad)| =

|[#(a)ll¢(b)]-

Implementation

1. Use procedure I:75 on (a,b) to show that
Xab([0 : @] x [0 : b]) is a rearrangement of
[0 : ab].

2. Show that x,s(¢(a) X ¢(b)) is a submatrix of
Xa,b([0: a] x [0:]).

3. Hence show that the entries of x4 5 (¢(a)x¢(b))
are distinct.

4. Use procedure 1:76 on (a,b) to show that the
entries of x4 5(P(a) X ¢(b )) are in ¢(ab).

5. Show that the entries of ¢(

6. Use procedure I:77 on (a,b
entries of ¢(ab) are in x4 (

ab) are distinct.

to show that the

)
¢(a) X $(b)).

7. Hence show that ¢(ab) is a rearrange-
ment of yas(6(a) x 6(b))-

8. Hence show that |¢(ab)] = |xes(é(a) x
¢(0)| = |¢(a) x ¢(b)] = [B(a)l|p(b)]-

Declaration 1:30(1.18)

The notation [P], where P is a condition, will be
used as a shorthand for 1 if P, otherwise it will stand
for 0.

Declaration 1:31(1.32)

The notation a., where a is a list, will be used as a
shorthand for 0 if a is empty, otherwise it will be a
shorthand for the sum of the entries of a.



Declaration 1:32(1.19)

The notation E? f(r), where R is a list and f[r]
is a function of r, will be used as a shorthand for

f(R)+.

Procedure 1:79(1.58)
Objective

Choose a positive integer a and a prime b. The ob-
jective of the following instructions is to show that
either 0 < 0 or |¢(b%)| = b — b~ L.

Implementation

1. Show that S>*J[(r,p%) = 1] <
b) = 1] using procedure 1:45.

2. Show that S2*J[(r,b) = 1] < @,
b*) = 1] using procedure 1:44.

3. Hence show that S ""J[(rp7) = 1] =

H

=) =11

4. Show that Y "*[(r,b) = 1] < I [r mod
b # 0] using procedure 1:37.

5. Show that ZLO:ba] [r mod b # 0] < ZLO:ba][(r,
b) = 1] using procedure 1:46.

6. Hence show that ZLO:ba][(r, b) = 1] =
SO mod b # 0.
7. Hence show that |¢(b2)| = 21" [(r,be) =

1] = ZLO:b“][(r’ by = 1] = ZLO:Z;“][T mod b
0] _ ZLO:ba](l o [7“ mod b = 0]) — pa — pa—1,

Procedure 1:80(1.59)
Objective

Choose a list of primes a. Let b be the list of distinct
primes in a. Let ¢ be a list such that ¢; is the mul-
tiplicity of b; in a for ¢ = 1 to ¢ = |b|. The objective
of the following instructions is to show that either
0 <0 or [pa,)| = [T (b — 0,571,

Implementation
1. If a = (), then do the following:
(a) Show that |b| = |a| = 0.

(b) Hence show that ¢(a.) = ¢(1) = 1 =
HEO‘b”(b’LCz _ bici71>‘
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2. Otherwise, do the following;:

(a) Show that a, = [T"" b,

(b) Show that |a| > 0.

(¢) Hence show that |c| = |b] > 0.
)

(d) Hence show that (by°, Hglz‘b” b;“) = 1 using
procedure 1:54.

(e) Let d be the list a with all instances of ag
removed.

(f) Verify that |d| < |al.

(g) Now use procedure 1:80 on (d) to show
that ¢(d.) = (I bi*) = T 0" —

b ).

(h) Hence  show  that |p(ax)]
ST o)) = Jobo T b7
BB [T b)) = (B
O LY F T N (i

bomfl) H[1=|b\](bi6i _ bicl-fl) _ H[Oi\bl](bi&' _
b;“~1) using procedure I:78 and proce-
dure 1:79 given that (bOCO,HEL‘b” b)) =

1and (10 b,) =TT (6, —b,5 ),



Chapter 4

Permutations and Combinations

Declaration 1:33(1.20)
The notation a? will be used as a shorthand for

[T (@ —i).

Declaration 1:34(1.33)

The notation a’ will be used as a shorthand for

1" (a + ).

Procedure 1:81(1.60)
Objective

Choose a list of distinct elements a and a non-
negative integer b such that b < |a|. Let ¢ be a
list of length-b permutations of a. The objective of
the following instructions is to show that |¢| = |a|b.

Implementation
1. If [b] > 0, then do the following:
(a) For each entry d in a, do the following:

i. Let e be the list formed by removing d
from a.

ii. Show that the entries of e are distinct
given that the entries of a are distinct.

ili. Show that |e| = |a| — 1.

iv. Now use procedure I:81 on {(e,b — 1) to
show that the number of length-b — 1 per-
mutations of e is |e[2=1.

v. Hence show that the number of length-

b permutations of a beginning with d is
leff=% = (la] — 1)>=2.
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Hence show that the number of length-b per-
mutations of a beginning with any entry of
a'is Ja| (|| — 1)2=12 = |af®.

Hence show that the number of length-b per-
mutations of a are |alb.

Hence show that |c| = |a|%

(d)
2. Otherwise do the following;:
(a) Show that b = 0.

(b) Show that the number of length-0 permuta-
tions of a is 1.

(c) Therefore show that |¢| = 1 = |a| = |alb.

Declaration 1:35(1.21)

The notation (’:) will be used as a shorthand for
ntdiv(r!).

Procedure 1:82(1.61)
Objective

Choose a list of distinct elements m and a non-
negative integer r such that r < |n|. Let b be the
largest list of length-r sublists of n such that no
two of them are permutations of each other. The
objective of the following instructions is to either
show that b contains at least two permutations of
the same list, construct a list larger than b that is
also a list of length-r sublists of n such that no two
of them are permutations of each other, or to show
that |b] = (‘:l) and that |n|Z mod 7! = 0.



Implementation

1. Let a and f be a list of all the permutations
of n.

2. Show that |a| = |nI"l using procedure 1:81.
3. For each list ¢ in b, do the following;:

(a) Show that the number of permutations of ¢
is r! using procedure I:81.

Let d be the list obtained by removing the
elements of ¢ from n.

Show that the number of permutations of d
is (n — r)! using procedure I:81.

Let e be the list of permutations of n begin-
ning with a permutation of c.

Show that |e| = r!(|n| — r)! given that there
are r! possible choices for the first part of e
and (|n| —r)! possible choices for the second
part of e.

(f)

If e is not a sublist of a, then do the follow-
ing:

i. Let g be a list in e that is not in a.
ii. Show that e is a sublist of f.

iii. Therefore show that g was in a but then

was removed.

iv. Therefore show that the variable ¢ was for-
merly equal to a permutation of the cur-
rent c.

v. Therefore show that b contains at
least two permutations of c.

vi. Abort procedure.

(g) Otherwise, do the following;:
i. Show that e is a sublist of a.
ii. Remove the lists in e from a.
4. If a # (), then do the following:
(a) Let g be a list in a.

(b) Let h be the sublist of g corresponding to its
first r elements.

(¢) Therefore show that the permutations of
n beginning with a permutation of h were
never removed from a.
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(d) Therefore show that the variable ¢ was never
equal to a permutation of h.

(e) Therefore show that no permutation of h is
in b.

(f) Therefore show that b~ (h) is larger
than b and is also a list of length-r sub-
lists of n such that no two of them are
permutations of each other.

(g) Abort procedure.
5. Otherwise do the following:
(a) Show that |n|! mod (r!(|n| —r)!) = 0.
(b) Therefore show that n” mod r!
i. = (In)!div(jn| — r)!) mod r!

((|n|! mod (r!(|n|
) div(|n| — r)!) mod !

r)Hri(|nl

ii. =

iii. = ((Jn|'div(r!(jn| — r)!))r!) mod r!
iv. =0.
(¢) Also show that (3) iterated |n|!div(r!(|n| —
7)) times.

(d) Therefore using procedure 1:32, show
that |b|

i. = n|ldiv(r!(|n| = r)!)
ii. = (|n|ldiv(|n| — r)!) div(r!)
iii. = n=div(r!)

iv. = (7).

Procedure 1:83(1.62)
Objective

Choose two positive integers a,b. The objective
of the following instructions is to show that (‘;)

(o) + (51

Implementation

1. Using procedure 1:29 and procedure 1:30, show
that (57)) + (")

(a) = (a—1)2=2div(b— 1)! + (a — 1)2div !
(b) = ((a —1)2=1p) divd! + (a — 1) div d!

(¢) = ((a—1)"=Lb+ (a — 1)?) div d!

(d) = ((a — 1=+ (a — 1)2=L(a — b)) div b!



(e) = ((a — 1)2=La) divd!
(f) = abdivb!
(8) = (3)-

Procedure 1:84(1.63)
Objective

Choose an integer x and a non-negative integer a.
The objective of the following instructions is to show

that the (1 +2)* = Z[TO:“H] (&)

r

Implementation

1. If a = 0, then do the following:

(a) Show that (1+2)* = (1+2)° =1 =
Z[O:l] (o)xr _ Z[O:aJrl] (a)ﬁtr.

2. Otherwise, do the following:

(a) Show that a > 0.

(b) Therefore show that a —1 > 0.

(¢) Use procedure 1:84 on (x,a—1) to show that
()= = o ()

(d) Therefore using procedure 1:83, show that
(1+a)
i =1+a)(1+x)2 !

o= (142) X% (a7 ar

s

i = S (e (e
v, = SO S (e

r—1

v. =1+ ZEZG—H]((G_I) + (a_l))xr

I r—1

vio =14 Dot @),r

T

vii, = et (@),
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Part 11

Rational Arithmetic
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Chapter 5

Rational Arithmetic

Declaration I1:0(2.12)

The phrase ”rational number” will be used as a
shorthand for an ordered pair comprising an inte-
ger followed by a non-zero natural number.

Declaration I1:1(2.13)

The phrase ”the numerator of ¢” and the notation
nu(a), where a is a rational number, will be used as
a shorthand for the first entry of a.

Declaration I1:2(2.14)

The phrase ”the denominator of a” and the notation
de(a), where a is a rational number, will be used as
a shorthand for the second entry of a.

Declaration I1:3(2.15)

The phrase "a = 0", where a,b are rational num-
bers, will be used as a shorthand for "nu(a) de(b) =
de(a) nu(b)”.

Procedure I1:0(2.27)
Objective

Choose a rational number a. The objective of the
following instructions is to show that a = a.

Implementation

1. Show that ¢ = a using declaration II:3
given that nu(a)de(a) = de(a) nu(a).
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Procedure I1:1(2.28)
Objective

Choose two rational numbers a,b such that a = b.
The objective of the following instructions is to show
that b = a.

Implementation

1. Show that nu(a) de(b) = de(a) nu(b) using dec-
laration I1:3 given that a = b.

2. Hence show that b = a using declaration
I1:3 given that nu(b) de(a) = de(b) nu(a).

Procedure I1:2(2.29)
Objective

Choose three rational numbers a, b, ¢ such that a = b
and b = c¢. The objective of the following instruc-
tions is to show that a = c.

Implementation

1. Show that nu(a) de(b) = de(a) nu(b) using dec-
laration II:3 given that a = b.

2. Show that nu(b) de(c) = de(b) nu(c) using dec-
laration I1:3 given that b = c.

3. If nu(b) # 0, then do the following:

(a) Show that nu(a)de(b)nu(b)de(c)
de(a) nu(b) de(b) nu(c).

(b) Hence show that nu(a) de(c) = de(a) nu(c).

4. Otherwise do the following:



(a) Show that nu(b) =
(b) Show that de(b) # 0 using declaration IT:0.

(c) Show that nu(a)de(b) = de(a)nu(b) =
0de(a) = 0 given that a = b.

(d) Hence show that nu(a) = 0.

(e) Show that 0 = 0de(¢) = nu(b)de(c) =
de(b) nu(c).

(f) Hence show that nu(c) = 0.

(g) Hence show that nu(a)de(c) =
de(a)0 = de(a) nu(c).

5. Hence show that a = c.

Declaration I1:4(2.16)

The notation a + b, where a,b are rational num-
bers, will be used as a shorthand for the pair
(nu(a) de(b) + de(a) nu(b), de(a) de(b)).

Procedure 11:3(2.30)
Objective

Choose two rational numbers a, b, ¢, d such that a =
c and b = d. The objective of the following instruc-
tions is to show that a +b=c+d.

Implementation

1. Show that nu(a) de(c) = de(a) nu
laration II:3 given that a = c.

2. Show that nu(b) de(d) = de(b) nu
laration II:3 given that b = d.

(¢) using dec-

(d) using dec-

3. Hence using declaration II:4, show that a + b
(a) = (nu(a),de(a)) + (nu(b), de(b))
(b) = (nu(a)de(b) + de(a) nu(b), de(a) de(b))

(¢) = (de(c)de(d)(nu(a)de(b) + de(a)nu(d)),
de(c) de(d)(de(a) de(b)))

(d) = (nu(a) de(c) de(b) de(d)+de(a) de(c) nu
de(c) de(d) de(a) de(b))

(e) = (de(a)nu(c)de(b) de(d)+de(a) de(c) de(b) nu
de(c) de(d) de(a) de(b))

() = (de(a)de(b)(mu(c) de(d) + de(c) mu(d)),

e(a) de(b)(de(c) de(d))

de(c) de(d))

(h) = {(nu(c),de(c)) + (nu
(i) =c+d.

(d), de(d))

Procedure 11:4(2.31)
Objective

Choose three rational numbers a,b,c. The objec-
tive of the following instructions is to show that
(a+b)+c=a+ (b+c).

Implementation

1. Using declaration IT:4, show that (a +b) + ¢

(a) = (nu(a)de(b) + de(a)nu(b), de(a) de(b)) +
(nu(c), de(c))

() = ((n ()de(b) + de(a)nu(b)) de(c) +
(de(a) de(b)) nu(c), (de(a) de(b)) de(c))

(c) = (nu(a)(d ( ) de(c)) + de(a)(nu(b) de(c) +
de(b) nu(c)), de(a)(de(b) de(c)))

(d) = (nu(a),de(a)) + (nu(b) de(c) + de(b) nu(c),
de(b) de(c))

() =a+ (b+c).

Procedure I1:5(2.32)
Objective
Choose two rational numbers a,b. The objective of
the following instructions is to show that a + b =
b+a.
Implementation

1. Using declaration II:4, show that a + b

(a) = (nu(a)de(b) + de(a) nu(db),de(a) de(b))

(b) = (nu(b) de(a) + de(b) nu(a), de(b) nu(a))

(¢c) =b+a.

Declaration I1:5(2.17)

(b) de(djFhe notation a, where a is an integer, will contex-

tually be used as a shorthand for the pair (a, 1).

(d),

Procedure I1:6(2.33)
Objective

Choose a rational number a. The objective of the
following instructions is to show that 0 + a = a.



Implementation

1. Using declaration II:4 and declaration II:5,
show that 0+ a

(a) =(0,1) + (nu(a), de(a))
(b) = (0de(a) + 1nu(a),1de(a))
(c) = (nu(a),de(a))

(d) =a.

Declaration I1:6(2.18)

The notation —a, where a is a rational number,
will be used as a shorthand for the pair (—nu(a),

de(a)).
Procedure I1:7(2.34)
Objective

Choose two rational numbers a,b such that a = b.
The objective of the following instructions is to show
that —a = —b.

Implementation

1. Show that nu(a) de(b) = de(a) nu
laration II:3 given that a = b.

(b) using dec-

2. Hence using declaration II:6, show that —a

(a) = (= nu(a),de(a))

(b) = (= nu(a) de(b), de(a) de(b))
() = (= de(a) mu(b), de(a) de(®))
(d) = (=nu(b),de(b))

(e) = —b.

Procedure I1:8(2.35)

Objective

Choose a rational number a. The objective of the
following instructions is to show that —a + a = 0.
Implementation

1. Using declaration II:4 and declaration II:6,
show that —a 4+ a

(a) = (-a) +a
(b) = (—nu(a),de(a)) + (nu(a), de(a))
(c) = (—nu(a)de(a) + de(a) nu(a),de(a)?)

Declaration I1:7(2.19)

The notation ab, where a,b are rational numbers,
will be used as a shorthand for the pair (nu(a) nu(b),
de(a)de(b)).

Procedure I1:9(2.36)
Objective

Choose two rational numbers a, b, ¢, d such that a =
c and b = d. The objective of the following instruc-
tions is to show that ab = cd.

Implementation

1. Show that nu(a) de(c) = de(a) nu
laration II:3 given that a = c.

(c) using dec-

2. Show that nu(b) de(d) = de(b) nu
laration II:3 given that b = d.

(d) using dec-

3. Hence using declaration I1:7, show that ab

(a) = (mu(a), de(a)) (nu(b), de(b))

(b) = {nu(a) nu(b), de(a) de(b))

(¢) = {(de(c) de(d)) nu(a) nu(b), (de(c) de(d)) de(a) de(b))
(d) = ((nu(a) de(c))(nu(b) de(d)), de(c) de(d) de(a) de(b
(e) = {(de(a) nu(c))(de(b) nu(d)), de(c) de(d) de(a)

(f) = ((de(a) de(b)) nu(c) nu(d), (de(a) de(b)) de(c) de(d))
(8) = (mu(c) nu(d), de(c) de(d))

(h) = (nu(c), de(c)) (nu(d), de(d))

(i) = cd.

Procedure 11:10(2.37)

Objective

Choose three rational numbers a,b,c. The objec-
tive of the following instructions is to show that
(ab)e = a(be).
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Implementation

1. Using declaration I1:7, show that (ab)c

(a) = (nu(a) nu(b), de(a) de(b))(nu(c), de(c))
(b) = (nu(a) nu(b) nu(c), de(a) de(b) de(c))
(c) = (nu(a),de(a))(nu(b) nu(c), de(b) de(c))
(d) = a(be)

Procedure I1:11(2.38)
Objective

Choose two rational numbers a,b. The objective of
the following instructions is to show that ab = ba.

Implementation

1. Using declaration I1:7, show that ab
(8) = (nu(a) nu(b), de(a) de(b))

(b)
(c) = ba.

(nu(b) nu(a), de(b) de(a))

Procedure I1:12(2.39)
Objective

Choose a rational number a. The objective of the
following instructions is to show that la = a.

Implementation

1. Using declaration I1:7, show that 1a

(a) = (1,1)(nu(a), de(a))
(b) = (1nu(a), 1 de(a))
(c) = (nu(a),de(a))

) = a.

Declaration II:8(2.20)

The notation %, where a is a rational number, will
be used as a shorthand for the pair (de(a),nu(a)) if
nu(a) > 0 and (—de(a), —nu(a)) if nu(a) < 0.
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Procedure 11:13(2.40)
Objective

Choose two rational numbers a,b such that a = b

and a # 0. The objective of the following instruc-

tions is to show that 1 = 1.

Implementation

1. Show that nu(a) nu(a)de(0) #
de(a)nu(0) = 0 using declaration II:3 and
declaration I1:5 given that a # 0.

2. Show that nu(a) de(b) = de(a)nu(b) using dec-
laration I1:3 given that a = b.

3. Hence show that de(a) nu(b) = nu(a) de(b) # 0
using declaration II:0 given that nu(a) # 0.

Hence show that nu(b) # 0.
5. If nu(a)nu(b) > 0, then do the following:

4.

(a) Using declaration I1:8, show that &
i. = (de(a)nu(b),nu(a)nu(b))
nu(a) de(b), nu(a) nu(b))

—~

ii.

iii. =

S

6. Otherwise do the following;:
(a) Show that nu(a)nu(b) < 0.
(b) Hence using declaration II:8, show that &
i. = (—de(a)nu(b), —nu(a)nu(d))
ii. = (—nu(a)de(b), —nu(a)nu(d))

11. = b

Procedure I1:14(2.41)
Objective

Choose a rational number a such that a # 0. The
objective of the following instructions is to show that
Lo =1.

a
Implementation

1. Show that nu(a) nu(a)de(0) #
de(a)nu(0) = 0 using declaration II:3 and
declaration II:5, given that a # 0.

2. If nu(a) > 0, then do the following:

(a) Using declaration I1:8, show that %a



de(a),nu(a))(nu(a),de(a))
de(a) nu(a),nu(a) de(a))

(1,1)
1.

L=
{

iii ,

ii. =
iv. =
3. Otherwise do the following:
(a) Show that nu(a) < 0.
(b) Hence using declaration II:8, show that 1a

i. = (—de(a), —nu(a))(nu(a),de(a))

ii. = (—de(a)nu(a), —nu(a)de(a))

i = (1,1)

iv. = 1.

Procedure I1:15(2.42)
Objective

Choose three rational numbers a,b,c. The objec-
tive of the following instructions is to show that
a(b+ c) = ab + ac.
Implementation

1. Using declaration II:4 and declaration II:7,
show that a(b+ ¢)

(a) = (nu(a),de(a)){nu(b)de(c) + de(b)nu(c),

+ de(b)mu(e)),

+ nu(a) de(b) nu(c),

(d) = ((de a)((nu(a nu(b) de(c)+nu(a) de(b) nu(c)),

Procedure 11:16(2.09)

Objective

Choose an integer a. The objective of the follow-
ing instructions is to show that (—1)2¢ = 1 and
(=1)%e ! = —1.

)
de(az de>(c))+(de(a) de(b))(nu(a) nu(c)),
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Implementation

Implementation is analogous to that of procedure
I:14.

Declaration I1:9(2.22)

The phrases "a < b” and ”b > a”, where a,b are
rational numbers, will be used as a shorthand for
"nu(a) de(b) < de(a) nu(b)”.

Procedure 11:17(2.43)
Objective

Choose four rational numbers a,b,c,d such that
a < b, a c and b = d. The objective of the
following instructions is to show that ¢ < d.

Implementation

1. Show that nu(a) de(c) = de(a) nu(c) using dec-
laration I1:3 given that a = c.

2. Show that nu(b) de(d) = de(b) nu(d) using dec-
laration II:3 given that b = d.

3. Show that nu(a) de(b) < de(a)nu(b) using dec-
laration II:9 given that a < b.

4. Hence show that nu(c) de(d) de(a) de(b)
(a) = nu(a) de(c) de(d) de(b)

(b) < de(a) nu(b) de(c) de(d)

(c) = de(b) nu(d) de(a) de(c).
5. Hence show that nu(c) de(d) < de(c) nu(d).

6. Hence show that ¢ < d using declaration
I1:9.

Procedure 11:18(2.44)
Objective

Choose three rational numbers a, b, ¢ such that a <
b. The objective of the following instructions is to
show that a +c < b+ c.



Implementation

1. Show that nu(a) de(b) < de(a) nu
laration II:9 given that a < b.

(b) using dec-

2. Show that 0 < de(c) using declaration II:0.

3. Hence show that nu(a + ¢) de(b + ¢)

(e) =nu(b+ c)de(a+ c).

. Hence show that a +c<b+c.

Procedure 11:19(2.45)
Objective

Choose two rational numbers a,b. The objective
of the following instructions is to show that either
a<b,a=bandb<a.

Implementation
1. Using procedure 1:17, show that either
(a) nu(a)de(b) < de(a) nu(b)
(b) nu(a)de(b) = de(a) nu(b)
(c) nu(a)de(b) > de(a) nu(b)
2. Hence show that either

(a) @ < b using declaration II:9 given that
nu(a) de(b) < de(a) nu(b).

(b) a b using declaration I1:3 given that
nu(a) de(b) = de(a) nu(b).

(¢) b > a using declaration II:9 given that
nu(b) de(a) > de(b) nu(a).

Procedure I1:20(2.49)
Objective

Choose two rational numbers a,b such that 0 < a
and 0 < b. The objective of the following instruc-
tions is to show that 0 < a + b.

(a) = (nu(a)de(c) + de(a) nu(c)) de(b) de(c)
(b) = nu(a) de(c) de(b) de(c)+de(a) nu(c) de(b) de(c)
(¢) < de(a)de(c)nu(b) de(c)+de(a) nu(c) de(b) de(c)
(d) = (nu(b) de(c) + nu(c) de(b)) de(a) de(c)

) =
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Implementation

1. Show that 0 = nu(0)de(a) < de(0)nu(a)
nu(a) using declaration I11:9 given that 0 < a.

2. Show that 0 < de(a) using declaration IT:0.

3. Show that 0 = nu(0)de(b) < de(0)nu(b)
nu(b) using declaration II:9 given that 0 < b.

4. Show that 0 < de(b) using declaration IT:0.

5. Hence show that nu(0)de(a + b) = 0 <
nu(a) de(b) + de(a) nu(b) = de(0) nu(a + b).

6. Hence show that 0 < a + b using dec-
laration II:9 given that nu(0)de(a + b) <
de(0) nu(a + b).

Procedure 11:21(2.50)
Objective

Choose two rational numbers a,b such that 0 < a
and 0 < b. The objective of the following instruc-
tions is to show that 0 < ab.

Implementation

1. Show that 0 = nu(0)de(a) < de(0)nu
nu(a) using declaration II:9 given that 0 < a.

2. Show that 0 = nu(0)de(b) < de(0)nu(b)
nu(b) using declaration 1I:9 given that 0 < b.

(a)

3. Hence show that nu(0)de(ab)
nu(a) nu(b) = de(0) nu(ab).

4. Hence show that 0 < ab using declaration
IT:9 given that nu(0) de(ab) < de(0) nu(ab).

= 0 <

Procedure 11:22(2.81)
Objective

Choose two rational numbers a,b. The objective of
the following instructions is to show that |lab| =
[lalll[oll

Implementation

Implementation is analogous to that of procedure
1:20.



Procedure 11:23(2.82)

Objective

Choose two rational numbers a,b. The objective of
the following instructions is to show that ||a + b|| <
llall + [l®l]-

Implementation

Implementation is analogous to that of procedure
1:21.

Procedure 11:24(2.83)

Objective

Choose two rational numbers a,b. The objective of
the following instructions is to show that ||a||—||b]] <
lla—ol-

Implementation

Implementation is analogous to that of procedure
1:22.

Procedure 11:25(2.84)
Objective

Choose a rational number a. The objective of the
following instructions is to show that a = sgn(a)||al|.

Implementation

Implementation is analogous to that of procedure
1:23.

Procedure I1:26(thu3001201131)
Objective

Choose two rational numbers z, y such that zy < 0.
The objective of the following instructions is to show
that [|lz|| < [ly — 2| and [jy|| < [ly — |-

Implementation
1. Show that —%(y —z)? + 1¢y* + 322 =2y < 0.
2. Hence show that $(y? + 2?) < 1(y — z)2.

3. Hence show that |y|| < |y — x| given that
vy <y +at < (y—a)

4. Also show that |z|| < ||y — z| given that
])2 SZ/2+Z‘2 S (y—$)2
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Declaration I1:10(2.02)

The notation |a|, where a is a rational number, will
be used as a shorthand for nu(a) div de(a).

Declaration 11:11(2.03)

The notation [a], where a is a rational number, will
be used as a shorthand for (nu(a)divde(a)) + 1.

Procedure I1:27(2.04)
Objective

Choose a rational number r # 1 and an integer
n > 0. The objective of the following instructions is

to show that ZEO:”] rt = %
Implementation
1. Show that rzy)m] rt = ZEUITL] s -
Zgl:n-&-l] rt.

2. Therefore show that (1 — r) Z)[fo:n] ,t
LO:H] ,,,t _ ZE:TH_H N

1—r"
1—r °

3. Therefore show that Zgom] rt =

Procedure I1:28(2.05)
Objective

Choose a rational 0 < 7 < 1 and an integer n > 0.
The objective of the following instructions is to show

that 10" rt < (L

Implementation

1. Show that Y17t — 1=
procedure I1:27.

Procedure 11:29(2.06)
Objective

Choose a non-negative integer a and a rational num-
ber x. The objective of the following instructions is
to show that (1 + z)* = Z[O:GH} (9.

T T

Implementation

Instructions are analogous to those of procedure
1:84.



Procedure I1:30(2.07)
Objective

Choose an integer r > 0 and a rational number
x > —1. The objective of the following instructions
is to show that (14 2)" > 1+ rz.

Implementation
1. If -1 <z <0, then do the following:
(a) Using procedure I1:27, show that (1 + )"

=14+ 14z -

(142)"—1
(14z)—1

i = 1423071 + )k

iv. > 14230

ii. =142

v. =1+rx.
2. Otherwise, do the following:
(a) Show that z > 0.

(b) Now using procedure 11:29, show that (1 +
x)"

k

i = L;O:T+1] (r

L
i > (a0 + ()t

Hi. =1+rx

Procedure I1:31(wed2407191348)
Objective

Choose a non-negative integer r and a rational num-
ber z > —1 such that (r — 1) < 1. The objec-
tive of the following instructions is to show that
(14+z) < 1—%?7—301);1:

Implementation
1. Show that 1 — 7= = 1+m > 0.
2. Hence show that (1 — {77)" > 1 — {%% using
procedure I1:30.
3. Hence show that (1 — $7)" >1— 5 >0
1+ —
(a) given that 0 < =H=r =1 — 72

(b) given that 0 <1+ 1z —ra
(c) given that (r — 1)z < 1.

4. Hence show that (1 +

(a) = (35)7"
(b) =0 -5)7"
() <(1-35)""
(d) == %:_xl)

x)"



Chapter 6

Perplex Arithmetic

Declaration I1:12(wed0502201651)

The phrase "perplex number” will be used as a
shorthand for a pair of rational numbers.

Declaration IT:13(sun0902201114)

The phrase "the real part of a” and the notation
re(a), where a is a perplex number, will be used as
a shorthand for the first entry of a.

Declaration I1:14(sun0902201115)

The phrase ”the imaginary part of a” and the no-
tation im(a), where a is a perplex number, will be
used as a shorthand for the second entry of a.

Declaration II:15(sat0802201051)

The phrase ”a = b”, where a, b are perplex numbers,
will be used as a shorthand for "re(a) = re(b) and
im(a) = im(b)”.

Procedure I1:32(sun0902201116)
Objective
Choose a perplex number a. The objective of the
following instructions is to show that a = a.
Implementation

1. Show that re(a) = re(a).

2. Show that im(a) = im(a).

3. Hence show that a = a.

Procedure I1:33(sun0902201117)
Objective

Choose two perplex numbers a,b such that a = b.
The objective of the following instructions is to show
that b = a.

Implementation

1. Show that re(b) = re(a) given that re(a) =
re(b).

2. Show that im(b) = im(a) given that im(a) =
im(b).

3. Hence show that b = a.

Procedure I1:34(sun0902201118)
Objective

Choose three perplex numbers a, b, ¢ such that a = b
and b = c. The objective of the following instruc-
tions is to show that a = c.

Implementation
1. Show that re(a) = re(c)
(a) given that re(a) = re(b)
(b) and re(b) = re(c).
2. Show that im(a) = im(c)
(a) given that im(a) = im(b)
(b) and im(b) = im(c).

3. Hence verify that a = c.
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Declaration I1:16(sun0902201119)

The notation a + b, where a, b are perplex numbers,
will be used as a shorthand for the perplex number
(re(a) +re(b),im(a) + im(b)).

Procedure I1:35(sun0902201120)

Objective

Choose two perplex numbers a, b, ¢, d such that a = ¢
and b = d. The objective of the following instruc-
tions is to show that a +b=c+d.

Implementation

1. Using declaration I1:15, show that

(a) re(a) = re(c)

(b) im(a) = im(c)

(c) re(b) = re(d)

(d) im(b) = im(d).

2. Hence show that a +b

(a) = (re(a),im(a)) + (re(b), im(b))
(b) = (re(a) + re(b), im(a) 4 im(b))
(¢) = (re(c) + re(d),im(c) + im(d))
(d) =(r (0) m(c)) + (re(d), im(d))
(e) =

Procedure I1:36(sun0902201121)
Objective
Choose three perplex numbers a,b,c. The objec-
tive of the following instructions is to show that
(a+b)+c=a+ (b+0c).
Implementation
1. Show that (a +b) + ¢
(a) = (re(a)+re(d),im(a)+im(b))+(re(c),im(c))
() = () + xet) + 1e(c), () + (8 +

e(a) + (re(b) + re(c)),im(a) + (im(b) +

a),im(a))+(re(b)+re(c), im(b)+im(c))
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Procedure I1:37(sun0902201122)
Objective

Choose two perplex numbers a,b. The objective of
the following instructions is to show that a +b =
b+ a.

Implementation

1. Show that a + b

(a) = (re(a) + re(b),im(a) + im(b))
(b) = (re(b) + re(a), im(b) + im(a))
(¢c) =b+a

Declaration IT1:17(sun0902201123)

The notation a, where a is a rational number, will
contextually be used as a shorthand for the perplex
number (a, 0).

Procedure I1:38(sun0902201124)
Objective

Choose a perplex number a. The objective of the
following instructions is to show that 0 4+ a = a.

Implementation

1. Show that 0+ a

(a) = (0,0) + (re(a),im(a))
(b) = (0 +re(a), 0+ im(a))
(¢) = (re(a),im(a))

(d) =

Declaration IT1:18(sun0902201125)

The notation —a, where a is a perplex number,
will be used as a shorthand for the pair (—re(a),
—im(a)).

Procedure I1:39(sun0902201126)
Objective

Choose a perplex number a. The objective of the
following instructions is to show that —a + a = 0.



Implementation

1. Show that —a +a

(a) =(-a)+a

(b) = (=re(a), —im(a)) + (re(a), im(a))
(¢) = (—re(a) +re(a), —im(a) + im(a))
(d) =(0,0)

() =0

Declaration I1:19(sun0902201127)

The notation ab, where a,b are perplex numbers,
will be used as a shorthand for the perplex number
(re(a) re(b)+im(a) im(b), re(a) im(b)+im(a) re(b)).

Procedure I1:40(sun0902201128)

Objective

Choose four perplex numbers a,b,c,d such that
a = c and b = d. The objective of the following
instructions is to show that ab = cd.

Implementation

1. Using declaration I1:15, show that

(a) re(a) =re(c)
(b) im(a) = im(c)
(c) re(b) = re(d)
(d) im(b) = im(d).

2. Hence show that ab

(a) = (re(a),im(a))(re(b),im(b))

(b) = (re(a)re(b) + im(a)im(b),re(a)im(b) +
im(a) re(b))

(¢) = (re(c)re(d) + im(c)im(d),re(c)im(d) +
im(c) re(d))

(d) = (re(c), im(c))(re(d), im(d))

(e) =cd.

Procedure I1:41(sun0902201129)
Objective

Choose three perplex numbers a,b,c. The objec-
tive of the following instructions is to show that
(ab)e = a(be).
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Implementation

1. Show that (ab
(a)

im(b) im(c)) +
), T

, .e(a)(?e(b) im(c)+

Procedure I1:42(sun0902201130)
Objective

Choose two perplex numbers a,b. The objective of
the following instructions is to show that ab = ba.

Implementation

1. Show that ab

(a) = (re(a)re(b) + im(a)im(b),re(a)im(b) +
im(a) re(b))
(b) (re(b)re(a) + im(b) im(a),re(db)im(a) +

;n(b) re(a))

(c) = ba.

Procedure I1:43(sun0902201131)
Objective

Choose a perplex number a. The objective of the
following instructions is to show that la = a.

Implementation

1. Show that la

(a) = (1,0)(re(a),im(a))

(b) = (1re(a) + 0im(a), lim(a) + Ore(a))
(c) = (re(a),im(a))

(d) =



Procedure I1:44(sat0802201553)
Objective

Choose three perplex numbers a,b,c. The objec-
tive of the following instructions is to show that
a(b+ c¢) = ab+ ac.

Implementation
1. a(b+c¢)
(a) = (re(a),im(a))(re(b) + re(c), im(b) + im(c))
(b) = (re(a)(re(b)+re(c))+im(a)(im(b) +im(c)),
i b) + re(c)))

(c) =

(d) = (re(a)re(d) + im(a)im(b),re(a)im(b) +
im(a)re(b)) + (re(a)re(c) + im(a)im(c),
re(a) im(c) + im(a) re(c))

(e) =ab+ac

Declaration I1:20(sun0902201132)

The notation (a)~, where a is a perplex number,
will be used as a shorthand for the perplex number

(re(a), —im(a)).
Procedure I1:45(sun0902201133)
Objective
Choose two perplex numbers a,b. The objective of
the following instructions is to show that (a + b)~
(@)™ +(b)~.
Implementation

1. Show that (a + b)~

(a) = (re(a+b), —im(a + b))

(b) = (re(a) + re(b), —im(a) — im(b))

(€) =(a)” + ().

Procedure I1:46(sun0902201134)
Objective

Choose two perplex numbers a,b. The objective of
the following instructions is to show that (ab)~ =

(@)~ (b)"
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Implementation
1. Show that (ab)~
(a) = (re(ab), —im(ab))

Declaration I1:21(sun0902201140)

The notation |la/|?, where a is a perplex number,
2

will be used as a shorthand for re(a)? — im(a)?.

Procedure I1:47(sun0902201141)
Objective

Choose a perplex number a. The objective of the
following instructions is to show that a(a)~ = ||al|?.

Implementation

1. Show that a(a)™ = ||a|?.

Declaration I1:22(wed0502201719)

The notation a < b, where a, b are perplex numbers,
will be used as a shorthand for 0 < re(b — a) and
16— all* > 0.

Procedure I1:48(sat0802200648)
Objective

Choose four perplex numbers a,b,c,d such that
a < b, a=cand b = d. The objective of the
following instructions is to show that ¢ < d.

Implementation

1. Show that re(a) = re(c) and im(a) = im(c)
using declaration I1:15 given that a = c.

2. Show that re(b) = re(d) and im(b) = im(d)
using declaration I1:15 given that b = d.

3. Show that 0 < re(b—a) and ||[b—al|?> > 0 using
declaration I1:22 given that a < b.

4. Hence show that re(d — ¢) = re(b —a) > 0.
5. Also show that ||d — ¢||> = ||b — al|?> > 0.



6. Hence show that ¢ < d using declaration
11:22.

Procedure I1:49(sun0902201135)
Objective

Choose three perplex numbers a, b, ¢ such that a < b.
The objective of the following instructions is to show
that a +c<b+ec.

Implementation

1. Show that 0 < re(b—a) and ||b—a|? > 0 using
declaration I1:22 given that a < b.

2. Hence show that re((b+c) —
a) > 0.

(a+c)) =re(b—

3. Also show that ||(b+c)—
0.

(a+o)|® =[lb—al? >

4. Hence show that a + ¢ < b+ ¢ using dec-
laration I1:22.

Procedure I1:50(sun0902201138)
Objective

Choose two perplex numbers a,b such that 0 < a
and 0 < b. The objective of the following instruc-
tions is to show that 0 < a + b.

Implementation

1. Show that 0 < re(a) and [|a||> > 0 using dec-
laration I1:22 given that 0 < a.

2. Show that 0 < re(b) and ||b]|? > 0 using decla-
ration I1:22 given that 0 < b.

3. Hence show that re(a 4+ b) = re(a) 4 re(b) > 0
given that 0 < re(a) and 0 < re(b).

4. Also show that |la + b||*> = re(a + b)? —

im(a + b0)? = re(a)? — im(a)? + re(b)? —

m(b)? + 2(re(a) re(b) — im(a) im(b)) = [|al|* +

||b||2 + (re(a )—lm( )(x (b)+im(b))+(re(a)+
im(a))(re(b) — im(b)) >

5. Hence show that 0 < a + b using decla-

ration I1:22 given that re(a +b) > 0 and
la+ b]|* > 0.
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Procedure I1:51(sun0902201139)
Objective

Choose two perplex numbers a,b such that 0 < a
and 0 < b. The objective of the following instruc-
tions is to show that 0 < ab.

Implementation

1. Show that 0 < re(a) and ||a|?* > 0 using dec-
laration I1:22 given that 0 < a.

2. Show that 0 < re(b) and ||b]|> > 0 using decla-
ration I1:22 given that 0 < b.

3. Hence show that re(ab) = re(a)re(b) +
im(a) im(b) > re(a) re(b) — re(a) re(b) = 0.
4. Also show that ||ab||? = ||a]|?||b]|* > 0.

5. If re(ab) = 0, then do the following:

(a) Show that ab = 0 using declaration
I1:15 given that im(ab) = 0 given that
im(ab)? < re(ab)? = 0 given that ||ab||? >
0.

6. Otherwise do the following;:

(a) Show that ab > 0 using declaration
I1:22 given that re(ab) > 0 and ||ab||? >
0.

Declaration I1:23(wed0502201655)

The notations a C b and b D a, where a,b are
perplex numbers, will be used as shorthands for
b —al|?> <0 and im(b — a) > 0.

Procedure I1:52(sun1602201324)
Objective

Choose four perplex numbers a,b,c,d such that
a C b, a=cand b = d. The objective of the
following instructions is to show that ¢ C d.

Implementation

1. Show that re(a) = re(c) and im(a)
using declaration I1:15 given that a = c.

2. Show that re(b) = re(d) and im(b)
using declaration II:15 given that b = d.

3. Show that 0 < im(b — a) and ||b —al|®> < 0
using declaration I1:23 given that a C b.

im(c)

im(d)



4. Hence show that im(d — ¢) = im(b — a) > 0.
5. Also show that ||d — ¢||> = ||b — a||? < 0.

6. Hence show that ¢ C d using declaration
11:23.

Procedure I1:53(sun1602201330)
Objective

Choose three perplex numbers a, b, ¢ such that a C b.
The objective of the following instructions is to show
that a+cCb+ec.

Implementation

1. Show that 0 < im(b — a) and ||b —al/®> < 0
using declaration I1:23 given that a C b.

2. Hence show that im((b + ¢) — (a + ¢)) =

im(b—a) > 0.
3. Also show that ||(b+c)—(a+c)||* = |[b—a|? <
0.

4. Hence show that a + ¢ C b + ¢ using dec-
laration I1:23.

Procedure I1:54(sun1602201336)
Objective

Choose two perplex numbers a,b such that 0 C «a
and 0 C b. The objective of the following instruc-
tions is to show that 0 C a + b.

Implementation

1. Show that 0 < im(a) and ||a||?> < 0 using dec-
laration I1:23 given that 0 C a.

2. Show that 0 < im(b) and ||b]|* < 0 using dec-
laration 11:23 given that 0 C b.

3. Hence show that im(a+b) = im(a)+im(d) > 0
given that 0 < im(a) and 0 < im(b).

4. Also show that |la + b||*> = re(a + b)? —
im(a + b)? = re(a)? — im(a)? + re(b)? —
im(b)? + 2(re(a) re(b) — im(a) im(b)) = ||al|® +
B + (re(a) — im(a))(xe(b) + im(b)) + (ve(a) +

im(a))(re(b) — im(b)) < 0.

5. Hence show that 0 C a + b using decla-
ration II:23 given that im(a + b) > 0 and
lla +0]|% <o0.

Procedure I1:55(sun1602201526)
Objective

Choose two perplex numbers a,b such that 0 C a
and 0 C b. The objective of the following instruc-
tions is to show that 0 < ab.

Implementation

1. Show that 0 < im(a) and ||a]|?> < 0 using dec-
laration I1:23 given that 0 C a.

2. Show that 0 < im(b) and ||b]|* < 0 using dec-
laration I1:23 given that 0 C b.

3. Hence show that re(ab) = re(a)re(b) +
im(a) im(b) > —im(a) im(b)+im(a) im(b) = 0.

4. Also show that ||ab||? = ||a|?|b]|* > 0.
5. If re(ab) = 0, then do the following:

(a) Show that ab = 0 using declaration
I1:15 given that im(ab) = 0 given that
im(ab)? < re(ab)? = 0 given that ||ab||? >
0.

6. Otherwise do the following:

(a) Show that ab > 0 using declaration
I1:22 given that re(ab) > 0 and ||ab||* >
0.

Procedure I1:56(sun1602201531)
Objective

Choose two perplex numbers a,b such that 0 C a
and 0 < b. The objective of the following instruc-
tions is to show that 0 C ab.

Implementation

1. Show that 0 < im(a) and ||a||* < 0 using dec-
laration I1:23 given that 0 C a.

2. Show that 0 < re(b) and ||b||* > 0 using decla-
ration I11:22 given that 0 < b.

3. Hence show that im(ab) = re(a)im(b) +
im(a) re(b) > —im(a) re(b) + im(a) im(b) = 0.

4. Also show that [|ab* = ||a|?||b]*> < 0.
5. If im(ab) = 0, then do the following:

(a) Show that ab = 0 using declaration
I1:15 given that re(ab) = 0 given that



re(ab)? < im(ab)? = 0 given that |ab||® <
0.

6. Otherwise do the following:

(a) Show that ab D 0 using declaration
I1:23 given that im(ab) > 0 and |ab||® <
0.

Procedure I1:57(sun0902201136)
Objective

Choose two perplex numbers a,b such that [|b —
al|> # 0. The objective of the following instruc-
tions is to show that either a < b, a > b, a C b, or
aDb.

Implementation
1. Given that ||b — al|? # 0, show that either
a) [|b—al* >0 and re(b —a) > 0
b) [|b—a|? > 0 and re(b —a) < 0
(c) |Ib—al|> <0 and im(b—a) >0
(d) ||b —al|?* <0 and im(b — a) < 0.
2. Hence show that either:

(
(

(a) a < b using declaration I11:22 given that
b —a|*> > 0 and re(b —a) > 0

(b) @ > b using declaration II:22 given that
|b—al/? >0 and re(b —a) <0

(¢) a C b using declaration I1:23 given that
b —a|* <0 and im(b—a) >0

(d) @ D b using declaration II:23 given that
|b—all? < 0 and im(b — a) < 0.
Declaration I1:24(tue2502201203)

The phrases ”proper perplex number” and ”im-

proper perplex number” will be used as shorthands
for perplex numbers, a, such that im(a) > 0 and
m(a) < 0 respectively.

Declaration II:25(sun1602200918)

The phrases "a and b intersect”, "a and b are
disjoint”, and "a and b adjoin”, where a and b
are perplex numbers, will be used to paraphrase
lb—(a)~11? < 0, [lb—(a)~|1* > 0, and [lo—(a)~|* = 0
respectively.
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Procedure I1:58(sat0802201500)
Objective

Choose a list of positive perplex numbers a. The ob-
jective of the following instructions is to show that

ISl g, 12 > s 0lel)jq, 2.

Implementation

1. Show that re(z[o lal] Z[r+1 lal]

given that Z[O la] Z[’"H lal]

(ak)’) > 0
ar(ag)” > 0.

2. Hence show that ||Z:TO:|Q| a|?
(a) = STl Il (-
(b) = Z[O \a\]” ||2+E[0 lal] Z[T-H \aH( ag)”+

(ar(ar)™)7)
— E[O:\a\]||a7.”2+2 Z[O:Iaﬂ E[r+1:\a|] re(a, (ax)")

Z[O ‘a‘]”a ||2+2 re(z [0:]a] Z[T+1 |al]
> L, 2.

()
(d) =
()

Procedure I1:59(sat0802201518)
Objective

Choose a non-empty list of positive perplex num-

bers a such that ag > leal The objec-
tive of the following instructions is to show that

1: 1:
laol[? — S| ay |2 > [lag — M a, 2.

Implementation

1. Using procedure 11:58, show that ||aol|?
(2) = IXM g, + (ag — S a2
(b) > Mg, 2 + ag — SV a, |12

2. Therefore show that ||a0||2—2:£1:‘a“||a7n||2 >

sl g 12,

|ao —

Procedure I1:60(sat0802201359)
Objective

Choose a list of positive perplex numbers a and a
list of rational numbers b such that |a| = |b| and
l|a;]|> > b;® for each @ € [0 : |a|]. The objec-
tive of the following instructions is to show that

|la :|b
IS arl? > (7 62

ar(a)™)



Implementation

1. If |a| = 0, then do the following;:

(a) Show that ||Z£0:‘au a;l|? of* =
(0D 2.

2. Otherwise do the following:

(a) Show that |a| > 0.

(b) Show that |11 g2 > (Sl p,y2

ing procedure 11:60 on afy.|q and byy.|p)-
(c) Show that re((ag)~ Y1 a;) > 0
i. given that (ag)~ 321" g, > 0

(L:lal]

ii. given that Z i >0

iii. and (ag)~
(d) Show that re((ag)~ 11 a;)2
i > [[(ao)~ X1 a2
ii. = [[(ao)~ IV a2
i, > b2 (o1 b2,
(e) Hence show that |31 g2

> 0.

i = (a0 + X7 a) (a0 + 35 i) )

i, = laoll2  + ao(XM e~ +
(ag)™ Z[l lal]] a; + HZEMGH aiH2

i, > b2+ ((ag)” M Ma -+
(ag)~ oW1 g, 4 (3o ltlall 2

iv. =bo?+2 re((ag)~ ZF:‘GH ai)+(Z£1"“” b;)?
v. > boz + 2o Zgli\a\] b + (Zglilal] bi)2
Lyl 2

vii. = (el g2,

vi. = (bo

Declaration I1:26(sun0902201142)

The notation %, where a is a perplex number, will

be used as a shorthand for the pair W(a) .

Procedure I1:61(sun0902201143)
Objective

Choose a perplex number a such that ||a|? # 0. The
objective of the following instructions is to show that
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Q|
IS
I
=

Implementation

1. Show that %a

(8) = (i (@) a
(b) = 2a((@)=a)
(©) = ppllal?
(@) =

Declaration I1:27(sat0802201702)

The notations j and % will be used as a shorthand for
the perplex numbers (0, 1) and (3, ) respectively.

Procedure I1:62(thu0602201510)
Objective

The objective of the followm% instructions is to show

that j2 = 1, k> = k, (k)=" = (k)~, k(k)~ = 0,
k+ (k)" =1,and k — (k)” = 3.
Implementation

1. Show that j2 = 1.

2. Show that k% = k.

3. Show that (k)~> = (k)~.

4. Show that k(k)~ = 0.
5. Show that k + (k)™
6. Show that k — (k)™

Procedure I1:63(fri1402201203)
Objective

Choose a perplex number a. The objective of the
following instructions is to show that a = re(a) +

im(a)j.

Implementation

1. Show that a

(a) = (re(a),im(a))
(b) = (re(a),0) + (0,im(a))
(¢) =re(a) +im(a)j.



Procedure 11:64(fri1402201147)
Objective
Choose a perplex number a. The objective of the
following instructions is to show that a = (re(a) +
im(a))k -+ (re(a) — im(a))(k) .
Implementation

1. Using procedure 11:62, show that a

(a) = re(a) + im(a)j

(b) =re(a)(k + (k)7) +im(a)(k — (k)7)

(¢) = (re(a) +im(a))k + (re(a) — im(a)) (k)"

Procedure I1:65(sat0802201559)
Objective
Choose rational numbers a,b,c,d. The objective
of the following instructions is to show that (ak +
b(k)")+ (ck+d(k)")=(a+c)k+ (b+d)(k)".
Implementation
1. Show that (ak + b(k)™) + (ck + d(k)™) =
(a+c)k+ (b+d) (k).
Procedure I1:66(sun0902201144)
Objective
Choose rational numbers a,b,c,d. The objective
of the following instructions is to show that (ak +
b(k)™)(ck + d(k)™) = ack + bd(k)~.
Implementation
1. Show that (ak + b(k)™)(ck +d(k)™)
(a) = ak(ck+d(k)™)+b(k) (ck+d(k)7)
(b) = akck + akd(k)™ + b(k)~ck + b(k)~d(k)~
(¢) = ack + O0ad + 0bc + bd(k)~
(d) =ack+bd(k)~.
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Chapter 7

Polynomial Arithmetic

Declaration I1:28(2.08)

The notation min(c), where ¢ is a list, will be used
as a shorthand for oo if ¢ is empty, otherwise it will
stand for the minimum entry of ¢. The related nota-
tion min’* ¢(r), where R is a list and ¢[r] is a function
of r, will be used as a shorthand for min(c(R)).

Declaration I1:29(2.11)

The notation max(c), where c¢ is a list, will be used
as a shorthand for —oo if ¢ is empty, otherwise it
will stand for the maximum entry of c¢. The re-
lated notation max/? ¢(r), where R is a list and c[r]
is a function of r, will be used as a shorthand for
max(c(R)).

Declaration I1:30(2.25)
The phrase "polynomial” will be used as a short-
hand for a list of rational numbers.

Declaration I1:31(2.26)

The notation a;, where a is a polynomial and 7 is a
natural number such that ¢ > |a|, will be used as a
shorthand for 0.

Declaration II:32(2.27)
The phrase "a = b”, where a,b are polynomials,
will be used as a shorthand for "a; = b; for each

i € [0 : max(|al,]b])]”.

Declaration I1:33(2.28)

The notation A(a,b) will be used as a shorthand for
Z[Oilal] ab’.
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Procedure I1:67(2.51)
Objective

Choose two polynomials a, b and a rational number
c such that a = b. The objective of the following
instructions is to show that A(a,c) = A(b, ¢).

Implementation

1. Using declaration II:32 and declaration I1:33,
show that A(a,c)

~— = ~— ~ ~—
I

Procedure I1:68(2.52)
Objective

Choose a natural number ¢ and two polynomials a,
b such that a = b. The objective of the following
instructions is to show that a, = b..

Implementation
1. If ¢ < max(|al,]b]), then do the following:
(a) Show that a. = b,.
2. Otherwise do the following;:

(a) Show that a. = 0 = b. given that ¢ >
max(|al, [b]).



Procedure 11:69(2.53)
Objective

Choose a polynomial a. The objective of the follow-
ing instructions is to show that a = a.

Implementation

1. Show that a; = a; for each i € [0 : max(|al,
lal)]-

2. Hence show that a = a using declaration
I1:32.

Procedure I1:70(2.54)
Objective

Choose two polynomials a,b such that a = b. The
objective of the following instructions is to show that
b=a.

Implementation

1. Show that a; = b; for each i € [0 : max(|al,|])]
using declaration I1:32.

2. Hence show that b; = a; for each i € [0 :
max(|b], [al)].

3. Hence show that b = a using declaration
I1:32.

Procedure I1:71(2.55)
Objective

Choose three polynomials a, b, ¢ such that a = b and
b = c. The objective of the following instructions is
to show that a = c.

Implementation

1. Show that a; = b; for each ¢ € [0 : max(|al, |b],
le])] using declaration I1:32.

2. Show that b; = ¢; for each i € [0 : max(|al, |b],
le])] using declaration I11:32.

3. Hence show that a; = ¢; for each i € [0 :
max(|al, [b], |e])].

4. Hence verify that a = ¢ using declaration
11:32.

Declaration 11:34(2.37)

The notation (f(j) for j € R), where f[j] is a func-
tion of j and R is a list, will be used as a shorthand
for (f(R)).

Declaration I1:35(2.29)

The notation a + b, where a, b are polynomials, will
be used as a shorthand for the list (a; + b; for ¢ €
[0°: max(|al, [b])]).

Procedure I1:72(2.56)

Objective

Choose two polynomials a,b and a rational number
c. The objective of the following instructions is to
show that A(a+b,¢) = A(a,c) + A(b, ¢).
Implementation

1. Using declaration I1:33 and declaration I1:35,
show that A(a + b, c)

Procedure I1:73(2.57)
Objective

Choose a natural number ¢ and two polynomials a,
b. The objective of the following instructions is to
show that (a + b). = a. + be.

Implementation
1. If ¢ < max(|al, |b]), then do the following:

(a) Show that (a+b). = a.+ b, using decla-
ration II:35.

2. Otherwise do the following:
(a) Show that ¢ > max(|al, |b]).

(b) Hence show that a. = 0, b, = 0, and
(a +b). = 0 using declaration II:31.

(c) Hence show that (a +b). = a. + b..



Procedure I1:74(2.58)
Objective

Choose four polynomials a, b, c,d such that a = ¢
and b = d. The objective of the following instruc-
tions is to show that a +b = c+d.

Implementation

1. Show that a; = ¢; for each ¢ € [0 : max(|al,
bl, ||, |d])] using declaration I1:32 given that
a=c.

2. Verify that b; = d; for each ¢ € [0 : max(|al,
bl, ||, |d])] using declaration I1:32 given that
b=d.

3. Hence using declaration I1:35, show that a + b
(8) = (a; + b for i € [0: max(lal, 8], |el, |d]))
(b) = {ci +d; for i € [0 : max({al, |b], |c], |d])])
(¢c) =c+d.

Procedure I1:75(2.59)
Objective

Choose three polynomials a,b,c. The objective of
the following instructions is to show that (a+b)+c =
a+ (b+c).
Implementation
1. Using declaration I1:35, show that (a +b) + ¢
(a) {((a+0b);+¢ forie[0:max(|la+bl,|c|)])
(b) ((a; + b;) + ¢; for i € [0 : max(|al, |b], |c])])
(a; + (b; + ¢;) for i € [0: max(|al,|b+ ¢])])
(a; + (b+c¢); for i € [0 : max(|al,|b+ ¢|)])

Procedure I1:76(2.60)
Objective
Choose two polynomials a,b. The objective of the
following instructions is to show that a + b = b+ a.
Implementation

1. Using declaration I1:35, show that a + b

(a) = (a; +b; for i € [0: max(|al, |b])])

(b) = (b; + a; for i € [0 : max(|b|, |a|)])

(¢) =b+a.

Declaration 11:36(2.30)

The notation a, where a is a rational number, will
contextually be used as a shorthand for the list (a).

Procedure I1:77(2.61)
Objective

Choose a polynomial a. The objective of the follow-
ing instructions is to show that 0 + a = a.

Implementation

1. Using declaration I1:35 and declaration I1:36,
show that 0+ a

(a) =(0; +a; for i € [0:]al])
(b) =(0+a; for i € [0: |a]])
(c) =a.

Declaration I1:37(2.31)

The notation —a, where a is a polynomial, will be
used as a shorthand for the list (—a; for i € [0 :

lall)-

Procedure I1:78(2.00)

Objective

Choose a polynomial a and a rational number b. The
objective of the following instructions is to show that
A(—a,b) = —A(a,b).

Implementation

1. Using declaration I1:33 and declaration I11:37,
show that A(—a,b)

(a) = A({—a; for i € [0:]al]),d)
(b) = 5" (=)

() = =5
(d) = —A(a,b).



Procedure I1:79(2.62)

Objective

Choose two polynomials a,b such that a = b. The
objective of the following instructions is to show that
—a = —b.

Implementation

1. Show that a; = b; for ¢ € [0 : max(|al, |b])]
using declaration II:32 given that a = b.

2. Hence using declaration I1:37, show that —a
(a) = (—a; for i € [0: max(|al,|b])])
(—b; for i € [0 : max(|al, |b])])

Procedure 11:80(2.63)
Objective

Choose a polynomial a. The objective of the follow-
ing instructions is to show that —a +a = 0.

Implementation

1. Using declaration II:35 and declaration I1:37,
show that —a +a

Declaration II:38(2.32)

The notation ab, where a, b are integers, will be used
as a shorthand for the list (ZLO:H'H aybi_, fori €
[0+ |a] + [0 —1]).

Procedure I1:81(2.64)

Objective

Choose two polynomials a,b and a rational number
c. The objective of the following instructions is to
show that A(ab,c) = A(a,c)A(b,c).
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Implementation

1. Using declaration I1:33 and declaration I1:38,
show that A(ab, c)

(a) 1:]>A()<Zy[~0:j+1] arbj_ for j € [0+ |af +[b] —

(b) — Zgo‘a‘ﬁ»‘bl*l] (ZLUJ+1]

(¢) = SR b= 01 i

arbj,r)cj

(d) = SOlel Pl sulrlal+el=1] o oy, ier
(e) = SOAHHOI=1] g or Solrlal b1y imr
() = el g o o lolal =
(8) = X0 ayer ST e

() =Yl g, g0

0 = (" ae) (2
() = Ala,c)A(b,c).

bjcj)

Procedure I1:82(2.65)
Objective

Choose a natural number ¢ and two polynomials a,
b. The objective of the following instructions is to
show that (ab). = ZLO:CH] Grborp.

Implementation

1. If ¢ < |a|] + |b| — 1, then do the following:

(a) Show that (ab). = 31" a,b._, using
declaration II:38.

2. Otherwise do the following:

(a) Show that ¢ > |a| + [b] — 1.

(b) Hence using declaration II:31, show that
(ab)c

i. =0
i o= ZLO:MH 0a, + Zga|:c+l] 0be_,
i, = S g b, 4 Skt gy,

iv. = Z[TOZC'H] Arbo_y.



Procedure I1:83(2.66)
Objective

Choose four polynomials a, b, c,d such that a = ¢
and b = d. The objective of the following instruc-
tions is to show that ab = cd.

Implementation

1. Show that a; = ¢; for i@ € [0 : max(]al,
le]) + max(]b], |d|) — 1] using procedure II:68
given that a = c.

2. Show that b, = d; for i € [0 : max(|a,
le]) + max(]b], |d|) — 1] using procedure II:68
given that b = d.

3. Hence using declaration I1:38, show that ab

(a) = (X ab,_, for i € [0 : max(|al, |c]) +

max([b], [d]) — 1])

[0:44-1]

(b) = ¢rdi—y for i € [0 : max(|al,|c|) +
max([b], |d[) — 1])
(¢) =cd.
Procedure 11:84(2.67)
Objective
Choose three polynomials a,b,c. The objective of
the following instructions is to show that (ab)c =
a(be).
Implementation
1. Using declaration I1:38, show that (ab)c
(a) = ()" (ab)uc—¢ for j € [0+ Jab] + || -
1)
(b) = (OISO . fori € [0 |a] +

b = 1])ecj— for j € [0+ |af +[b] + |¢] — 2])

(¢) = (NSO g, eiy forj € [0
la| + [b] + [e] = 2])

[03+1 Z[TH-I
laf +16] + e — 2)
= (g eIty e for j e [0
lal +[b] + [¢] = 21)

(1) = (P a, ST by for €
0+ laf + [b] + || = 2])

(d) =

arby_pcj_y for j € [0 :

()
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(g) = <ZL0:;‘+1] aﬂZLOIiH] bici—y fori € [0 :
6]+ ] =1])j— for j € [0+ |af + [b[ +|¢[ —2])

(h) = (Z[TO:jJrl] ar(bc)j—r for j €[0: |a| + |bc| —
1])

(1) = a(be).

Procedure I1:85(2.68)
Objective

Choose two polynomials a,b. The objective of the
following instructions is to show that ab = ba.

Implementation

1. Using declaration I1:38, show that ab

(a) = <E[T0:i+l] ayb;_, for i € [0: |a| + |b] — 1])
(b) = (0" pa, , fori e [0: |a + [b] — 1])
(c) = ba.

Procedure I1:86(2.69)
Objective

Choose a polynomial a. The objective of the follow-
ing instructions is to show that la = a.

Implementation

1. Using declaration II:36 and declaration I1:38,
show that la

(a) = (10" 1 a,_, fori € [0: 1] + |a] — 1])
(b) = (lpas_g for i € [0 : |al])

(c) = (a; fori € [0:]al])

d) =a

Procedure I1:87(2.70)
Objective

Choose three polynomials a,b,c. The objective of
the following instructions is to show that a(b+c¢) =
ab + ac.



Implementation

1. Using declaration I1:35 and declaration I1:38,
show a(b+ ¢)

(a) = (Z; "
¢l ~ 1]

(b) = (O g (b + i) forie [0: |a] +
b+ c| —1])
[0:3+1] (arb

(C) = <Zr rUi—r + arcifr) fOI‘i S [0 :
lal + 16+ ¢ = 1])

ar(b+c)i—y fori € [0: |a| + b+

(d) = (Z[TMH] arbi_p + ZEMH] apci_y fori €
[0:]a] +|b+c|—1])

() = (S by, for i € [0+ |al+ b - 1]) +
<Z£0:z+1] arci_p for i € [0:]a] +|c| — 1])

(f) = ab+ ac.

Declaration I1:39(2.33)

The notation A will be used as a shorthand for the
list (0,1).

Procedure I1:88(2.71)
Objective

Choose a polynomial a. The objective of the follow-

—

ing instructions is to show that Aa = (0)"a.

Implementation

1. Show that |Aa| = |A| + |a| — 1 = |a| + 1 using
declaration II:38.

2. For j € [1: |a] + 1], do the following:
(a) Using declaration II:38, show that (Aa);
Loy
i, = S0 = 1)a,
i, = a;_y

3. Hence wusing declaration II:38, show that

()\CL)O = ZEOH )\Tao_r = )\00,0 =0.

4. Hence show that \a = (0)"a.
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Procedure 11:89(2.72)
Objective

Choose a natural number n. The objective of the
following instructions is to show that A" = ([j =
n] for j € [0:n + 1]).

Implementation

1. If n =0, then do the following;:
(a) Show that \™

i =0

i = (1)

iii. = ([j =0]forje€[0:1])

iv. =([j=mn]for j €[0:n+1]).
2. Otherwise do the following:

(a) Use procedure 11:96 on (n — 1) to show that
Al = ([j =n—1] for j €[0:n]).

(b) Hence using procedure I1:88, show that A"
i =t
ii. =X[j=n—1] for j €[0:n])
iiil. =(0)™([j=n—1] for j €[0:n])
iv. =([j=mn]for j € [0:n+1]).

Declaration 11:40(2.34)

The notation deg(a), where a is a polynomial such
that a # 0, will be used as a shorthand for the
largest natural number j < |a| such that a; # 0.

Procedure 11:90(2.73)
Objective

Choose two polynomials a,b such that a = b and
a # 0. The objective of the following instructions is
to show that deg(a) = deg(b).

Implementation
1. For j € [max(|al, |b]) : 0], do the following:
(a) If a; = 0, then do the following:

i. Show that 0 = a; = b; using declaration
11:32 given that a = b.

(b) Otherwise do the following;:



i. Show that 0 # a; = b; using declaration
11:32 given that a = b.

ii. Show that j < min(lal, |b]).
iii. Hence show that deg(a) = j = deg(b).
iv. Yield.

Procedure 11:91(2.74)
Objective

Let deg(0) = —1. Choose two polynomials a, b such
that deg(a) < deg(b). The objective of the following

instructions is to show that deg(a + b) = deg(b).
Implementation
1. For j € [max(|a|, |b|) : deg(b) + 1], do the fol-

lowing:
(a) Show that j > deg(b) > deg(a).

(b) Hence show that a; = b; = 0 using declara-
tion II:40.

(c) Hence show that (a +b); = a; +b; = 0.

2. Show that ((l + b)dcg(b) = adcg(b) + bdcg(b) =
0+ bdeg(v) = bdeg(v) 7 0 using declaration I1:40
given that deg(b) > deg(a).

3. Hence show that deg(a + b) = deg(b).

Procedure 11:92(2.75)
Objective

Let deg(0) = —1. Choose two polynomials a,b. The
objective of the following instructions is to show that
deg(a + b) < max(deg(a),deg(bh)).

Implementation

1. For j € [max(|al,|b])
1], do the following;:

: max(deg(a), deg(b)) +

(a) Show that a; = b; = 0 using declaration
I1:40 given that j > deg(a) and j > deg(b).

(b) Hence show that (a+b); = a;+b; = 0 using
declaration II:35.

2. Hence show that deg(a + b) < max(deg(a),
deg(b)) using declaration I1:40.
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Procedure 11:93(2.76)
Objective

Let deg(0) = —1. Choose a polynomial a. The ob-
jective of the following instructions is to show that
deg(—a) = deg(a).

Implementation
1. For j € [|a : deg(a) +
(a) Show that a; = 0 using declaration II:40
given that j > deg(a).
(b) Hence show that (—a); =

using declaration I1:37.
2. Show that (—a)qeg(a) =
that Qdeg(a) #0.

3. Hence show that deg(
declaration II:40.

1], do the following:

—(a;) =-0=0
_(adeg(a)) 7é 0 given

—a) = deg(a) using

Procedure 11:94(2.77)
Objective

Choose two polynomials a,b such that a # 0 and
b # 0. The objective of the following instructions is

to show that (ab)deg(a)+deg(s) = Gdeg(a)bdeg(s) 7 0
Implementation

)y # 0 given that a # 0.

2. Show that bgeg(ry # 0 given that b # 0.

1. Show that ageg(a

3. Hence using declaration II:38, show that
(ab)deg(a)+deg(b)

(a) = Z[TO:deg(a)+deg(b)+1] arbdeg(a)ereg(b)fr

(b) = Z[Oﬂeg(a)]

Qdeg(a bdeg (a)+deg(b)—deg(a

() =  Ylaee@log, + adeg(a)bdegw) +
Z[deg(a)+1 :deg(a)+deg(b)+1] Obdeg

Gy bdcg( )+deg(b)— +

)+deg(b)—
(d) = adeg(a)deg(v)
(e) #0.

Procedure I1:95(2.78)
Objective

Choose two polynomials a,b such that a # 0 and
b # 0. The objective of the following instructions is

Ay [dog(a)-+ 1:deg(a)+deg(b)+1]

arbgeg(



to show that deg(ab) = deg(a) + deg(b).

Implementation

1. For j € [deg(a) + deg(b) + 1
the following;:

s |al + 0] — 1], do

(a) Using declaration II:38, show that (ab);
=Y e,
i = ZLO:dcg(aH»l] arbj—r+2£dcg(a)+1:j+l] arbj—r
i, = Yolodes(@ il gy 4 gl ity
iv. = 0.

2. Now show that (ab)deg(a)ereg(b)
Adeg(a)bdeg(v) 7 0 using procedure 11:94.

3. Hence show that deg(ab) = deg(a) + deg(b)
using declaration I1:40.
Declaration I1:41(2.00)
The phrase ”monic polynomial” will be used to refer
to polynomials p such that p # 0 and pgeg(p) = 1.
Declaration I11:42(2.01)

The notation mon(p), where p is a polynomial such
that p # 0, will be used as a shorthand for

Pd eg(p)

Procedure 11:96(2.25)
Objective

Choose two polynomials, a,b such that b # 0. The
objective of the following instructions is to construct
two polynomials u,w such that a ub + w and
deg(w) < deg(d).

Implementation

1. If deg(a) > deg(d), then do the following:

Qdeg(a) )\deg( a)—deg(b)

a) Let y = - s

(

(b) Let e = a — yb.

(c) Show that deg(e) < deg(a).
)

(d) Use procedure I1:96 on (e, b) to construct (c,
d) and show that:

i.cb+d=e.
ii. deg(d) < deg(d).
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(e) Hence show that ¢b+ d = a — yb given that
cb+d=eand e =a— yb.

(f) Hence show that (y + ¢)b+ d = a.

(g) Now yield the tuple (y + ¢, d).
2. Otherwise do the following:

(a) Show that 0b+a = a and deg(a) < deg(d).
(b) Yield the tuple (0,a).

Declaration 11:43(2.35)

The notation a div b, where a, b are polynomials, will
be used to refer to the first part of the pair yielded
by executing procedure 11:96 on (a, b).

Declaration 11:44(2.36)

The notation a mod b, where a,b are polynomials,
will be used to refer to the second part of the pair
yielded by executing procedure 11:96 on (a, b).

Procedure I1:97(2.79)

Objective

Choose a polynomial a and a rational number b. The
objective of the following instructions is to show that
amod (A —b) = A(a,b).

Implementation

Let d =X —b.

2. Show that d # 0.

3. Let ¢ = adivd.
4

—_

. Using procedure I1:96, show that:
(a) a=cd+ (a mod d)

(b) deg(a mod d) < deg(d) = 1.
5. Hence show that deg(a mod d) = 0.

6. Now using procedure II:72 and procedure
11:81, show that A(a,b)

(a) = A(cd + (amod d),b)

(b) = A(cd,b) + A(a mod d,b)

(c) = A(c,b)A(d,b) + A(a mod d, b)
(d) = A(e,b)(=b+b) + A(a mod d,b)
() =0A(c,b) + A(a mod d,b)



(f) = A(amod d,b)
(g) =amodd

(h) = amod (A —0).

Procedure I1:98(fri1402201125)
Objective

Choose a polynomial a and a perplex number b.
The objective of the following instructions is to
show that re(A(a,b)) = 1(A(a,re(b) +im(b)) + A(a,
re(b) — im(b))).

Implementation

1. Show that re(A(a, b))

(a) = re(31%1 N q,bm)

(b) = re(X q, ((re(b) + im(b))k + (re(b) —

im(b))(k)~)")

= Yol g ve((re(b) + im(b))"k + (re(b) —

im(b))" (k) ™)

@ = 33
im(b))")

o

ar(re(b) —

(c)

ar((re(b) + im(b))" + (rve(b) —

ar(re(d)
im(b))")

+ imb)” +

Procedure 11:99(fri1402201210)
Objective

Choose a polynomial a and a perplex number b.
The objective of the follovving instructions is to
show that im(A(a, b)) = 1 (A(a,re(b) +im(b)) — A(a,
re(b) — im(b))).

Implementation

The implementation is analogous to that of proce-
dure II:98.

Procedure I1:100(fri1402201213)
Objective

Choose a polynomial a and a perplex number b. The
objective of the following instructions is to show that
|A(a,b)||?> = A(a,re(b) — im(b))A(a,re(b) + im(b)).
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Implementation

1. Using declaration I1:21, procedure II1:98, and
procedure 11:99, show that ||A(a, b)]|?

(a) =re(A(a,b))* — im(A(a, b))?

(b) = (5(A(axe(b) + im(b)) + Aa,re(h) —
(b)))) (%(A(a re(b) + im(b)) — A(a,
re(b) —im(b))))?

(¢) = A(a,re(b) —im(b))A(a,re(b) 4+ im(d)).

Procedure I1:101(mon1702200807)
Objective

Choose a polynomial a and a perplex number b. The
objective of the following instructions is to show that

(A((L b))_ = A(a7 (b)_)'

Implementation

1. Show that (A(a,b))”

(a) = (ST abr)-
(b) = X0 (a,b7)
() = XM a, ()"
(d) = Aa, (b))

Procedure I1:102(mon1702200743)
Objective

Choose a polynomial a and two adjoint perplex num-
bers b, c. The objective of the following instructions
is to show that A(a,b) and A(a,c) are adjoint.

Implementation

1. Show that [c — (b)7]|?> = 0 given that b and ¢
are adjoint.

2. Using procedure 11:101, show that ||A(a,c) —

(Aa, b))~ |2
(a) = [[Ala,¢) — Aa, (b))
(b) = I aper = 50 ey ()72
() = I= M ay (e — (0)=")1?
d) = ||Z[0:|a|] ar(c— (b)_)z[o:r] Ct(b)_r717t||2
() = lle—(@)~ P a, S0 et (o) =712



(f) — 0”27[40\0«” a, ZEO:T] Ct(b),rflftuz
(g) =0.

3. Hence show that A(a,b) and A(a,c) are
adjoint.
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Chapter 8

Polynomial Sign Changes

Procedure 11:103(2.80)
Objective

Choose a polynomial p # 0 and rational numbers
agp < a; < -0 < Geg(p)—2 < Qdeg(p)—1 iN such a
way that A(p,a;) = 0 for i € [0 : deg(p)]. The ob-
jective of the following instructions is to show that

P = Pace(p [I 1 EPT N - ay).
Implementation
1. Let n = deg(p).
2. If n =0, then do the following:
(a) Show that p = po = pueg(p) [1 (A — ;).
3. Otherwise do the following:

Show that p mod (A —ay,—1) = A(p, an-1) =
0 using procedure II:97 given that A(p,
an,l) =0.

Let ¢ = pdiv(A — ap—1).

Hence show that p = (A — a,,—1)g + p mod
()\ - anfl) = <)\ - anfl)q~

For i € [0 : n — 1], do the following:
i. Show that 0

A =A(p,a;)

B. = A((A—an-1)g,a;)

C. =AA—an-1,a;)A(q,a;)

D. = (a; — an—1)A(q, a;).

ii. Hence show that A(g,a;) = 0 given that
A; — Anp—1 7£ 0.
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(e) Hence use procedure 11:103 on (g, ajo:n—1j)
to show that ¢ = qqeg(q) Hgom*l](/\ - aj).

(f) Now show that pgeg(p) N =
anfl)dcg()\—an_l)qdegq = 1qdegq = {deggq
using procedure I1:94 given that p =
(/\—an_l)q.

(g) Hence show that p = (A — an-1)g
Giegad — an- )TV = ay)
Pdegp HE-OW] (A= aj).

Procedure 11:104(2.16)
Objective

Choose a polynomial p # 0 and rational numbers
ap < ap < -+ < Udeg(p)—1 < Gdeg(p) iD Such a way
that A(p,a;) = 0 for ¢ € [0 : deg(p) + 1]. The ob-
jective of the following instructions is to show that

0 # 0.
Implementation
1. Let n = deg(p).
2. Use procedure I1:103 on (p, ajon]) to show that
p=pI1" (A~ ay).
3. Hence show that A(p,a,) = A(qo Hgom]()\ -
a;),an) = Algo,an) [IV™ AN = aj,a,) =
6o [T (an — a;) # 0.

4. Hence show that 0 = A(p,a,) # 0 given that
A(p,a,) = 0.

5. Abort procedure.



Procedure I1:105(thu2001191149)
Objective
Choose a polynomial p and a rational number X.
The objective of the following instructions is to con-
struct a rational number a and a procedure ¢(y) to
show that ||A(p,y)|| < @ when a rational number y
such that |ly|| < X is chosen.
Implementation

1. Let a = Y7 |p, | x.

2. Let ¢q(y) be the following procedure:

(a) Given that |ly|| < X, show that [|A(p,y)|
io= | g

i< SOy

it. = S, [y

iv. < S0P xr

—-

i

)

V. = a.

3. Yield the tuple (a,q).

Procedure I1:106(2.15)
Objective

Choose a polynomial p and a rational number X.
The objective of the following instructions is to con-
struct a rational number a and a procedure ¢(z) to
show that ||[im(A(p, 2))|| < a]|lim(z)|| when a proper
perplex number z such that z C Xj are chosen.

Implementation
1. Let a = S P pypp, | x7-1,
2. Let ¢(y, z) be the following procedure:
(a) Show that |lim(A(p, 2))||

. . 0: r
i = [im(XOPT p,2n)|

i = [lim(X0p,(
(re(z) + im(2))k)")

f (

|

i, = |10, im( |re(z) — im(2))"(k)” +

iv. = |2 SO p, ((ve(2) +im(z))" — (re(z) —

+o
3,
—~
a@
—
N
~—
+

vi. < [1: lpl]HpTHH'm 2

im(2))" (re(z) —
]

vii. < PP, ) lim(z) | S0 (re(z) +
im(2))]|[|(re(z) — im(z))" |

1: . O:r r—1—
viil. < PP, | im(z))| S0 Xt

ix. = [lim(z) | P p, ) 20 X
x. = [lim(z)|| 2P 7, | x
xi. = alim(z)]|

3. Yield the tuple (a,q).

Procedure I1:107(thu3001201111)
Objective

Choose a polynomial p and a rational number X.
The objective of the following instructions is to con-
struct a rational number ¢ > 0 and a procedure ¢(z)
to show that ||A(p,re(z) £im(z))|| < a|lim(2)| when
a proper perplex number z such that z C Xj, and
|A(p, 2)||* < 0 are chosen.

Implementation

1. Use procedure 11:106 on (p, X) to construct
<a17Q1>-

2. Let a = 2a;.
3. Let ¢(y, z) be the following procedure:

(a) Show that ||im(A(p, 2))|| < a1]/im(z)]| using
procedure q;.

(b) Show that A(p,re(z) + im(z))A(p,re(z) —
im(z)) = ||A(p,2)||* < 0 using procedure
I1:100.

(c) Hence using procedure I1:26 show that || A(p,
re(z) +im(z))||

< [[A(p,re(z) + im(z))[| + [[A(p,re(z) —
im(z))]|

= [[A(p, re(2)+im(z))—A(p, re(z) —im(2)) |
i =2[[im(A(p, 2))|

. < 2aq|[im(z)]|

—-
-

-
—

i

i

<

v. < alim(2)].



4. Yield the tuple (a,q).

Procedure I1:108(sat0102201050)
Objective

Choose a polynomial f, a proper perplex number c,
and a rational number B such that |A(f,c)[|? < 0
and B > 0. The objective of the following instruc-
tions is to construct a proper perplex number e such
that e C ¢, im(e) < B and || A(f,e)|* <O0.

Implementation
1. If |lim(c)|| < B, then do the following:
(a) Yield the tuple (c).
2. Otherwise do the following:

(a) Let g = (re(c)—im(c))(k)~ +re(c)k and show
that g C ¢ and [[im(g)|| = L im(c)].

(b) Let m = re(c)(k)™ + (re(c) + im(c))k and
show that m C ¢ and [[im(m)|| = 1|lim(c)|.

(¢) Show that re(c) — im(c) re(g) — im(g),
re(g) +im(g) = re(m) —im(m), and re(m) +
im(m) = re(c) + im(c).

(d) If |A(f, g)||?> <0, then do the following:

i. Use procedure I1:108 on (f,g, B) to con-
struct (e, h) and show that:

A.eCgCec
B. [lim(e)]| < B
C. [[A(f,e)l* <.
(e) Otherwise do the following:

i. Given that [[A(f,c)|? < 0 and |A(f,
9)II> > 0, show that [[A(f,m)]?

A. A(f,re(m) — im(m))A(f,re(m) +

im(m))

B. A(f,re(m)—im(m)) A(f, re(g)

A(f xe(g)—im(9))
im(g))A(f,re(m) + im(m))

_ A(f.re(g)+im(g))
= A(Frelg) (e 1A )1

D. <o.

C.

ii. Hence use procedure I1:108 on {f, m, B) to
construct (e) and show that:

A.eCmCe
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B. |lim(e)|| < B
C. [A(f,e)]? <0.
(f) Yield the tuple (e).

Procedure I1:109(2.17)
Objective

Choose a polynomial f, a proper perplex number a,
and a rational number B such that ||A(f,a)[> <0
and B > 0. The objective of the following instruc-
tions is to construct a proper perplex number d such
that d C a, [[A(f,d)||* <0, and [[im(A(f,d))| < B.

Implementation

1. Use procedure I1:106 on (f, ||re(a)|| + |[im(b)]])
to construct (G, q).

2. Use procedure 11:108 on (f,a, £) to construct
(c) and show that:

(a) cCa
(b) [[im(e)]| < Z
(c) [A(f, 0> <o0.

3. Use procedure ¢ on (c¢) to show that

lim(A(f, )l < Gllim(o)|| < GE
4. Yield the tuple (c).

Declaration I1:45(tue2502201328)

The notation fi,(x), where x is a perplex number
and p is a perplex polynomial, will be used as a
shorthand for x if im(A(p,x)) > 0 and (x)~ if
im(A(p,x)) < 0.

Procedure I1:110(tue2502201349)
Objective

Choose a perplex polynomial p and an increasing
list of pairwise disjoint proper perplex numbers r
such that |r| = deg(p) and —A(p,r;) ~ £j ~ A(p,
(r;)7) for 0 < i < |r|. The objective of the fol-
lowing instructions is to construct a list of perplex
numbers ¢ such that [¢| = |r| and px(t;) C r; for
0 < i < |r|, and a procedure ¢(x) to show that A(p,
) 2D pp Hggzltu(x — (tm)T) when a perplex number
x that is disjoint from r is chosen.



Implementation
1) If deg(p) = 0, then do the following:
a) Let t = ().
b) Let g(x) be the following procedure:
i) Show that A(p, z)
(1) =po
(2) 2 iy I (@ = () ).
¢) Yield the tuple (¢, q).
2) Otherwise do the following:

a) Let 2z = max(A(p, pp(r))(k)™) + min(A(p,

pip(r))F).
b) Let y = min(—(re(z)—im(z)),re(z)+im(z)).

¢) Use procedure I1:109 on (p, o, %y) to con-
struct top and show that:

i) to is a proper perplex number
ii) to C 1o
i) [1A(p, o) < 0
iv) lim(A(p, to)) | < 1o.
d) Hence show that A(p, uy(to)) C yj C 2.
e) Let d = Z[r?:‘rlﬂ] Drm Z[T?:m] Atgm—1i-n,
f) For ¢ in [1
i) Show that A(p, ip(to)) € 2 € A(p, (7))

. |r]], do the following;:

ii) Hence show that —(r; — to)A(d, r;)

(1) = —=A(X—to,m)A(d, 7;)

(2) = —A((A—to)d, rs)

3) = —(Alp, i) — Alp, to))

(4) ~ —A(p, i)

(5) ~+j

(6) ~Alp, (r:)7)

(7) ~ Alp, (ri)7) — Alp, to)

(8) = A((A—to)d, (r:)7)

(9) = A —to, (ri) 7)A(d, (r:)7)
(10) = ((r:)~ — to)A(d, (r:)7)
iii) 5@?5()3 show that —A(d,r;) ~ 5 ~ A(d,
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(1) given that r; —to >0

(2) and (r;)~

—to > 0.

g) Use procedure I1:110 on (d, r[y.,)) to con-

struct <t[1:|ru, u}.

h) Use procedure I:111 on (d, () to con-

struct (¢[1:)r)), w).

i) Let g(z) be the following procedure:

i) If x > pp,(to), then do the following:

(1) Using procedure u, show that A(d, )
(2) 2 iy I1 " = (1))

(b) = ppy I (@ — (t)F).

(2) Given that  — u,(to) > 0, show that
Alp. )

(a) = A\ — pp(to))d, z) +
(b) 2 A((A = pap(to))d )
() = (z — pp(to)) A(d, )
(d) 2 (= — pplto))pye IT" (&
(e) = pu IIM (@ = (t)®).

ii) Otherwise if & < p,(to), then do the fol-
lowing:

A(p, pp(to))

= (tm)™)

(1) Using procedure w, show that A(d, z)
(a) € dpy—1 I e = (tm)®)

(b) = ppy T (@ — () ®).

(2) Given that = — p,(t9) < 0, show that
A(p,x)

(a) = A\ — pp(to))d, z) +
(b) 2 A((A = pap(to))d )
() = (x — pp(to)) A(d, )
(d) 2 (@ — pp(to))pyy T (@

(€) =i TIN" (@ — (tm)*).

A(pa MP(tO))

= (tm)™)

j) Yield the tuple (t,¢).



Procedure I1:111(thu2702201419)
Objective

Choose a perplex polynomial p and an increasing
list of pairwise disjoint proper perplex numbers r
such that |r| = deg(p) and —A(p,r;) ~ £j ~ A(p,
(r;)7) for 0 < 4 < |r|. The objective of the fol-
lowing instructions is to construct a list of perplex
numbers ¢t such that || = |r| and ur(t;) C r; for
0 < i < |r|, and a procedure ¢g(x) to show that A(p,
z) C ppy 1% (& — (t,,)%) when a perplex number
x that is disjoint from r is chosen.

Implementation

Implementation is analogous to that of procedure
1I:110.

Procedure I1:112(2.18)
Objective

Choose a polynomial f # 0 and pairs of rational

numbers (adcg(f)7 bdcg(f))7 (adcg(f)fla bdcg(f)fl)v )
(ag, bo) in such a way that:

L. aqeg(f) < baeg(f) < Gdeg(f)—1 < Daeg(f)-1 <
-<a; <b <ag<by.
2. sgn(A(f,a:)) = —sgn(A(f,
deg(f) +1].

The objective of the following instructions is to show
that 1 = —1.

b)) for i € [0 :

Implementation

1. If deg(f) > 0:
Let B = minLO:deg(f)_l] min(|A(f, ar)l, [A(f,
bi)])-

For k € [0 : deg(f)], verify that |A(f, ax)| >
B.

Execute procedure I1:109 on the formal poly-
nomial f, interval (aqeg(f), bdeg(s)), and tar-
get of B. Let the tuple (d) receive the result.

Verify that |[A(f,d)| < B.
Let h = fdiv(A — d).
Execute procedure I1:97 on (f,d).

Hence verify that f = (A—d)h+ f mod (A —
d)=A—=dh+A(f,d).
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(h) Hence verify that 0 # f—A(f,d) =
(i) Hence verify that h # 0.

(j) Hence verify that deg(f) = deg(f — A(f,
d)) = deg((A—d)h) = deg(A—d) +deg(h) =
1+ deg(h).

(k) Hence verify that deg(h)

(1) For k € [0: deg(h) +
i. If A(f,ar) > B, in-order verify that:

A(foar) = B > |A(f,d)] = A(f, d).
A(f,ar) = A(f,d) > 0.

(ar — d)A(h,ar) > 0.
A(h,ar) > 0.
A(fby) < —B < —IA(f,d)] < A(f.d).
A(f,br) = A(f,d) <0.

(b, — d)A(h,by) < 0.

A(h,b) <O0.

ii. Otherwise, if A(f,ar) < —B, do the fol-

lowing:

(A—d)h.

= deg(f) — 1.
1], do the following:

)
ax)

.EQW@.UQ.W?

A. Using steps analogous to (ji), verify
that A(h,ax) < 0.

B. Using steps analogous to (ji), verify
that A(h,b;) > 0.

(m) Execute procedure IT:112 on h and ageg(n) <
bdeg < Qdeg(h)—1 < bdeg(h)—l < <ap <
b < ao < by.

2. Otherwise, do the following:
(a) Verify that deg(f) = 0.
(b) Therefore verify that f = fo # 0.

(¢) Therefore verify that sgn(fo) = sgn(A(f,
ao)) = —sgn(A(f,bo)) = —sgn(fo).
(d) Therefore verify that 1 = —1.

(e) Abort procedure.

Procedure I1:113(2.19)
Objective

Choose two lists of polynomials s, g in such a way
that:

1. |s| > 1.



2. For i in [0 : |s]], deg(s;) = i.
3. For 4 in [0 : |s]], sgn((s:)i) = sgn((Sm)m)-
4. Foriin [1:|s| — 1], s;—1 + Six1 = @S-

The objective of the following instructions is to con-
struct lists of polynomials g, h such that g;s;11 +
hisi=1foriin [0: |s| —1].
Implementation

1. Let m=|s| -1

2. Let g=h=).

3. If m > 1, do the following:
Verify that ¢mn_18m—1 — Sm = Sm—_2.

Execute procedure IL:113 on  sjg., and
q[1:m—1) and let the tuple (,, g, h) receive.

Verify that gm—28m—1 4+ hm—28m—2 = 1.
Let gm_1 = —hm_o.

Let hyp—1 = gm—2 + hm—2Gm—1-

Therefore verify that g,,—18m + Bm—1Sm—1
i = gm—28m—1+ hm—2(Gm-15m—1 — 5m)
. = gm—25m—1+ hm—25m—2

iii. = 1.

4. Otherwise, if m = 1 do the following:

(a) Let go =0.

(b) Let hg = i
(¢) Therefore verify that gos; + hosg = 1.
5. Yield the tuple (s,q,g,h).

Procedure I1:114(fri3101200641)
Objective

Choose polynomials g, h, p, ¢ and a rational number
X such that gp+hg = 1. The objective of the follow-
ing instructions is to construct a rational numbers
a and a procedure r(y, z) to show that A(p,y)A(p,
z) > 0 when two rational numbers y, z such that
lyll < X, 12l < X, lly — 2|l < a, and A(g, y)A(g,
z) < 0 are chosen.
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Implementation

1. Use procedure I1:107 on (p, X) to construct
<CL1,T’1>.

2. Use procedure I1:107 on (g, X) to construct
(ag,ra2).

3. Use procedure II:105 on (g, X) to construct

<Cl3,7’3>~

4. Use procedure II:105 on (h, X) to construct
(aq,74).

5. Let a = L

araz+azas+1°

6. Let r(y, z) be the following procedure:
(a) If A(p,y)A(p, z) <0, then do the following:

i. Show that ||A(p, )| < a1]lz — y|| < a1a
using procedure 7.
ii. Show that [|[A(q,y)| < az2llz — yl| < aza

using procedure 5.

Show that ||A(g,y)|| < as using procedure
r3.

iii.

iv. Show that ||A(h,y)|| < a4 using procedure
T4.

v. Given that gp + hqg = 1, show that A(gp,
y) + A(h,y)A(g. y)

A. = A(gp + hq,y)

B. = A(L,y)

C. =1
vi. Hence show that A(gp,y)
- =1-=A(h,y)A g, y)
. > 1—aqasa

aijaz+1
aiaz+azas+1

= (aja3 + 1)a

. > ajasa

> A A g vl
. 2 Ap,y)A(g,y)

- = A(pg.y).

vii. Hence show that 0 > 0.

A
B
C
D.
E
F
G
H

viii. Abort procedure.

(b) Otherwise do the following;:



i. Show that A(p,y)A(p,z) > 0.
7. Yield the tuple (a,r).

Procedure I1:115(fri3101200730)
Objective

Choose polynomials g, h,j,p,q,r and a rational
number X such that hqg+jr = 1 and p+r = gq. The
objective of the following instructions is to construct
a rational number a and a procedure t(y, z) to show
that A(p,y)A(r,y) < 0 and A(j,y) # 0 when two
rational numbers y, z such that ||y|| < X, ||z| < X,
ly — z|| < a, and A(g,y)A(g, z) <0 are chosen.

Implementation

1. Use procedure I11:105 on (h, X) to construct

<a1,t1>.

2. Use procedure I1:105
<a2,t2>.

3. Use procedure I1:105
<a37t3>'

4. Use procedure I1:107
<a4,t4>.

_ 1
5. Let a = (@ Fasag)artt

on (g,X) to construct
on (j,X) to construct

on (¢, X) to construct

6. Let t(y, z) be the following procedure:

(a) Show that ||A(h,y)||
t1.

(b) Show that [|A(g,y)]|
ta.

(c) Show that [|A(j, )|
ts.

< a; using procedure

< ag using procedure

< agz using procedure

(d) Show that ||A(g,y)|| < asl|z—y|| < asa using
procedure t4.

(e) Show that jr = 1—hq given that hg+jr = 1.
(f) Hence show that [|A(j, y)[[[|A(r, y)l

L= [lAGr )l

il. = [[A(1 = hq,y)l

i, = [[AL )] = 1A y)Alg, y)

iv. > 1—ajaq|ly — 7|

—

i

jan

v. =1—aja4a
Vl — asaszas+1
! (a1+azaz)as+1
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vii. = (agazaq + 1)a
viii. > agasaqa
ix. = [|A(g, I Ag, »INAG, Y]

x. > [ A(ag, YIIAG I
(g) Hence show that [A(r,y)|| > ||A(gg,y)[ =0
i. given that A(j,y) #0

ii. given that [[A(7, y)[I[IACrw) > [[Algg,
»IAG, v

(h) Show that p = gq — r given that p +r = gq.
(i) If A(r,y) > 0, then do the following:
i. Show that A(p,y)
A, =Agg—ry)
B. = A(gq,y) — Alr,y)
C. < A9 v)ll = A )l
D. <0.
ii. Hence show that A(p,y)A(r,y) < 0.
(j) Otherwise do the following:
i. Given that A(r,y) < 0, show that A(p,y)
A =AMgg—r,y)
B. = A(gq,y) — A(ry)
C. = =[Alga,y)|| + A (r )l
D. > 0.
ii. Hence show that A(p,y)A(r,y) < 0.

7. Yield the tuple (a,t).

Procedure I1:116(fri3101200807)
Objective

Choose polynomials g, h,j,p,q,7 and a rational
number X such that hq 4+ jr = 1 and p 4+ r = gq.
The objective of the following instructions is to con-
struct a rational number a and a procedure t(y, z) to
show that A(p,y)A(r,y) < 0,A(p, 2)A(r, z) < 0,A(r,
y)A(r,z) > 0, and A(p,y)A(p,z) > 0 when two ra-
tional numbers y, z such that ||y| < X, ||z] < X,
lly — z|| < a, and A(q,y)A(q, z) <0 are chosen.



Implementation

1. Use procedure II:115 on {g,h,j,p,q, 7, X) to
construct (aq,t1).

2. Use procedure 11:114 on (j,h,r,q, X) to con-
struct (ag, t2).

3. Show that (j + jg)q + (—
hq+ jr=1and r = gq — p.

j)p = 1 given that

4. Use procedure I1:114 on (—j, h+jg,p,q, X) to
construct (as, t3).

5. Let a = min(ay, az, as).
6. Let t(y, z) be the following procedure:

(a) Show that A(p,y)A(r,y) < 0 using pro-

cedure t;.

(b) Show that A(r,y)A(r,z) > 0 using pro-
cedure t,.

(¢c) Show that A(p,y)A(p,z) > 0 using pro-
cedure t3.

(d) Hence show that A(p, z)A(r,z) = % .

AL A (p, y)A(r,

7. Yield the tuple (a,t).

y) < 0.

Declaration I1:46(2.10)

The notation J4(x), where s is a list of polynomials
and x is a rational number, will be used as a short-
hand for the number of changes observed when the
list H(A(s, x)) is iterated through in order.

Procedure I1:117(fri3101200839)
Objective

Choose polynomials g, h,j,p,q,r and a rational
number X such that hg 4+ jr = 1 and p +r = gq.
The objective of the following instructions is to con-
struct a rational number a and a procedure t(y, z)
to show that J, ;. (y) = J(p,qr(2) = 1 when two
rational numbers y, z such that ||y|| < X, ||z| < X,
lly — z|| < a, and A(q,y)A(g,z) <0 are chosen.

Implementation

1. Use procedure II:116 on {g,h,j,p,q, 7, X) to
construct (a, t1).

2. Let t(y, z) be the following procedure:
(a) Use procedure ¢; to show that:
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(b) Now show that H(A(p,
H(A(r.y)) or H(A(r,y))
H(A(p,

y)) < H(A(g,9))
< H(A(q,v))

y)) given that A(p,y)A(r,y) <O0.
show that

INIA

(c) Hence using procedure II:26,
Jip.am) (¥)

i. = [H(A(q,y))—H(A(p,
H(A(g, )

= [[H(A(r,9))
iii. =1.
(d) Also show that H(A(p, z)) < H(A(g,2))

H(A(r,2)) or H(A(r,2)) < H(A(g,2))
H(A(p, z)) given that A(p, z)A(r, z) < 0.

show that

y)II+IHA(ry)) -

— H(A(p, )|l

INIA

(e) Hence using procedure I1:26,
Jip,ar (2)

= |[H(A(g, 2)) —H(A(p,
H(A(g, 2))l|

= [[H(A(r, 2))

iii. = 1.

2)) I+ IH(A(r, 2)) =

— H(A(p, 2))l

(f) Hence show that Jg, .. (y)
Jip.a.)(2)-
3. Yield the tuple (a,t).

Procedure II:118(fri3101201221)
Objective

Choose a list of polynomials s, a rational number r,
and a natural number k such that k < |s|. The ob-
jective of the following instructions is to show that

Js(r) = JS[O:k+1] (r) + ‘]S[k:\s\] (7).

Implementation

1. Show that Js(r)

() = S H(A(s141,7)) — H(A(se, )|
(b) = S MH(A(s111)) — H(A(si,7))]|

(¢) = XY H(A(s141,7)) = H(A(se, 7))
(d) = Jappn (1) + Jay oy (7)



Declaration I1:47(fri3101201236)

The phrase ”Sturm chain” will be used as a short-
hand for a non-empty list of polynomials s such that:

1. For i in [0: |s|], deg(s;) = 1.
2. Foriin [0 :[s[—1], sgn((si)i) = sgn((si+1)i+1)
3. For 4 in [1: |s| — 1], $;—1 + S;+1 mod s; = 0.

Procedure I1:119(fri3101201247)
Objective

Choose a Sturm chain s, and a natural number k
such that 0 < k& < |s|. The objective of the follow-
ing instructions is to show that spg.x) is also a Sturm
chain.

Implementation
1. For i in [0 : k], show that deg(s;) = i.
2. For i in [0 : k — 1], show that sgn((s;);) =

sgn((Si+1)i+1)-
3. For i in [1: k — 1], show that s;_1 + s;41 mod
S; = 0.

4. Hence show that s, is a Sturm chain.

Procedure 11:120(2.20)
Objective

Choose a Sturm chain s and a rational number X.
The objective of the following instructions is to con-
struct a rational number [ and a procedure u(c, d)

to show that either 0 < 0 or |Js(d) — Js(c)| =
IH(A(s|s)—1,¢)) — H(A(s|5=1,d))|l, when rational
numbers ¢,d such that |¢] < X, |d] < X, and

|d — ¢| <1 are chosen.

Implementation
1. If |s| > 2, then do the following:
(a) Use procedure I1:120 on (s[p.[s|—2], X) to

construct (ly,uy).

(b) Use procedure I1:120 on (sqg.s|—1),X) to
construct (la, uz).

(c) Use procedure I1:113 on (s[g./s|—1)) to con-
struct (g,h) and show that (gs|—_o +
hS‘S|,3 =1.
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(d) Use procedure IL:116 on  {(sjs—1 +
8|s|—3) div 8|s|—2, g, B, 85| =1, S|s|—25 S|s]—3, X
to construct (a4, uq).

(e) Use procedure IL117 on  ((ss—1 +
8|s|—3) div 8|s|—2, G, B, 85| —15 S|s| 25 S|s]—3, X)
to construct {as, us).

(f) Let | = min(ly, 12, a4, as).
2. Otherwise do the following:
(a) Let [ = 1.
3. Let u(c, d) be the following procedure:
(a) If |s| = 1, then do the following:
i. Show that ||Js(d) — Js(c)]]
IS (A (s 40, d)) — H(ACss,

d)>)>||||”2501'5‘1]H<A<sr+1,c>>H(A(sr,

B. = 00|
= HH((3|5\71)0) - H((5|s|71)0)\|
= [[H(A(s}s]1, ¢)) = H(A(s)5)-1, d)) |-
(b) Otherwise if |s| = 2, then do the following:
i. Show that ||Js(d) — Js(c)||
| H(A 51, d)) = H(AGs:,

d)>)>||||”—z?:'s”H<A<sr+1,c>>—H<A<sr,

B. = [[[[H(A(s1,d)) — H(A(so,d))[| —
[H(A(s1, ¢)) — H(A(s0, )l
C. = [[[H(A(s )

1,d)) — H((s0)o)[| — [IH(A(s1,
c)) — H((s0)o) Il

= [[H(A(s1,d)) = H(A(s1,¢))|-

(c) Otherwise if H(A(s|s—2,¢)) = H(A(s[s)-2,
d)), then do the following:

i. Use procedure wus to
”JS[O\ s|—1] (d) - JS[0:|5\71] (C)

A = [H(A (5112, ¢)) = H(A (8152, d)) |
B. =0.

show that

ii. Hence show that ||J,(d)
A.

— 35l

H( S[0:|s|— 1]() + J S[|s|—2:|s \](d)) -
S[0:]s \—1]( )+J [|s|—2:s |](c))|

|
B = (1 o (€) = Ts oy (Dl

[



C. = [[|H(A(s)5]-1,¢)) = H(A(s[s]—2, )] =
[H(A(s)s)-1,d)) — H(A(s)5)—2, D))l |

= [[H(A(s)s]1, ¢)) — H(A (5511, d)) |-
(d) Otherwise do the following:

i. Show that H(A(s|s—2,¢)) # H(A(s5—2,
d)).

ii. Show that A(s|s—1,¢c)A(s|5—1,d) > 0 and
A(5)5|=3,¢)A(5)5)=3,d) > 0 using proce-
dure uy4.

iii. =

Hence show that H(A(s|s—1,¢))
H(A(s|5)—1,d)) and H(A(s|s)—3,¢))
H(A(S|s|737 d))

Use procedure wu; to show that
||JS[0:|S\—2] (d)_ S[0:]s|— 2]( )” = ||H(A<5|s\73a
d)) — H(A(s[s)-3,¢))]| = 0 given that
H(A(s)5)—-3,¢)) = H(A(s)5—3,d)).

iv.

v. Use procedure wus to show that
Tsgsnan (€)= Jsyy s,y (d) = 1 given
that A(S|s‘_2,C)A(S|S‘_2,d) < 0.

Hence given that H(A(sjs—1,¢))
H(A(s|5|-1,d)) show that [|Js(d) — Js(c)||

A. H( 810:|s|—2] ) + JSns\—s:\su(d)) -
(Js[o:\s\fm( )+ JS[\5\73;|SH(C))H

=0+ @1 -1

=0

= [H(A(s)5)-1,d)) —
4. Yield the tuple (I, u).

vi.

C.
H(A(s)5-1,0))]-

Procedure 11:121(2.21)
Objective
Choose a polynomial p # 0. Choose a rational num-

ber k > 1+ max"8P]|_pi_| The objective of

pdcg(p)

the following instructions is to show that sgn(A(p,
k)) = sgn(paeg(p))-
Implementation

1. Let n = deg(p).

2. In reverse order verify the following;:

(a) sgn(A(p, k) = sen(Pacg(p))

(b) sgn(pak™ +pu_1k" "+ +pok®) = sgn(p,)
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(c) sgn(k™ + Pr=tkn 1. %:kO) -1
(d) k”+p”1k”1+ + k0 >
(€) k"> — (P! 4o POED)
(f) k" > |Po=tpn=l 4 ... 4 BOgO|

(g) k" > [max!"" Pe|(knt 4 4 kO))
(h) k" > max| 2 B2

(1) R — k> max” 2| (1)

DPi

() = (a2 a2

>0

[0:n] Pi
(k) k> 1+ max; -

Procedure I1:122(2.22)
Objective

Choose a polynomial p # 0. Choose a rational num-
ber k¥ < —(1 4+ max [O deg(p)]|L\). The objective

Pdeg(p)
of the following 1nstructions is to show that sgn(A(p,

k)) = (_1)deg(p) Sgn(pdeg(p))-

Implementation
1. Let t = deg(p).

2. Let ¢ = ((—1)"ip; fori € [0: ¢+ 1]).

3. Verify that k < —(1 4 max!" 1|2 |).

ddeg(a)

4. Therefore verify that —k > 1+max[0 t]|

‘Ideg(Q)
5. Execute procedure I1:121 on (g, —k).
1)* sgn(A(p, k)
1)A(p, k)

n((=)" 3o pak?)

)t zpzkz)

6. Hence verify that (—

7. Therefore verify that
(=D"(=1)"sgn(A(p, k)) = (=

sgn(A(p, k))
1)t sgn(pt).



Procedure 11:123(2.23)
Objective

Choose a list of polynomials, s, and rational num-
bers a,l,c such that a < ¢ and [ > 0. The objec-
tive of the following instructions is to either show
that 0 < 0 or to construct a list of rational num-
bers, b, such that a = by < by < - < bp_1 = ¢,
b —bi—1 <lforiin[1:]b]], and O &€ A(s,b;) for i in
[1:b] —1].

Implementation

- Let e =((), 0y, 0)-

2. Let f =Y "N deg(s,).

3. Let b = (a).

4. Let d = by.

5. While d 41 < ¢, do the following:
(a) Let m=1.

(b) While 0 € A(s,d+m) and Y _|e| < f, do the
following:

—_

i. Let 0 < 4 < |s| be an integer such that
A(si,d+m) =0.

ii. Append d + m onto e;.

m

iii. Set m = 5

(c) If >|e| > f, then do the following:
i If |e;| < deg(s;) for 0 < i < |s|, then do
the following:
A. Verify that > |e| < f.
B. Therefore using (c), verify that > |e| <
f<Xlel.
C. Abort procedure.

ii. Otherwise, do the following:

A. Let 0 < i < |s| be an integer such that

les| > deg(s;).

B. Execute procedure 11:104 on s; and a

sorted e;.
C.

(d) Otherwise, do the following:
i. Verify that 0 ¢ A(s,d +m).

Abort procedure.

ii. Append d+ m onto b.
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iii. Verify that 0 < bjy—y —bypj—2 =m < 1.
iv. Set d to d 4+ m.

v. Using (5), verify that d < c.

Verify that d < c.

Verify that d +1 > c.

Therefore verify that 0 < c—d <.

© »®» N

Append c onto b.

10. Yield (b).

Procedure I1:124(2.24)
Objective

Execute procedure I1:113 and let (s, g, g, h) receive.
Let m |s|] — 1. The objective of the follow-
ing instructions is to either show that 0 < 0 or
to construct two lists of rational numbers ¢, d such
that ¢g < dg < 1 < di < -+ < o1 < dpa
and 0 # sgn(A(sm,¢i)) = —sgn(A(sm,d;)) for ¢ in
[0: m).

Implementation

1 Let U = 1+max£0:‘s” (1 +maX;1:i+1]|%

2. Using procedure I1:121, verify that J(U) = 0.

3. Using procedure 11:122, verify that J(=U)
m.

4. Execute procedure I1:120 on the tuple (s, g, U)
and let (I, u) receive.

5. Execute procedure I1:123 on s with endpoints
—U,U and a step size of | and let (e) receive
the result.

6. Let c=d = ().
7. Fori=1toi=le—1:
(a) Execute procedure u on the tuple (e;_1,¢e;).
(b) If Jpn(ei—1) # Jm(e;), then do the following:
i. Append e;_; to c.
ii. Append e; to d.

Verify that 0 7é ‘Js(d|d|_1) - JS(C‘C|_1)‘ =
[sen(A(sjsj-1,¢e-1))  #  sgn(A(s)s-1,
djaj-1))]-

iii.



iv. Therefore verify that sgn(sm(c—1)) #

Sgn(sm(d\dkl))'

v. Therefore verify that

Jm(C\c|—1)| =1.
Also verify that 0 & A(s, ¢j¢j—1).

‘Jm(d|d|—1) -

vi.
vii. Hence verify that A(sy,,c|cj—1) # 0.

viii.

Also verify that 0 ¢ A(s, d|g—1)-

ix. Hence verify that A(s,,,d|q—1) # 0.

x. Therefore verify that 0 #

sg(Sm (Cle|-1)) = — sgn(sm(djqj-1))-
xi. Also verify that djgj—2 < Clej-1 < djgj-1-
8. If |¢| = |d| < m, then do the following:

(a) Verify that each change of J,,(z) over the
course of (7) was by 1.

(b) Verify that J,,(z) changed less than m times
over the course of (12).

(¢) Therefore verify that |J,,,(U) — J.,(=U)| <

m.

(d) Therefore using (2) and (3), verify that m =
[Jm (U) — Im (=U)| < m.
(e) Abort procedure.
9. Otherwise, do the following:
(a) Verify that m < |c¢| = |d|.

(b) Yield the tuple {(c,d).

Procedure I1:125(2.26)
Objective

Choose two lists of polynomials s,q and a non-
negative integer k in such a way that, letting m =
|S| -1,

1. k< m.
2. For k < i <m, deg(s;) =i.
3. For k <i<m, si—1 + Si+1 = ¢;S;-

Let deg(0) = —1. The objective of the following
instructions is to construct polynomials g, h such
that sy = gSm—1 + hsm, deg(g) = m — 1 — k, and
deg(h) =m —2—k.
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Implementation
1. If kK < m — 2, do the following:
(a) Verify that sk + Sk+2 = Qr+1Sk+1-
(b) Therefore verify that sy = gr118k+1 — Sk42-

(¢) Execute procedure I1:125 on s,q,k + 1 and
let the tuple (g1, h1) receive.

(d) Verify that sgr1 = g18m—1 + h1Sm.-
(e) Verify that deg(g1) = m —1—(k+ 1)

m—k— 2.
(f) Verify that deg(h1) = m —2— (k+1) =
m—k—3.

(g) Execute procedure I1:125 on s,q,k + 2 and
let the tuple (go, ho) receive.

(h) Verify that sgyro = goSm—1 + hasm.
(i) Verify that deg(gs) = m — 1 — (k + 2)

m—k— 3.
(j) Verify that deg(he) = m — 2 — (k+2) =
m—k—4.

(k) Let g = qr+191 — go-
(1) Verify that deg(g) = max(1+ (m —k — 2),
m—k—3)=m-—1—k.
(m) Let h = qxi1h1 — ho.
(n) Verify that deg(h) = max(1+ (m—k—3),
m—k—4)=m-2—k.

(o) Verify that sp = gri1(g1Sm—1 + h15m) —
(925m—1 + hasm) = (qr+191 — 92)8m—1 +
(@r+1h1 — h2)Sm = gSm—1 + hspm.

2. Otherwise, if k = m — 2 do the following;:

a) Verify that s;,—2 4+ $m = ¢m—1Sm—1-

(

(b) Let g = gm—1-

(c) Verify that deg(g) =1=m—1—k.

(d) Let h = —1.

(e) Verify that deg(h) =0=m —2—k.

(f) Therefore verify that s, = s,-2 =

Qm—-15m—1 — Sm = §Sm—1 + hSm-
3. Otherwise, if k =
(a) Let g = 1.
(b) Verify that deg(g) =0=m

m — 1 do the following;:

—1—-k.



(c) Let h=0.
(d) Verify that deg(h) = -1=m—2—k.

(e) Verify that s = s;—1 = gSm—1 + hSm.

4. Yield the tuple (g, h).
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Part 111

Complex Arithmetic
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Chapter 9

Complex Arithmetic

Declaration III:0(3.19)

The phrase ”complex number” will be used as a
shorthand for an ordered pair of rational numbers.

Declaration III:1(3.20)

The phrase "the real part of a” and the notation
re(a), where a is a complex number, will be used as
a shorthand for the first entry of a.

Declaration IT11:2(3.21)

The phrase ”the imaginary part of a” and the no-
tation im(a), where a is a complex number, will be
used as a shorthand for the second entry of a.

Declaration II1:3(3.22)

The phrase ”a = 0", where a,b are complex num-
bers, will be used as a shorthand for "re(a) = re(d)
and im(a) = im(b)”.

Procedure III:0(3.68)
Objective
Choose a complex number a. The objective of the

following instructions is to show that a = a.

Implementation
1. Show that re(a) = re(a).
2. Show that im(a) = im(a).

3. Hence show that a = a.

Procedure I11:1(3.69)
Objective

Choose two complex numbers a, b such that a = b.
The objective of the following instructions is to show
that b = a.

Implementation

1. Show that re(b) = re(a) given that re(a) =
re(b).

2. Show that im(b) = im(a) given that im(a) =
im(b).

3. Hence show that b = a.

Procedure I11:2(3.70)
Objective

Choose three complex numbers a, b, ¢ such that a =
b and b = c. The objective of the following instruc-
tions is to show that a = c.

Implementation
1. Show that re(a) = re(c)
(a) given that re(a) = re(b)
(b) and re(b) = re(c).
2. Show that im(a) = im(c)
(a) given that im(a) = im(b)
(b) and im(b) = im(c).

3. Hence verify that a = c.
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Declaration I1I:4(3.23)

The notation a + b, where a, b are complex numbers,
will be used as a shorthand for the pair (re(a)-+re(b),
im(a) + im(b)).

Procedure II1:3(3.71)

Objective

Choose two complex numbers a,b,c,d such that
a = c and b = d. The objective of the following
instructions is to show that a +b = c 4+ d.

Implementation

1. Using declaration II1:3, show that

(a) re(a) = re(c)

(b) im(a) = im(c)

(c) re(b) = re(d)

(d) im(b) = im(d).

2. Hence show that a +b

(a) = (re(a),im(a)) + (re(b), im(b))
(b) = (re(a) + re(b), im(a) + im(b))
(¢) = (re(c) + re(d), im(c) + im(d))
(d) =(r (0) m(c)) + (re(d), im(d))
(e) =

Procedure I11:4(3.72)
Objective
Choose three complex numbers a,b,c. The objec-
tive of the following instructions is to show that
(a+b)+c=a+ (b+0c).
Implementation
1. Show that (a +b) + ¢
(a) = (re(a)+re(d),im(a)+im(b))+(re(c),im(c))
(0) = (re(a) +16(0) + () () + (1) +

e(a) + (re(b) + re(c)),im(a) + (im(b) +

a),im(a))+(re(b)+re(c), im(b)+im(c))
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Procedure I11:5(3.73)
Objective

Choose two complex numbers a,b. The objective of
the following instructions is to show that a +b =
b+ a.

Implementation

1. Show that a + b

(a) = (re(a) + re(b),im(a) 4+ im(b))
(b) = (re(b) + re(a), im(b) + im(a))
(¢c) =b+a

Declaration ITI:5(3.24)

The notation a, where a is a rational number, will
contextually be used as a shorthand for the pair (a,
0).

Procedure I11:6(3.74)
Objective

Choose a complex number a. The objective of the
following instructions is to show that 0 4+ a = a.

Implementation

1. Show that 0+ a

(a) = (0,0) + (re(a),im(a))
(b) = (0 +re(a),0 + im(a))
(¢) = (re(a),im(a))

(d) =

Declaration III:6(3.25)

The notation —a, where a is a complex number,
will be used as a shorthand for the pair (—re(a),
—im(a)).

Procedure II1:7(3.75)
Objective

Choose a complex number a. The objective of the
following instructions is to show that —a + a = 0.



Implementation

1. Show that —a +a

(a) =(-a)+a

(b) = (=re(a), —im(a)) + (re(a), im(a))
(¢) = (—re(a) +re(a), —im(a) + im(a))
(d) =(0,0)

() =0

Declaration III:7(3.26)

The notation ab, where a,b are complex numbers,
will be used as a shorthand for the pair (re(a) re(b) —
im(a) im(b), re(a) im(b) + im(a) re(d)).
Procedure I11:8(3.76)

Objective

Choose four complex numbers a,b,c,d such that
a = c and b = d. The objective of the following
instructions is to show that ab = cd.

Implementation

1. Using declaration II1:3, show that

(a) re(a) =re(c)
(b) im(a) = im(c)
(c) re(b) = re(d)

(d) im(b) = im(d).
2. Hence show that ab

(a) = (re(a),im(a))(re(b),im(b))

(b) = (re(a)re(b) — im(a)im(b),re(a)im(b) +
im(a) re(b))

(¢) = (re(c)re(d) — im(c)im(d),re(c)im(d) +
im(c) re(d))

(d) = (re(c), im(c))(re(d), im(d))

(e) =cd.

Procedure I11:9(3.77)
Objective

Choose three complex numbers a,b,c. The objec-
tive of the following instructions is to show that
(ab)e = a(be).
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Implementation

1. Show that (ab)c

(a) = (re(a)re(b) — im(a)im(b),re(a)im(b) +
im(a) re(b))(re(c), im(c))

(b) = {((re(a)re(d) — im(a)im(b))re(c) —
(re(a) im(b)+im(a) re(d)) im(c), (re(a) re(b)—
im(a)im(b))im(c) +  (re(a)im(b) +
im(a) re(b)) re(c))

(c) = (re(a)(re(b)re(c) — im(db)im(c)) —
im(a)(re(b) im(c)+im(b) re(c)), re(a)(re(b) im(c)+
im(b) re(c))+im(a)(re(b) re(c)—im(b) im(c)))

(d) = (re(a),im(a)){re(d)re(c) — im(b)im(c)
re(b) im(c) 4+ im(b) re(c))

(e) = a(be).

Procedure I11:10(3.78)
Objective
Choose two complex numbers a,b. The objective of

the following instructions is to show that ab = ba.

Implementation

1. Show that ab

(a) = (re(a)re(b) — im(a)im(b),re(a)im(b) +
im(a) re(b))

(b) = (re(b)re(a) — im(b)im(a),re(d)im(a) +
im(b) re(a))

(c) = ba.

Procedure I11:11(3.79)

Objective

Choose a complex number a. The objective of the
following instructions is to show that la = a.

Implementation

1. Show that la

(a) = (1,0)(re(a), im(a))

(b) = (1re(a) — 0im(a), lim(a) + Ore(a))
(¢) = (re(a),im(a))

(d) =a.



Procedure I11:12(3.82)
Objective

Choose three complex numbers a,b,c. The objec-
tive of the following instructions is to show that
a(b+ c¢) = ab+ ac.

Implementation

1. a(b+¢)

) + im(a)(re
(¢) = {(re(a) re(b) —im(a)im(b)) + (re(a) re(c) —
im(a)im(c)), (re(a)im(b) + im(a)re(b)) +
re(a)im(c) + im(a) re(c)))
(d) = (re(a)re(b) — im(a)im(b),re(a)im(b) +
im(a)re(b)) + (re(a)re(c) — im(a)im(e),
re(a) im(c) + im(a) re(c))

Declaration IT1:8(3.02)

The notation (a)~, where a is a complex number,
will be used as a shorthand for (re(a), —im(a)).

Procedure I11:13(3.00)
Objective
Choose two complex numbers a,b. The objective of
the following instructions is to show that (a + b)~ =
(@)™ +(0)".
Implementation
1. Show that (a +b)~
(a)
(b)
()

(re(a +b), —im(a + b))
(re(a) + re(b), —im(a) — im(b))
(@)” +(0)".

Procedure I11:14(3.01)
Objective

Choose two complex numbers a,b. The objective of
the following instructions is to show that (ab)~ =

(@) (b)".
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Implementation
1. Show that (ab)~
(a) = (re(ab), — im(ab))

(b) = (re(a) re(b) —im(a)im(b)), — re(a) im(b) —
im(a) re(b))

(
(
(re(a), —im(a))(re(b), — im(b))
(a)=(b)~.

()
(d)

Declaration I11:9(3.03)
The notation [|a/|?, where a is a complex number,
will be used as a shorthand for re(a)? + im(a)?.

Procedure I11:15(3.02)

Objective

Choose a complex number a. The objective of the
following instructions is to show that a(a)™ = [|a||?.
Implementation

1. Show that a(a)™ = ||a|?.

Procedure I11:16(3.04)
Objective

Choose a list of complex numbers a. The objec-
tive of the following instructions is to show that

0:|la 0:la
IS0 g, 12 < o) SO g, 2.

Implementation
1. Show that || 4,2
() = 2 2 ap (an)
(b) = S gy |22 ST S re(a,) ve(ar)+
im(a,)im(ay))

(¢) = 3 a2+ 300 Sy rea, )2
(re(a,) — re(ar))? + re(ax)? + im(a,)? —
(im(a,) — im(ax))? + im(ax)?)

(@) = Xy P4 5 S e+
re(ax)? + im(a,)? + im(ax)?)

© f %;4“”arl2 + el sl (g, |12 +
ag

: T%(;a]llaaﬁﬁz?:'“” ST o+
ay



(&) = = Mlar 2 + 52N (al = Dllar)? +
21 (al = D)ax]?)
(0) = a2 + 2 ] - 1),
(i) = lal 1" fa, |
Procedure I11:17(3.05)
Objective
Choose a list of complex numbers a. The objec-

tive of the following instructions is to show that

2 1: 1:
Lol s lelljg, |12 < flag — S0 a2,

Implementation

1. Using procedure I11:16, show that ||ag||?

() = 1" ar + (a0 — XV a2
(0) < lal 33" Mar|1? + lalflao - z[h*au a2
2. Therefore show that 12l"

2
la| _Z
Z[Tlilaﬂ CLTHQ.

||ao -

Procedure I11:18(3.04aa)
Objective

Choose a list of complex numbers a and a list of ra-
tional numbers b such that |a| = |b| and ||a;]|? < b;>
for each ¢ € [0 : |a|]]. The objective of the fol-

lowing instructions is to show that ||Z£.O:‘al] a|? <
(Z[O:Ib\] b,)2.
Implementation

1. If |a| = 0, then do the following:

(a) Show that [ 110 q,)2 o2 =

(E[Or\bl] b;)2.
2. Otherwise do the following:
(a) Show that |a| > 0.

(b) Show that |11 a2 < (X1 0,2
ing procedure I11:18 on ayy;|q) and byy.p))-

(c) Show that re((ag)~ 11 a;)2
i < [[(ag)™ oM a2
1(ao)~ I3 az 2

ii. =

i < b2 (M )2,
(d) Hence show that |31V g2
(a0 + 323" a) (ap + 331!

i =

a;)”)

i, = laoll>  + ao(XM e~ +
(a0)™ U1 gy 4 | 3o el g2
iii. < b2+  ((a0)” MM a)-  +

(ag)~ Z[l lall (Z[l lall g, )

= b02+2re<<ao>- L)+ )2

iv.

V. < bo? + 20 Y, 4 (oIl 2
vi. = (bo + 11 p;)2
vii. = (311l p,)2,

Procedure I11:19(sat1708191238)
Objective

Choose two complex numbers a,d and two rational
numbers b, ¢ such that [|a|? < b* < ¢? < ||d||?>. The
objective of the following instructions is to show that
ld —al* > (c—b)*.

Implementation

1. Show that re(%)?

e
(b) = Lot = fif < & = (b,
2. Hence show that re(§) < % < 1.
3. Hence show that ||d — al|?

() = [[4z2I2ld]f?

(b) = (re(1 - §)* +im(1 — §)*)[|dl|®
(¢) = re(l—5)?|d|?

(d) = (1 —re(g))?|ld|?

(e) > (1—2)%

(f) =(c—b)*

Declaration I11:10(3.27)

The notation %, where a is a complex number, will

be used as a shorthand for the pair W(a)’.
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Procedure I11:20(3.81)
Objective

Choose a complex number a such that a # 0. The
objective of the following instructions is to show that
1

a=1.

a

Implementation

1. Show that re(a) # re(0) = 0 or im(a) #
im(0) = 0 using declaration III:3.

2. Hence show that ||a|? = re(a)? +im(a)? > 0.
3. Hence show that éa

_ 1
= ([ap

(b) = Hal\|2 ((a)~a)
(©) = s llall?
(d) =1.

Declaration I11:11(3.28)

The notation ¢ will be used as a shorthand for (0,

1.

Procedure 111:21(3.03)
Objective
Choose an integer a. The objective of the follow-

ing instructions is to show that i4* = 1, j4a+1
%02 = —1, and ¢**"3 = —i,

:i,

Implementation
1. Show that 2 = —1.
2. Hence show that i* = (=1)% = 1.

3. Hence show that

(a) jda — (i4)a — 19 =1
(b) @ttt =gt = 1i =i

(c) jhat2 _ jdatl; 52 — _q

(d) itot3 = itat2i = (—1)i = —i.
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Procedure I11:22(sun2107190636)
Objective

Choose a non-negative integer a and a complex num-
ber x. The objective of the following instructions is
to show that (1 4 z) = S0+l (&)

T T

Implementation

Instructions are analogous to those of procedure
1:84.

Declaration I11:12(mon1908191749)

The notation a = b (err ¢;) (err ¢a)--- (err ¢,)
will be used as a shorthand for ||b — a? < |le1||* <
lle2® < -+ < flenl|*.

Procedure I11:23(mon1908191916)
Objective

Choose four complex numbers a, b, ¢, d in such a way
that a = b (err ¢) and ||c[|> < ||d||>. The objec-
tive of the following instructions is to show that
a="b (err ¢) (err d).

Implementation

1. Show that ||b — al| < ||c/|? < ||d|?.

2. Hence show that a = b (err ¢) (err d) using
declaration ITI:12.

Procedure I11:24(mon1908191825)
Objective

Choose three complex numbers a, b, ¢ and two non-
negative rational numbers d,e in such a way that
a = b (err d) and b ¢ (err e). The objec-
tive of the following instructions is to show that
a=c (err d+e).

Implementation
1. Show that ||b— a|* < ||d||* = d°.
2. Show that |c — b||? < |le]|? = €2.

3. Hence show that |lc — al|*> = ||(c = b) + (b —
a)||? < (e + d)? using procedure I11:18.

4. Hence show that a = ¢ (err e + d) using
declaration III:12.



Procedure I11:25(mon1908191839)
Objective

Choose four complex numbers a, b, ¢, d and two non-
negative rational numbers e, f in such a way that
a = b (err e) and ¢ d (err f). The objec-
tive of the following instructions is to show that
a+c=b+d (err e+ f).

Implementation
1. Show that ||b — al|? < |le]|? = €2
2. Show that ||d — ¢|* < ||f]|* = f>.

3. Hence show that |[(b+d) — (a +¢)||* = ||(b—
a)+(d—c)||? < (e+f)? using procedure I11:18.

4. Hence show that a + ¢ = b+ d (err e + f)
using declaration ITI:12.

Procedure I11:26(mon1908191849)
Objective

Choose three complex numbers a, b, ¢ in such a way
that a = b (err ¢). The objective of the following
instructions is to show that —a = —b (err c¢).

Implementation
1. Show that [|(=b) — (—a)|[* = [Ib — al| < [|c||*.

2. Hence show that —a = —b (err ¢) using
declaration ITI:12.

Procedure III:27(mon1908191857)
Objective

Choose four complex numbers a, b, ¢, d in such a way
that a = b (err ¢). The objective of the following in-
structions is to show that ad = bd (err cd).

Implementation
1. Show that ||b — al|* < ||¢/|*.
2. Hence show that ||bd — ad||* < ||cd]|?.

3. Hence show that ad = bd (err c¢d) using
declaration ITI:12.
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Procedure I11:28(mon1908191905)
Objective

Choose two complex numbers a, b, ¢ in such a way
that @ # 0, b # 0, and a = b (err ¢). The ob-

jective of the following instructions is to show that

L=1(er %)

Implementation
1. Show that ||b— a| < |||

2. Hence show that |1 — 1|2 = [|%=2[12 < || ]2
3. Hence show that 1 = 1 (err &
laration ITI:12.

) using dec-



Chapter 10

Exponential and Trigonometric

Functions

Declaration IT1:13(3.05)

The notation exp,, (a), where a is a complex number,
will be used as a shorthand for (1 + £)".

Procedure I11:29(3.08)
Objective

Choose a rational number a and a positive integer
n such that —n < a < 1. The objective of the fol-
lowing instructions is to show that exp,, (a) <

l1—a”

Implementation
1. Using procedure I1:30, show that exp,,(a)
() = (22"

- ()

_ 1
(C> - (1+n—+aa n

(d) < —t&

1+ n+a

< -1

1—a

Procedure I11:30(3.09)
Objective

Choose a rational number a and a positive integer

n such that a > —n. The objective of the following
eXPn+1(a) > 1.

instructions is to show that —
P, (a)

90

Implementation

1. Using procedure 11:30, show that %

(n+1+a
n+1

)" a
Ty (e

_ / (n+l+a)n \n a
(b) = (e (1 + 7237)
2
() = GEpantnta)"(L+ 257)

(1 B (n+1f(n+a))n(1 + nL-H)

(1

an

~ wrera) (1 a5

v

a(n+a) an a’n

0) =1+ @ihtro ~ mrra — i ere)

a2n

(n+1)*(n+a)

a2
(g) =1+ (n+D)(nta)

2

() =1+ G
(i) >1

Procedure I11:31(3.10)
Objective

Choose a rational number X > 0. The objective
of the following instructions is to construct positive
rational numbers a,b such that ¢ > 1, and a pro-
cedure, p(z,r,n), to show that (1 + £)” < a® when
given a rational number x and a non-negative inte-
gers r,n such that » < n, n > b and 2?2 < X2 are
chosen.



Implementation
1. Let a = 21X1,
2. Let b= X.
3. Let p(z,7,n) be the following procedure:
(a) Show that 0 <1+
i. given that —1 < £ <1

= p =

<2

38

ii. given that — X <x < X
iii. given that x2 < X2,

(b) Hence using procedure I11:29 and procedure
I11:30, show that (1 + Z)"

<143

ii. <exp,(X)

X

)2(X'|n
2[Xn

i, < (1+

iv. = ((1+ ZXT)m)rx]

1
(1*2(}&1

vii. < 221X

viii. = a?.

4. Yield the tuple (a,b,p).

Procedure I11:32(3.11)
Objective

Choose a rational number X < 0. The objective of
the following instructions is to construct two ratio-
nal numbers a > 0,b, and a procedure p(z,r,n) to
show that (1+ £)" > a? when a rational number z
and non-negative integers r,n such that X <z <0,
r < n, and n > b are chosen.

Implementation

1. Use procedure I11:31 on (—2X) to construct
(c,d,q).
2. Let a =c 1.
3. Let b = max(—2X,d).
4. Let p(xz,7,n) be the following procedure:
(a) Show that 0 < —2x < —2X
i. given that 2X <2x <0
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ii. given that X <z <0.

b) Show that (1 + =22)" < ¢? using procedure
oy gp

q.

¢) Show that 2 <n+x<n
2
i. given that —% <zx<0
ii. given that n > b > —2X > —2x > 0.

(d) Hence show that (1+ Z)"

L = ()
o= (47"
fi = (1— 22)"
iv. > (1— ﬁ)_’“
v. =(1- %”)_T
vi. = ((14=22)")~!
vii. > (c?)7!
viii. = a2

5. Yield the tuple (a,b, p).

Procedure I11:33(3.12)
Objective

Choose a rational number X > 0. The objective of
the following instructions is to construct two ratio-
nal numbers a > 0,b, and a procedure p(z,r,n) to
show that (1+ £)” > a? when a rational number x
and non-negative integers r,n such that 22 < X2,
r <n, and n > b are chosen.

Implementation

1. Execute procedure I11:32 on (—X) and let {c,
b, q) receive.

2. Let a = min(1,¢).
3. Let p(z,r,n) be the following procedure:
(a) If z < 0, then do the following:

i. Show that —X < x < 0 given that 22 <
X2

ii. Hence show that (1 + Z)" > 2 > a2

using procedure q.
(b) Otherwise do the following:
i. Verify that x > 0.



ii. Show that (14 2)" > 1+ 2 >1>qg?
using procedure II:30.

4. Yield the tuple (a,b,p).

Procedure I11:34(3.13)
Objective

Choose a rational number X > 0. The objective
of the following instructions is to construct positive
rational numbers a, b such that a > 1, and a proce-
dure, p(z,7,n), to show that [|(1+ £)"[|? < a® when
a complex number & and non-negative integers r,n
such that ||z]|> < X2, r < n, and n > b are chosen.

Implementation
1. Let ¢ =2X + X2.

2. Execute procedure III:31 on (c¢) and let (a,b,
q)-

3. Let p(z,7,n) be the following procedure:
() Let y = 2lre(z)] + 2]
(b) Show that |y| =y <2X + X% =c¢

i. given that |re(z)| < X

ii. given that |re(z)|? < ||z]|?> < X2

¢) Hence show that (1+ £)" < a2 using proce-
(c) 2 gp
dure q.

(d)

Now using procedure ITI:15 show that [|(1 +
=)

L=k
o= (14 2)7(14 @y

2 re(z) + W)r

iii. = (1+
2
v, < (14 2l Jsf?y
v. <(1+ 2\r0(r)|+\|f6\|2)r
vi. =(1+ %)’"
vii. < a?.

4. Yield the tuple (a,b,p).
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Procedure I11:35(3.14)
Objective

Choose a rational number X > 0. The objective of
the following instructions is to construct two ratio-
nal numbers a, b and a procedure, p(x,r,n), to show
that [[(1 4+ £)7[|* > a? when a rational number z
and non-negative integers r, n such that ||z||*> < X2,
r <mn and n > b are chosen.

Implementation
1. Let ¢ =2X + X2,

2. Execute procedure 111:33 on (c) and let {a,d,
q) receive.

3. Let b = max(c,d).
4. Let p(z,r,n) be the following procedure:
(a) Let y = 2Jre(z)| + [|=|1*.

(b) Verify that |—y| =y <2X + X% =c.

(¢) Hence show that (1+ =%)" > a? using pro-
cedure q.

(d) Also, show that n > b>c¢ > y.
(e) Hence show that [|(1 + £)"[|?
L= (142 (1))
o= (14 2)r(14 @y

2

2
iv. > (]_ — M _ ”Zig)r
v, > (]_ _ w)r
vi. =(1+ —Ty)r

vii. > a?.

5. Yield the tuple {(a,b,p).

Procedure I11:36(3.15)
Objective

Choose a rational number X > 0. The ob-
jective of the following instructions is to con-
struct rational numbers a,b such that a > 0,
and a procedure, p, to show that exp,(z + v)
exp,,(z) exp,, (y) (err £2) (err “‘;{2) when two com-
plex numbers z,y and a positive integer n > b such
that [|z]|? < X2, ||ly||*> < X? are chosen.




Implementation

1. Execute procedure I11:34 on (2X) and let (c,
b, q) receive.

2. Let a = ¢3.

3. Let p(z,y,n) be the following procedure:

(a) Using procedure g, show that exp,, (z +y)

exp,, () exp,, (y)
i. (err exp,(x)exp, (y) — exp,(r + 1))
i (err (L+£)"(144)" —(1+ r+y) )
iii. (err (1+ % + ) — (1+ L:L-y)n)
v o B4 EE 4 A+
M)n—l—r>
v. (e HYPUO+ o 2yra 4 a4
L‘i‘y)nflfr)
n
vi. (err 7§ 7[”0:"] )
vii.  (err #2¥)
viii.  (err an)

4. Yield the tuple (a,b,p).

Procedure I11:37(thu2507191359)
Objective

Choose a rational number X > 0. The objective
of the following instructions is to construct rational

numbers a, b such that ¢ > 0 and a procedure p(z,

— expy(z)

—Y) = Sor 0T 0
when two complex numbers z, y and a positive inte-
ger n such that ||z]|? < X, [jy[|> < X, and n > b are

chosen.

y,n) to show that exp,, (z

Implementation

1. Execute procedure I11:36 on (X) and let {c, d,
q) receive.

2. Execute procedure I11:35 on (X) and let (e, f,
) receive.

3. Execute procedure I11:34 on (X) and let (g, h,
t) receive.

4. Let b = max(d, f, h).
5. Let a =c(1+ 2)X2

6. Let p(z,y,n) be the following procedure:
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(a) Using procedures g, r,t, show that exp,, (z
v)

i. =exp,(z)exp,(—y) (err C)rfz)

ii. = exp,, (v)2PLal)expy(=y)

exp,, ()
0 2
iil. = exp, () zg:gyg (err £. C)’I’i )
o expy ()
Ve T e, ()
(b) Hence show that exp,(z — y) =
, 2 X2
Sealy) (o S5 955 (err &),

7. Yield the tuple (a,b,p).

Procedure I11:38(3.16)
Objective

Choose a rational number X > 0. The objective
of the following instructions is to construct positive
rational numbers a, b and a procedure, p(z, k,n), to
show that exp,(kz) = exp,(z)" (err “£) when a
complex number z, and non-negative integers k,n
such that n > b and ||kz||? < X? are chosen.

Implementation

1. Execute procedure I1I:34 on (X) and let (c,d,

q) receive.

2. Execute procedure I11:36 on (X) and let (e, f,
t) receive.

3. Let a = ecX?
4. Let b = max(d, f).
5. Let p(x, k,n) be the following procedure:
(a) If k > 0, then for € [1 : k] do the following:

i. Show that |lzr|? < ||kz|? < X2

ii. Hence show that |lexp,,,.(zr)||? < ¢ using
procedure g.
iii. Hence show that |lexp,(x)"||*> = |(1 +
D2 =10+ 5) 2 = llexpy,, (2r)|* <
2
(b) Hence using procedure ¢, show that
exp,, (kx)

i. = exp,,(7)"exp,, (k)

ii. = exp,,(z)!exp, ((k—1)x) (err ”X cet)



iii. = exp,(z)?exp, ((k—2)z) (err %)

iv. :
v. = exp, (z)* exp,,((k — k)x) (err %)
vi. = exp, (z).
(¢c) Hence
exp, (z)
6. Yield the tuple (a,b,p).

show that exp,(kz) =

2
LZX ) (err %)

k (err

Procedure I11:39(thu2507191307)
Objective

Choose a rational number X > 0. The objective
of the following instructions is to construct positive
rational numbers a, b, and a procedure p(x,y,n) to
show that exp,,(y) = exp,,(z) (err a(x—y)) when two
complex numbers z,y and a positive integer n > b
such that ||z]|? < X and ||y||? < X are chosen.

Implementation

1. Execute procedure I11:34 on (X) and let (c, b,
q) receive.

2. Let a = 2.
3. Let p(z,y,n) be the following procedure:

(a) Using procedure ¢, show that exp,(z) =
exp, ()

i. (err exp,(y) — exp,(z))

i (err (L+ )" — (14 2)7)
iii. (err ( -5 0”]( )’“(1 + %)n—l—r)
R )

v. (err a(y — x)).
4. Yield the tuple (a,b,p).

w)
(

iv. (err (y —x)

Procedure I11:40(3.21)
Objective

Choose a rational number X > 0. The objective
of the following instructions is to construct two ra-

tional numbers a, N, and a procedure, p(z,n), to
show that exp, (z) = S0+ 2o (err £) when a

i
complex number x and an integer n > N such that

|lz]|? < X? are chosen.

Implementation
1. Let N = | X]| + 1.
2. Let a = XQ(Z[ON] X+ XTZ,V - ).

-5
3. Let p(x,n) be the following procedure:

(a) Using procedure I1:29, procedure I11:16, pro-
cedure I1:28, and procedure I1:30, show that

exp,, (z) = Y 2

i. (err Z[TO:TL'H] % —exp, (7))

7 T

ii. (err Z[TO:”H] ﬁ—, - Z[O m+l] nt. %)

T d

i, (err (- nhyz

n”/ rl

iv. (err YUt noyXT)

n”/ r!

v (e TP ) 3

o
— s
=HN45)

{r=Dryy X7

vi. (err Z[TQ:TL—H](l —(1-

vii. (err (1 — (1 -

2[2 A1) (r=1)r 1)r XT)

viii. (err .
T

ix. (err %ZTQm'H] (r)f;)!)

x. (err X2 E[On X T,)

O D D)

xii.  (err <5 X2 (ZLO N XT + Z[Nn Y N”)V(:_N))
~(CP AL X S )
L (SN XL Xyl N )

. r N
xv. (err XT(Z[TO'N] L+ X ﬁ))

xi. (err £

xifi. (err £
xiv. (err -

1
xvi. (err &).

4. Yield the tuple (a, N,p).



Figure III:0

A plot of the list of complex numbers
(1 + )01 Notice that each mul-

tiplication of a complex number by
1+ % results in an anti-clockwise ro-
tation about the origin and a small

radial movement outwards. This can
be seen to reflect the computation
(1+ {)a la + f;(ai) after one

notes that a¢ is perpendicular to a.
Also note that each line segment has a
length of roughly % units. Hence the

/11 4i\5 4i\4
(1+%)M10)f ﬂ)g
* 10
(14 Ay i 1+ )
41
(14 diys (14 1)
10 | (1 4 %)O
1
(14 4£y0
(1+55)"

entire path has a length of approxi-
mately 10 1% = 4 units.

Declaration I11:14(3.17)

The notation cos,(z), where z is a complex num-
ber and n is a positive integer, will be used as a
shorthand for &Palizltexp, (i)

5 .

Procedure 111:41(3.22)
Objective

Choose a rational number x and a positive integer
n. The objective of the following instructions is to
show that re(exp,,(iz)) = cos, ().

Implementation

1. Show that re(exp,,(iz))

_ oxp, (i) +(exp, (ix))
2

_ exp, (iz) fexp, (i) )
2

_ exp,(iz)fexp, (—iz)
- 2

(d) = cosp, ().

Declaration I11:15(3.18)

The notation sin, (z), where z is a complex number
and n is a positive integer, will be used as a short-
hand for eXPn(iz);PfXPn(*iZ)_

1
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Procedure I11:42(3.23)
Objective

Choose a rational number x and a positive integer
n. The objective of the following instructions is to
show that im(exp,, (iz)) = sin, ().

Implementation

1. Show that im(exp,, (ix))

— xp, (i) —(exp,, (iz)) ~
(2) - ST

expy, (iz) —exp, ((iz) ")
24

expy, (iz) —exp, (=iz)
2i

(d) = sin,(x).

Procedure I11:43(3.24)

Objective

Choose a rational number X > 0. The objec-
tive of the following instructions is to construct
two rational numbers a, b, and a procedure, p(x,y,
n), to show that cos,(x + y) = cos,(x) cos,(y) —
sing, (z) siny, (y) (err =%) (err “ffrz) when two com-
plex numbers z,y and a positive integer n > b such

that [|z]|? < X? and ||y||> < X? are chosen.




Implementation nal numbers a, b, and a procedure, p(x,n), to show
. 2 : 2 — allz|® X2

1. Execute procedure I11:36 on (X) and let (a, b, that cos, (2)” + sing (2)° = 1 (err " ) (.err )

q) receive. when a complex number x and a positive integer n

such that ||z]|? < X2 and n > b are chosen.
2. Let p(x,y,n) be the following procedure:

(a) Using procedure ¢, show that cos,(z + y) Implementation
i. = 1(exp,(i(z +y)) + exp,(—i(z + y))) 1. Execute procedure II1:36 on (X) and let (a, b,
B ] , q) receive.
ii. = i(exp,(iz)exp,(iy) + exp,(—i(z + '
v))) (err a(w;)n(zy)) 2. Let p(z,n) be the following procedure:
: 2
iii. = (exp, (iz) exp,, (iy)+exp, (—iz) exp, (—iy)) (a) Using grocedure q, show that cos,(z)? +
err a(— lé)( 1y)) Slnn(y)
n . B l . L 2
iv. = (e, (iz) exp, () texp, (i) oxp, (i) b TEPD E eI
1 ! ! " " 12 (exp,, (ir) — exp,, (—iv))
1(exp, (i) exp,, (iy)+exp,, (—iz) exp, (—iy)) )
1 ‘ , ii. = Z(expn(z:r) + 2exp,, (iz) exp, (—iz) +
Ve = 4(expn(zx)(expn(zy) + exp, (—iy)) + exp,, (—iz)?—exp,, (iz)?+2 exp,, (iz) exp,, (—iz)—
gexpn(_z‘tx) - expn(zx)) expn( )) + exp (—Zl')Q)
1((exp, (iz) — exp,(—iz))exp, (iy) + 8
exp,, (—iz)(exp, (iy) + expn( iy))) iii. = exp,, (iz) exp, (—iz)
Vvi. :1 2 L exp,, (iz) cosn(y)—&—l% sin, (z) exp,,(—iy)— iv. =1 (err W)
siny, (x) exp,, (1Y) + 5 exp,,(—ix) cos, )
2 510 (7) €XPr (i) + 5 xpo (—i) ) (b) Hence show that cos,(x)? + sin,(y)? =
vii. = cosy () cos, (y) — sin, () sin, (y) 1 (err a\|z\|2) (err LX2)
n n
(b) Hence show that cos,(z + y) = . 3. Yield the tuple (a,b, p).
cosy, () cos,, (y)—sin, (z) sin, (y) (err 222) (err ).
3. Yield the tuple (a,b, p). Procedure I11:46(sat0308190647)
Objective

Procedure I11:44(3.25)
Choose a rational number X > 0. The ob-

Objective jective of the following instructions is to con-
The objec- struct two rational numbers a,b, and a proce-

Choose a rational number X > 0.
dure, p(z,y,n), to show that |zexp,(iy)||> =

tive of the following instructions is to construct

two rational numbers a, b, and a procedure, p(x,y, |lz]|? (err a\lxl\z\lyHZ) (err a\|ac\|2X2) when a complex
n), to show that sin,(x + y) = sin,(z) cos,(y) — number z, a rational number y, and a positive inte-
cosp () sing, (y) (err =4) (err “fz) when two com- ger n such that [|y[|* < X and n > b are chosen.
plex numbers z,y and a positive integer n > b such

that ||2]|? < X? and ||y||> < X? are chosen. Implementation

1. Execute procedure IT:45 on (X) and let (a, b,

Implementation q) receive.

Implementation is analogous to that of procedure 2. Let p(z,y,n) be the following procedure:

I11:43.
(a) Using procedure ¢, procedure III:41, and
. N . : 2
Procedure III:45(3.26) procedure I11:42, show that ||z exp,, (iy)]|
TP TP
Objective i = [|lz[|?|lexp,, (iy) ||

.o _ 2 . . . 2
Choose a rational number X > 0. The objective of ii. = [lz[%llcosn (y) + isinn (y)l]

the following instructions is to construct two ratio- iii. = ||z]|?(cos, (y)? + sin, (y)?)
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2
iv. = |lz)2-1 (err |2 - 4y,

I

(b) Hence show that |zexp,(iy)

2 : 2x2
al\ﬂ;@/l\ ) ( aHTUz ).

|z]|? (err err

Procedure I11:47(3.29)
Objective

Choose a rational number X > 0. The objective
of the following instructions is to construct two ra-
tional numbers a, N, and a procedure, p(z,n), to

show that cos,(z) = Z[TO:T%“ % (err ) when
a complex number z and an integer n > N such that
|z||* < X2 is chosen.

Implementation

1. Execute procedure I11:40 on (X) and let (a, N,
q) receive.

2. Let p(x,n) be the following procedure:
(a) Using procedure ¢, show that cos, ()

i = expn(ix) + expn(—ia:)

i = onm-l (wc +%(—m) (err 2%)

T %ZTO:TH—l (m; _|_ 20n+1 ( iz)"” (err 7)

2n

r!

v, — ZLO:TL+1] (" 2((7,“2% e
Z[O :n+1] [r mod 2 To‘]( 1)3z"

E[O 51 = 1)') 2
(b) Hence show that  cos,(z)
In T, 27T
ZLUWET] (*(12)7“90 (err 2).

) n

Procedure I11:48(3.30)
Objective

Choose a rational number X > 0. The objective of
the following instructions is to construct two ratio-
nal numbers a, N, and a procedure, p(z,n), to show

that sin, (z) = Z[O L5 ]] % (err £) when a
complex number x and an integer n > N such that

|z||* < X2 is chosen.

Implementation

Implementation is analogous to that of procedure
111:47.
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Chapter 11

Binomial and Mercator Series

Declaration I11:16(sun2107190610)

The notation (14 )%, where z, a are complex num-
bers and n is a positive integer, will be used as a
shorthand for 321" (&)

r

Procedure I11:49(sun2107190619)
Objective

Choose a complex number = and two non-negative
integers a,n such that n > a. The objective of the
following instructions is to show that (1 4+ z)¢ =
(1+x)*.

n

Implementation

1. Using procedure I11:22, show that (1 + z)% =

(2) = X0 (¢)ar

(b) = ZLO nl w x

(c) = ZLO:aJrl] %xr + ZLaJrl:n] %xr
d) = Z[To:a+1] %xr + Z[Ta+1:n] %xr
(e) = X ()ar

(f) = (1 +az)

Procedure I1I:50(sun2107190640)
Objective

Choose two complex numbers z,y and a positive in-
teger N. The objective of the following instructions

is to show that (“1Y) = i\url (D) (v0)-

98

Implementation

1. If N =0, then do the following:

[0:N+1]

(a) Show that (“}Y) i

:1:

() (w24)-
2. Otherwise do the following:
(a) Show that N > 0.

(b) Show that (“§¥7') = L:O:N} z—1

using procedure IT1:50.

[0:N]

(c) Show that (“¥7") =X,

N—1
ing procedure III:50.

(+) (Nyf_llsz) us-

(d) Hence show that (“}Y)

LB

io= %)+ F O

i, = & S8 () A+

o= &S ) () z[”m(mk)
v = SR ) ()T AR ()
i =S @) ().

Procedure I11:51(sun2107191133)
Objective

Choose complex numbers a, b, z and a natural num-
ber n. The objective of the following instructions
is to show that (1 + z)2(1 + x)2 — (1 + 2)2*? =

ZE:”] E'[r‘kn] (k+ni17r) (r) Ftn= 1'

Y
N—k

Y6 (k)

)



Implementation v. <H n] (A2 4+2A(k+1)+(k+1)%) X

*F1)?
1. Show that (1 +2)2(1+z)% — (1 +x)2t? [0:n] (A+k+1)X\2

[0:n] k [0:n] (b ok T)
0 GO e e
k k

(0em] (0] o 0em] farbr i (¢) If n < d, then do the following:
b) = n n] (a +r m| (a
( ) k ZT (k) (r)x Z ( )iL’ i. Show that ||( ) nH2

(© =SSP () Qe S S () ()t

0:n
o] (050 DAL X )
k k
ol (o )y lkenl (o Lo Bo= (qRXQ )2 xa
(@) = 30 (e e (@t B, T e
[0:n] ra+b\ K k+1
e TP X0 + )
. C. < X1+ A5 X1 +
1: k:n a b n— — k k+1
(e) = ZL " ZL ] (k+n—1—r) (T)xk+ 1' i))*z(d*”) i
a+1
Procedure IT1:52(sun2107191247) D. =y2z%".
Objective (d) Otherwise do the following:
Choose two rational numbers A > 0 and 0 < X < 1. i. Show that [|(;)="?

The objective of the following instructions is to con-

[0:n] 2
struct rational numbers Y > 0,0 < Z < 1 and a pro- A= (L X+ ’H‘l))

cedure p(a,x,n) to show that ||(Z>CC"||2 < (YZm)? B 0] x4 A 2T (1 4
when complex numbers a, z such that [la+1]]? < A2 A)()2 4§ ( kﬂ)) (T (
and |z|* < X? are chosen. kt1
C.<  (IIY"x1 + #prxa +
Implementation _A_))2n=d)
d+1
1. Lete—A—);— . D. :YQZQn.

2. Let d = [{2%]. 8. Yield the tuple (Y, Z, p).
3. Show that d > e > —1.
4

CLet Z= (14 )X, Procedure I11:53(wed2407191422)

Objecti
5. Show that 0 < Z < (1+ -45)X = 1. jective

+1
e[()d (A4h+D)X Choose a rational number 0 < X < 1 and a pos-
6. Let Y = I P = itive integer k. The objective of the following in-
7—d H[Otd] X(1+ 7) structions is to construct rational numbers Y > 0,
k E+1/-
0 < Z < 1 and a procedure p(x,n) to show that

[nkz"||? < (Y Z™)? when a complex number x such

(a) Show that |re(a + 1)| < A given that re(a + that [|z]|*> < X? is chosen.
1 < fla+ 1) < 42,

(b) Hence show that [|(2)z™ |

7. Let p(a,x,n) be the following procedure:

Implementation

_ _k
TL||2 1. Let@—_ixf].

L= %

= |ITT™ (D g2
. Show that d >e > k — 1.

2
3

4. Let Z = (14 3)kX.
5. Show that Z < (1+ 1)FX.

0:n a —(k 2] 2|2
i, = [T Lo o]

n a 2_ re(a 2 €T 2
iy, = [ Q=2 rele D) (1) ]
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6. Now show that 0 < Z < (1 + 3)kX <
142

- X =1 using procedure II:31.
7. Let Y = Z-¢X [[M X (1 + 1)k,
8. Let p(z,n) be the following procedure:
(a) Show that |[nFz™|?
i< e TT e R
i = [l [T o 2 ()2
i < X2 (1 4 Lkx)2,
(b) If n < d, then do the following:
i. Show that |[nkz"|?

A < XM XA+ Lyky?

B. = X([IM X (1 + L2 - (1 x (1 +
%)k)72

C.<  XY(IIMx + HhAxa +
é)k)72(d7n)

D. =Y?27%",

(¢) Otherwise do the following:
i. Show that |[nkz"|?
A< X2 X (1 4 Lyky2

B. = X2([IFx(1+ HFAL X1+
1)]@)2

<

k2(X2d()HL1:d]X(1 + LEx(1 4
)k

Q
&= A

D. =Y?Z7?%",

9. Yield the tuple (Y, Z, p).

Procedure I11:54(wed2407191521)
Objective

Choose two rational numbers A > 0, 1 > X > 0.
The objective of the following instructions is to con-
struct rational numbers D > 0, 0 < G < 1, and
a procedure p(z,a,b,n) to show that (1 + z)¢+" =
(1+2)2(1 + 2)% (err DG™) when ||z]|?> < X, and

n

lall?, Ib]]* < A.
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Implementation

1. Execute procedure I11:52 on (A4, X) and let (B,
C, q) receive.

2. Execute procedure I11:53 on (C, 1) and let (F,
G, t) receive.

B2F
4. Let p(x,a,b,n) be the following procedure:
(a) For each r € [1 : n], do the following:

i. Show that [|(¢)a"||* < (BC™)? using pro-
cedure q.

ii. Show that ||($)9cr||2 < (BC™)? using pro-
cedure ¢, .

(b) Show that |[nC™||?> < (FG™)? using proce-
dure ¢.

(c) Hence show that (1+2)2° = (1+2)2(14+x)?,
Lo (err (14+a)p(1+a2)h — (1 +2)5t)
e SIS et
iii. (err ZE”L] ngn} (k_s_na_l_r)fflﬁnilﬂ (l;)xr)
iv. (err Y o poktn-1orper)
v. (err B2C" ZE:"] ZL’“"] ckh)
vi. (err B2C" Z[Tlm'] ZE:T—H] chh)
vii. (err B2C™ ng] =)
viii. (err 2% - nC™)

x. (err DG™).

ix. (err %G”)

5. Yield the tuple (D, G,p).

Procedure I11:55(wed2407191611)
Objective

Choose two rational numbers A > 0, 1 > X > 0.
The objective of the following instructions is to con-
struct a rational number D and a procedure p(z,
n,a,k) to show that |((1 + x)2)*||> < D? when
complex numbers z, a and positive integers n, k such
that ||z||> < X? and ||ka|* < A%



Implementation

ABX
1-C

1. Execute procedure I11:34 on (
N, t) receive.

) and let (E,

2. Execute procedure I11:52 on (A+1, X) and let
(B, C, q) receive.
3. Let D = max(E, (1 + 42X)V)),
4. Let p(z,n,a, k) be the following procedure:
(a) For each r € [1 : n], do the following:
i. Show that |al|? < ||ka|? < A2
Show that ||a — 1]|> < (A +1)2

Hence show that ||(‘ij)x“1||2 < (BC™)?
using procedure q.

(b) Hence show that ||k S (@) |2
L= e e (e ]er?
i, = |[kaz S L(aTh g2

r—1

ii.

iii.

i, < (Ax 1M por-1y2
iv. < (%)2.
(¢) If k > N, then do the following:

i. Hence using procedure t, show that ||((1+
)i)*|I?

= [ ()22
=IO ()P

- = [lexpy (k 1 (9)2m) |12
< E?

< D2.

m YU QW

o

therwise do the following:

i. Show that HZ[::"] (&)am)k|?
A< RS2 (a2

ABX )2

1o/ -

ii. Hence show that |((1 + x)2)¥|?
(1 +z)a]*)*

= (+ 3 (eIt

< (14 485

(d)

B. < (

A.
B.
C.
D. < D2
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5. Yield (D, p).

Procedure III:56(tue2008190712)
Objective

Choose two rational numbers A > 0, 1 > X > 0.
The objective of the following instructions is to con-
struct positive rational numbers D, IV, and a proce-
dure p(z,a,n) to show that ||(1+2)2||* > D? when
complex numbers x,a and an integer n such that
lz]|?> < X2, |la|]| < A2, and n > N are chosen.

Implementation

1. Execute procedure II1:54 on (4, X) and let
(ay,b1,p1) receive.

Execute procedure I11:53 on (by, 1) and let {(az,
ba, p2) receive.

Execute procedure III:55 on (A, X) and let
(as, ps) receive.

4. Let D = 51—
5. Let N = 2a1a2.
6. Let p(z,a,n) be the following procedure:

a) Show that |nb1"||? < (agby™)? < as? usin
(a) g
procedure po.

(b) Hence show that (a1by™)? < (9292)2

(c) Show that ||((1+ x),;*)}||* < az? using pro-
cedure p3.

(d) Using procedure py, show that ||(142),*(1+
)y — 12

L=[l(1+2),*(1+a); — (L+x),

ii. S (albln)z.

I?

(e) Hence using procedure III:17, show that
3= 1A +2), 1+ )5

L= =1+ 2), (1 + z)e|?
L<1=(14z), 1+ z)a?

< (a1b")?

—-

iii.

iv.

IN

V.
(f) Hence show that ()3
i< Q401+ )]

IN



i, <az?|(1+2)%>.
(g) Hence show that D? < ||(1+z)2|%.
7. Yield the tuple (D, N, p).

Procedure III:57(tue2008190849)
Objective

Choose two rational numbers A > 0and 1 > X > 0.
The objective of the following instructions is to
construct positive rational numbers B,C, D, and a

procedure p(z,a,b,n) to show that (1 + z)27° =

gigz (err BC™) when complex numbers z, a, b and

an integer n such that ||z]|? < X2, [ja|?® < A2
|b]]? < A%, and n > D are chosen.

Implementation

1. Execute procedure I11:54 on (A, X) and let
(a1, C,p1) receive.

2. Execute procedure II1:56 on (A4, X) and let
(a2, D, pa) receive.

3. Execute procedure ITT:55 on (A, X) and let
(ag, p3) receive.

4. Let B=(1+ 2)a1.
5. Let p(x, a,b,n) be the following procedure:

(a) Using procedures p1,pa, p3, show that (1 4+
R

=(1+2)%(1+2),;°
(14 2y Q0040

(err a1C™)

(1+x)?
b—b
iii. = (1+2)2 )l(gfi)b (err ag,“lc )
. _ (4=
V. = b
(b) Hence show that (1 + z2)¢°° =
813{: (err (1 + 22)a1C™) (err BC™).

6. Yield the tuple (B,C,D,p).

Procedure I11:58(wed2407191627)
Objective

Choose two rational numbers A > 0, 1 > X > 0.
The objective of the following instructions is to con-
struct rational numbers G > 0, 0 < C < 1, and

a procedure p(z,n,a, k) to show that (1 + )k =

142)%)* (err GkC™) when a non-negative integer
n
k and complex numbers z,a such that ||z||? < X2
and ||ka|? < A? are chosen.

Implementation

1. Execute procedure ITT:55 on (A4, X) and let (D
t) receive.

2. Execute procedure ITI:54 on (A, X') and let (B
C, q) receive.

3. Let G = DB.
4. Let p(z,n,a, k) be the following procedure:

(a) Hence using procedures t,q, show that (1 +
ka
z n

~

(1 +2)2)0(1 + z)ke
(1+2)2) (1 + 2)¥ Y (err DBC™)

ii.

(1+2)2)2(1 + 2)%¥ 2 (err DBC™)

iii.

(14 2)2)* (1 + 2) (err DBC™)
vi. = ((1 4 z)2)*.
(b) Hence show that (1 + z)k = ((1 +
z)2)* (err kDBC™) (err GEC™).

n

5. Yield the tuple (G,C, D, p).

V.

Procedure I11:59(sun0812190858)
Objective

Choose two non-negative rational numbers a, b and
two non-negative integers r,n such that b < r <
n—a—1. The objective of the following instructions

is to show that sgn((ff) (,2)) = Sgn((ril) (nr_1))-

Implementation
1. Show that sgn(TJrl o) =1
(a) I a=ntrri >0

(b) glven,that (5137415475 >0
(c) given that r >band n—7r>a+ 1.
2. Hence show that sgn((rﬂ)( )

n—r—1

+1 (i) ’ #;:H (nir))

i) sen(() (%)

(a) =sgn(}7
(b) = sgn(3




(c) =segn((2)(,“)-

Procedure I11:60(sun0812190920)
Objective

Choose two non-negative rational numbers a,b
and an integer m > [a] + [b]. The ob-
jective of the following instructions is to show

that D) ) = SPIIG) (e +
DO G TR o e [ TR

Implementation
1. Verify that [b] < |n —a].
2. For r in [[b] :

(a) Show that sgn( (fi) (
using procedure T11:59.

3. Hence show that Zyb-\:]—n—a]] I (f)(
I ) ()
4. Hence show that 3" OGN
(@) = X)) I+
ZﬁlﬂmﬂNQQrW

=)
Z fn al:n+1] ||

[n — al], do the following:

a

=
n—r -

(b) = (
) G-

Procedure I11:61(wed2407191824)
Objective

Choose a rational number A > 0. The objective
of the following instructions is to construct rational
numbers M > 1, N > 0, and a procedure p(a,n) to
show that [|(%)[|> < (&)20eD) and & < 1 when a
rational number —1 < a < A and an integer n > N
are chosen.

Implementation
1. Let M =2A.
2. Let N =2A.

3. Let p(a,n) be the following procedure:

(a) Show that 22 < 22 =1

24
i. given that n > N =2A > 2a

ii. and -1 < a < A.

nf'r‘)) = Sgn((ril) (nfj‘fl))

D+

ISPl Oy (e ) )+

n _n
>n—a>n—§—2

(b) Show that n — |a|
i. given that § > a
ii. given that n > N = 24 > 2a.

(¢) Hence show that [|(%)(|

L= %)
.. 0:n| ¢
i = [T )2
0:n —k)?
iii. = L ]EZJA;?
. 0:[a 0: a —a)?
iv. = TIPT(k — a)? - [T Ceboaze®
[n=lalm] _ 1
(k+1)2
v. < (alel.17. (nilLaJ ylal)2
i = (Tal)
vi. = (- LaJ)
vii. < (%)ﬂ[tﬂ
(M

) (fal)

viii.

4. Yield the tuple (M, N, p).

Procedure II1:62(sun0812191002)
Objective

Choose a positive integer A. The objective of the fol-
lowing instructions is to construct a rational number
B, an integer N, and a procedure p(a,b,n) to show
that S+ (®)(,*)II < £ when non-negative
rational numbers a,b, and an integer n such that
a<Ab< A, and n > N are chosen.

Implementation

1. Execute procedure II1:61 on (A) and let (M
Q, q) receive.

2. Let N = max(24,Q + A).

3. Let B = MA(M4 + 8A!A).
4. Let p(a,b,n) be the following procedure:
(a) Show that n > N > Q.
(b) Now show that ||(“:b)|| < (%)[mrb] <
Mrzﬂﬂ > MAJW < %ZA using procedure
q.

(¢) For rin [0 : [b]], do the following:

i. Show thatn—r > N—[b] > Q+A— A=
Q.
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ii. Now show that [|(,* )]* < (;2)2fel <
A A A
(M) < GMEp)? < (M) <
A A A
(nﬁ/[;N)z < (%)2 = (%)2 using pro-
2 2
cedure q.

(d) For r in [[n —a] : n + 1], do the following:

i. Show that r > [n —a] =
—la]>Q+A-A=Q.

ii. Now show that ||(f)H2 < (4

T

Y

n — |a]

IN

)2rb1

(MTA)2 < (%)2 using procedure g¢.

(e) Hence using procedure II1:60, show that

SO

i = Z[OZW]H(b)( i
Ol TG Y ]|

i, = OO 2D I+ () () -
Z[To:(bﬂ (f) (nir)_z[r(n alm+1] (T) (nir)||+
Solfrmalmstly @y (e )

=2 PO eI () ()
g ylImmaln iy by (o y)

iii.

. :[b
v = 1EO1 + 26MNC) G+
n—al:n+1 a
Sy e
vos o ME s aprtias
Z[]’nfa]:n%*l] oMA A')
T n :
vi. < ME(MA 4 Al
vii. = B,
n

5. Yield the tuple (B, N, p).

Procedure III:63(thu2507190646)

Objective

Choose a rational number 1 > X > 0. The objective
of the following instructions is to construct rational
numbers B > 0, N > 0, and a procedure p(x, a, b, n)
to show that (14 z)2° = (1+2)%(1 4 )% (err £)
when a complex number x, two positive rational
numbers a,b, and a positive integer n such that
llz]> <1,re(z) > —X,a<1,b<1,and n > N are
chosen.

ISPl By (e

I+
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)+

Implementation

1. Execute procedure II1:62 on (1) and let (M,
N, q) receive.

_ 2M
3. Let p(x, a,b,n) be the following procedure:

(a) For r € [1 : n], for k € [0 : 7], show that
(k+1—7—n—7')(_1)k+1 - (k:-i—frlz—r)(_l)k

L= (_1)k+1((k+1inﬂ) + (k:Jr;lzfr))

i = (=DM (i)
il = (=)~ Iy
v = (ST ) I

(b) Now show that ZLOWH] [ (ZT)) ( ¢

)| < 3 us-
ing procedure q.

(c) Show that ||z + 1||* = re(z + 1)? + im(x)? >
(1-X)2.

(d) Hence using procedure II1:51, show that

(14 z2)¢tb = (14 2)2(1 +2)°
i. (err (1+2)2(1+z)% — (1 +2)2t?)

i (err IS ) ()bt

i ferr 2 3 () S0 ()t

—-

i

jar

iv. (err 2™ U () S (o ) (C 1
Ik+1 a xT
(—w)—l (k-‘rn—r)(_l)k (—1—)
7I)k+1

DM = () (ZDF)

voo (e ZESEON(@e - () -
Z%O:r](_x)k—o—l((k_i_lin_r)(_1)k+1 _
<k+z,r><—1>’“>>>

(err e SO
1GEN + z[“]||(k+l+n,r><—1>’f“
(ers ) =DF)

(err e SO
H(n T)” + ||Z[Or]((k+1+n r)(_l)k+1 -
(estr_,) (=DM

(err 2 SO+ 11,
1S =07 = (0

(err 2 S OG-

ﬁ((k-‘rlin—r) (

+

vi.

+

Vii.

viii.

D+

ix.



x. (err 2). (c) If k > N, then do the following:

n

4. Yield the tuple (B, N,p). i. Using procedure ¢, show that ||((1 +
a))*|?
Procedure IIIG4(thu2507191017) A =|( LOW] (?)xt)kHQ
Objective

B. = |1+ 2 (9)at)k)?

Choose a rational number 0 < X < 1. The objec-

tive of the following instructions is to construct a C. = [lexpy(k Ztl i ( ) )”2
positive rational number D such that D > 1, and a D. < E2.

procedure p(z,n, a, k) to show that ||((1+2)2)*||? < -

D? when a complex number z, a rational number E. < D2

a, and positive integers n,k such that ||z]|*> < 1,

re(z) > —X, and (ka)? < 1 are chosen. (d) Otherwise do the following:

i. Show that |31 (4)a!2

Implementation
< R (@)t
1. Execute procedure I11:34 on (125 ) and let (E,
N, q) receive. S ( ) :
2. Let D = max(E, (1 + 2¢)W). ii. Hence show that ||((1 + x)%)*||?
3. Let p(z,n,a, k) be the following procedure: A = (|(1+z)2|?)*
(a) For t et [1: n], show that (,{,)(—=1)""" — B. = (|1 + N0 ()t |2)"
(-1
(1) C. < (14 2)%
Lo t+1(( @ a
L=(-1) ((t+1) +(9) D. < D2.
. (a+1)t*L
i = (=1 S 4. Yield the tuple (D, p).
iii. > 0.
(b) Hence show that ||k 1™ (%)at2 Procedure I11:65(thu2507190752)
. 1:n )ttt Objective
L= RS ) S -
(a)(_l)t (o)t (o)t (( a )(_1)t+1 _ Choose a rational number 0 < X < 1. The objective
(fl) (_1)15))”_236_1 Toml A of the following instructions is to construct positive
t

rational numbers G, N and a procedure p(z,n,a,k)

i, = L:»H(a)x"—(“)xl—zglm](—x)t"'l(( a ) tq}iﬁﬂw that 1+x)ka — ((1—|—x) ) (err Gk) when
(a)\l(wirll\)lt)H; ! G positive integers n, k, a rational number a, and a
¢ complex number z such that ||z||* < 1, re(z) > —X,
i, < MWU(Z)' + a + k>10<ka<1,and n> N are chosen.
[1:n] 1L — (9) (—1)t])2
2 ‘(H_l)( ) (t)( D Implementation
. k2 a : a 1\t
V. S aexp (G 1H+a+32 ((t+1)( 1) 1. Execute procedure I11:64 on (X) and let (D, t)
(?)(—1)t))2 receive.
v. = %(‘(2)HQJF(Z)(*U“*(?)(*IP)Q 2. Execute procedure 111:63 on (X) and let (B,
2 , N, q) receive.
3 a
= e (G +a=1G) o) 3. Let G = DB
.. _ k
vii. = (2%)° 4. Let p(z,n,a, k) be the following procedure:
2
viil. < (25)% (a) Using procedures t, g, show that (1 + z)k®
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(1+2)2)°(1 4 x)ke

ii. (k=1)a

(1+2)) (1 +2)n (err D%)

i, = (14 2)%)2(1 +2)$ " (err DE)

.

(14 2)2)*(1 4+ 2)4 M (err DE)
vi. = ((1+2)2)".

(b) Hence show that (1 + z)k = ((1 +

x)2)* (err %) (err %)

5. Yield the tuple (G, D, N, p).

Procedure II1:66(fri2607191210)
Objective

Choose a rational number 1 > X > 0. The objective
of the following instructions is to construct positive
rational numbers a, ¢ such that b > 1, and a proce-

dure p(z, n, k) to show that exp,, (n((1 —|—x)k% -1)) =
1+ 2 (err §) when a complex number x, and pos-
itive integers n, k such that ||z]|? < 1, re(z) > — X,
n > 1, and k > ¢ are chosen.

Implementation

1. Execute procedure I1I:65 on (X) and let (a,c,
p1) receive.

2. Let p(x,n, k) be the following procedure:

(a) Using procedure p; and procedure II11:49,
1
show that exp, (n((1+ z); — 1))

=1+ L)) - 1)"
i = ((L+a)f)"

iil. = (1+2); (err 42)

iv. = (1+2)!

v. =1+ x.

(b) Hence show that exp,,(n((1 —Hc)k% -1)) =

1+ (err %)

3. Yield the tuple (a,c,p).

Procedure I11:67(fri2607191243)
Objective

Choose a rational number 1 > X > 0. The objective
of the following instructions is to construct a ratio-
nal number a > 0 and a procedure p(z,n, k) to show

1
that |n((1+z); —1)||* < a® when positive integers
n,k, and a complex number z such that ||z||? < 1
and re(x) > —X are chosen.

Implementation

_ _2
1. Let a = i—x-

2. Let p(x,n, k) be the following procedure:

(a) Show that |\n((1+m),§ e

i = (P ()2 - 1))

i, = [ 20 (2) (<1) (=) 2
) Sl ( ) [
E — ((r)(-prH

(=)o
—xz—1 ‘

iii.

—~~
S 333
S~—
—
—_

~—

3

~—
—~
I
[y
~—
~—

- 1HMH2H<%> (et =g
() (=D)7) (=) 2
S = [(A1CS Vit S

SIEH () (=1 = () (=172

. 1 _
Vi = (rc(m)+1)2+im(z)2((Z)(_l)k bt % +
2

3. Yield the tuple (a,p).

Declaration ITI:17(fri0108191325)

The notation w(r) will be used as a shorthand no-
. Lir
tation for 1(1 — [TM(1 - 1)).

Procedure I11:68(thu0108191318)
Objective

Choose two positive integers r,n such that r > 1.
The objective of the following instructions is to show

that “0E) < 1.



Implementation

w(r+1)

1. Using procedure I11:30, show that 0

1:r4+1
-t a4

La-TIM (1-4))
- a-2)

)

T

(TS § ()

r LI a-24)
:7 1 nr tlr nt
(¢) = 7 -1 (1- )

(d):r 1<1+ 1m)11>

©) <7 <1+ O 1)

O = 7 (1 )

(g) S 7’+1 <1+ 1+n(r 1)) Tt 1)

(h) <25 <1+ )
Tat—D 1)

() = 201+ 1)

() =1

Declaration IT1:18(fri2607191453)

The notation hlk (14 ) will be used as a shorthand
for Z[l H 1)T x’.

Procedure I11:69(fri2607191450)
Objective

Choose a rational number 1 > X > 0. The objective
of the following instructions is to construct a posi-
tive rational number a and a procedure p(x,n, k) to
show that Ing(1+2z) = n((1 +x): —1) (err £) when
positive integers n, k and a complex number = such
that ||z||? < 1 and re(z) > —X are chosen.

Implementation

_ 1
1. Let a = i—x-

2. Let p(x,n, k) be the following procedure:

(a) For r € [2 : k], show that
procedure 111:68.

“’(T(+)1) < 1 using

(b) Also show that ||z + 1||*? > re(x + 1)% +
im(r)? > (1 - X)%
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(c) Hence show that Ing(14+x) = n((lJr:c),:l -1)
-1)
—n(ZM (3)ar

i. (err Ing(14+2z) —n((1 +x)%

i, (err IRV,

(err
1))

i (orr S C g —n S ()27
v, (err DI S Tl Gy =)
vo (e S A((-D)m=E - (- )b
vi. (err SN (- B
vii, (err S GO (g it amty g
viii. (err S w(r) (—a)7)
ix. (err UM (w(r 1) C2T —w(r) G2 -
(w(r+1) —w(r) - E25)
x.(er k) (-2)* — w@)(-2)! -
S + 1) = w(r) (—2) )
xic (ern (k) (1) + 57 w(r) —w(r+
1) +w(2) - w(1))
xii. (err g (w(k)—w(k)+w(2)+w(2)+w(1)
w(1))
xiii. (err &).

3. Yield the tuple (a,p).

Procedure I11:70(fri2607191736)
Objective

Choose a rational number 1 > X > 0. The objective
of the following instructions is to construct a ratio-
nal number a > 0 and a procedure p(z, k) to show
that |[Ing(1 + 2)||?> < a® when a positive integer k
and a complex number z such that |z||* < 1 and
re(z) > —X are chosen.

Implementation

2

1. Let a = =%

2. Let p(x, k) be the following procedure:
(a) Show that |Ing(1 + )|

= || ¢
.. :k
i = | L (-

1)T r||2

)|



1:k _p)tl )T
e Sy A e U

o —xz—1 r —x—1 r+1
- )
. 1:k
iv. = i (—a)F =t (—a) - (A -
L(—a)r+ 2
VoS G LG - )
C = |lz+1]]2 \k T r r+1

: 1 1 1 2
V1. W(E—i_l_E—’_l)
.o _ 4
VI = Ge(@)+1) 2 +im(2)?
viii. < a?

3. Yield the tuple (a,p).

Procedure I11:71(fri2607191801)
Objective

Choose a rational number 1 > X > 0. The objective
of the following instructions is to construct positive
rational numbers a,c,d,e such that b > 1, and a
procedure p(z,n, k) to show that exp,, (Ing(14+2)) =
1+ (err %% 4 <) when positive integers n, k, and a
complex number z such that [|z]|? < 1, re(z) > — X,

k > d, and n > e are chosen.

Implementation

1. Execute procedure IIT:67 on (X) and let (aq,
p1) Treceive.

2. Execute procedure II1:70 on (X) and let (as,
pa) receive.

3. Execute procedure I11:39 on (max(a1, a2)) and
let (a3, e, p3) receive.

4. Execute procedure IT1:69 on (X) and let (a4,
p4) receive.

5. Execute procedure IT1:66 on (X) and let (a,d,
p5) Treceive.

6. Let ¢ = asas.

7. Let p(x, n, k) be the following procedure:

(a) Show that |[n((1 + z)F — 1)||? < a;? using
procedure p;.

(b) Show that |[Ing(1 + x)||?> < az? using proce-
dure ps.

(c) Show that ||[Ing(1 +2) —n((1+z)F —1)|2 <
(%4)? using procedure py.
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(d) Now using procedures ps,ps, show that
exp,, (Ing (1 + z))

i. =exp,(n((1+ x)k% -1))

A, (err ag(Ing(1+z) —n((1+ 93)% -1)))
B. (erraz- %)

ii. =14z (err 42)

(e) Hence show that exp, (Ini(1+z)) =1+

x (err a0 %) (err <+ %)

8. Yield the tuple (a,c,d, e, p).



Chapter 12

Gregory-Leibniz Series

Declaration I11:19(3.33)

The notation 7,,, where n is a positive integer, will
be used as a shorthand for 8 im(ln, (1 + 4)).

Procedure I11:72(3.47)
Objective

Choose a positive integer k. The objective of
the following instructions is to show that 7, =

gy iLAl L

2r4+1 -

Implementation
1. Using declaration III:19, show that 7
(a) = 8im(X M

(b) = Sim(ZLO:Lgﬂ (2_;)217‘1'27’+1)

r+
|k 27
(c) = 8ZLO'L2H prs
Zo: Bl (="

Procedure I11:73(3.49)
Objective

The objective of the following instructions is to con-
struct positive rational numbers a, b such that a > 4,
and a procedure, p(n), to show that 7,, > a when a
positive integer n > b is chosen.

Implementation
_ 1
1. Let a = 3.

2. Show that a > 4.

3. Let b=4.

4. Let p(n) be the following procedure:

(a) Let d = ndiv4.

(b)

()
)

(d) If g =0 or g = 1, then do the following:

Let g = n mod 4.

Hence show that n = 4d + g.

i. Using procedure II1:72, show that 7,

A — SZ[TO:L“%H G
B = G
. =50 EP L)
D. = %6 + SZ[rLd](4r1+1 - ﬁ)
E. > 18

(e) Otherwise do the following:

i. Show that g =2 or g = 3.

ii. Hence show that 7,

A =gy L
B. =gy 2t (21)1
e
D. ¥ +8%" (5 — wr) + wn
E. >4

3

5. Yield the tuple {(a,b, p).
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Procedure I11:74(3.50)
Objective

The objective of the following instructions is to con-
struct rational numbers a,b such that ¢ > 4 and
a? < 48, and a procedure, p(n), to show that 7, < a
when a positive integer n such that n > b is chosen.

Implementation
_ 2104
1. Let a = 315 -

2. Show that a > 4.

4426816
99225

3. Show that a? = < 48.

4. Let b = 10.

5. Let p(n) be the following procedure:
a) Let d =ndiv4.

b)
(©)
(d) If g =0 or g = 1, then do the following:

(
(b) Let g =n mod 4.
Hence verify that n = 4d + g.

i. Show that 7,

A =gyl L
B. =8yl CLL L g B LD
C. —a+sy B L
D. =a+8y P CAN 4 ST
E. =a- 8EL3:d](4r171 - 4r1+1) T
F. <a.
(e) Otherwise do the following:
i. Show that g =2 or g = 3.
ii. Hence show that 7,
A =gyl CL
B. =g Y09 CUT gy B C L
C. =a+8y P2t
D. =a-85"" (545 — ws)
E. <a.

6. Yield the tuple (a,b,p).
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Procedure I11:75(3.53)
Objective

The objective of the following instructions is to con-
struct positive rational numbers a, ¢, d, e, and a pro-
cedure p(n, k) to show that exp,, (;7x1) = i (err %2+
<) when integers k,n such that n > e and k > d are
chosen.

Implementation

1. Execute procedure III:70 on (0) and let (aq,
p1) receive.

Execute procedure ITII1:37 on (aq) and let {(ag,
ba, p2) receive.

Execute procedure III:35 on (aq) and let (a3,
bs, p3) receive.

. Execute procedure III:71 on (0) and let (a4,
¢4, d, eq,pq) receive.

Let a = 22
as

Let ¢ = 2(1%4 + as.
7.
8.

Let e = max(be, bs, e4).
Let p(n, k) be the following procedure:

(a) Show that ||Ing(1 + @)||* < a1? using proce-
dure p;.

(b) Hence using procedures pa, ps, ps, show that
expn(iﬂci)
i. = exp, (2im(Ing(1 + 4))7)

ii. = exp, (Ing(1+4) — (Ing (1 +4))")

iii. = % (err 22)
V. = e O o (4 S)
Ve = T (T
vi. = (11%
A. (err (exPniﬁZziﬁﬁii )
Bo forr 5 (52 + %)
vii. = 1.

(c) Hence show that exp,, (;74i) =i (err % +
Lo+ %) (e 24 5

9. Yield the tuple {(a,c,d, e, p).



Procedure I11:76(3.54)
Objective

The objective of the following instructions is to con-
struct positive rational numbers a,c,d, e such that
b > 1, and a procedure, p(n,k), to show that
exp,, (—17i) = —i (err 22 + £) when integers k,n

&
such that n > e and k > d are chosen.

Implementation

Implementation is analogous to that of procedure
IIT:75.

Procedure III:77(mon2608190753)
Objective

Choose a rational number X > 0 and an integer
K > 0. The objective of the following instructions
is to construct a rational number a, and a procedure
p(z,y, k) to show that 2% = y* (err a(x — y)) when
two complex numbers x,y and a non-negative inte-
ger k such that ||z]? < X2, ||ly||?> < X2, and k < K
are chosen.

Implementation
1. Let @ = K max(1, X)X-1.
2. Let p(x,y, k) be the following procedure:
(a) Show that x* = y*
i. (err y* —z%)

(err (y — z) L1

r, k—1—r

ii. "y )

iii. (err (y —x) ZLO:]C] Xk_l)
iv. (err (y —z)KXk1)
v. (err a(y — 1))

3. Yield the tuple (a,p).

Procedure I11:78(3.55)
Objective

Choose an integer K > 0. The objective of the fol-
lowing instructions is to construct rational numbers
a,b,c,d, and a procedure, p(n,m, k), to show that
exp,, (¥7,,4) = iF (err 22 + 2) when a non-negative
integer k and two positive integers n, m such that

k< K,n > c, and m > d are chosen.
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Implementation

1. Execute procedure I11:74 and let (a1, d, p1) re-
ceive.

. Execute procedure I11:38 on ((%)?) and let
(a9, ba, p2) receive.

Execute procedure I11:75 and let (a3, b3, c3, p3)
receive.

Execute procedure I11:34 on ((‘1—1)2> and let
(a4, by, py) receive.

Execute procedure II1:77 on (max(1,
and let (a5, ps) receive.

T K)

Let a = azas.

Let b = as K + bzas.
8. Let ¢ = max(bg, by, c3).
9. Let p(n, k,m) be the following procedure:

(a) Show that 7, < a; using procedure p;.

(b) Hence show that [|37,,il*> = [ir.[? <
(4)°
L)2.

(c) Hence show that [lexp,, (;7mi)—i[? < (%2 +

53)2 g1
22)* using procedure ps.

Hence show that [lexp,, ($7m)[|? < a4 using
procedure py.

Hence using procedures po,ps, show that
eXpn(%Tm’L')

i =exp, (§7mi)"
A, (err %2F)
B. (err “QHK)

ii. =¥
A, (err as(exp, (37,i) — i)
B. (err as(%2" + %3))

(f) Hence show that expn(ngi) =

ik (err % +as(“2 + %)) (err 42 4 ),

10. Yield the tuple (a,b,c,d,p).



Procedure I11:79(3.56)
Objective

Choose an integer K > 0. The objective of the fol-
lowing instructions is to construct rational numbers
a,b,c,d, and a procedure, p(n,m,k), to show that
expn(krmz) i* (err %2 4 2) when an integer k and
two positive integers n, m such that |k| < K, n > ¢,
and m > d are chosen.

Implementation

Implementation is an extension of that of procedure
II1:78 using procedure II1:76.

Procedure I11:80(3.57)
Objective

Choose an integer K > 0. The objective of the fol-
lowing instructions is to construct rational numbers
a,b,c,d, and a procedure, p(n,m, k), to show that
cosy, (57,) = % (err 9% + b when an integer
k and two positive integers n, m such that |k| < K,
n > ¢, and m > d are chosen.

Implementation

1. Execute procedure I11:79 on { , b,

¢, d, q) receive.

K) and let {(a

2. Let p(n,m, k) be the following procedure:
(a) Using procedure ¢, show that cosn(ng)

exp,, ( %Tmi)—&-expn (— %Tmi)
2

i =

ii.

expn( Tm ) + expn(— Tm 1)
2 2

111. err 5

)

k
eXPn(24Tm7') ( 1(%+%
e [ ))

n

+
+

= M‘s;}- l\?‘@

iv.

+i—k

V.

(b) Hence
ik
2

show that
+ 0.
3. Yield the tuple (a,b,c,d,p).

cosy, ( %Tm)
an
m

(err

Procedure I11:81(3.58)
Objective

Choose an integer K > 0. The objective of the fol-
lowing instructions is to construct rational numbers

112

a,b,c,d, and a procedure, p(n,m, k), to show that
sing, (47,,) = # (err 2 4 ) when an integer
k and two positive integers n,m such that |k| < K,
n > ¢, and m > d are chosen.

Implementation

Implementation is analogous to that of procedure
I11:80.

Procedure I11:82(3.59)
Objective

Choose two integers X > 0, K > 0. The objective
of the following instructions is to construct rational
numbers a, b, ¢,d, and a procedure, p(x,n,m, k), to
show that exp, (z+ 27,,1) = i* exp,, (z) (err 22+ 2)
when an integer k and two positive integers n,m
such that ||z||* < X, |k| < K, n > ¢, and m > d are
chosen.

Implementation

1. Execute procedure I11:74 and let {aq, by, p1) re-

ceive.

Let H = max(X,

K:.l).

Execute procedure I11:36 on (
ba, p2) receive.

H) and let (as,

Execute procedure I11:34 on (X) and let (a3,
bs, p3) receive.

Execute procedure I11:79 on (K) and let (a4,
ba, ca,dy, ps) TECEiVE.

Let a = azay.
Let b = CL2H2 + a3b4.
Let ¢ = max(bs, bs, c4).

Let d = max(by,dy).

© »® 3>

10. Let p(x,n,k,m) be the following procedure:

(a) Show that 7., < ay using procedure p;.
)?.

(¢) Hence using procedures py, ps, ps, show that
exp,, (x + %Tmi)

(b) Hence show that ||§7'mz‘||2 = (Em

4

H2
“)

i. = exp,(&7,1) exp, (z) (err

ii. =" exp,(z) (err as(2 + %))



(d) Hence show that exp,(z + %7,,i)
2
ibk exp,,(x) (err azf +as( +%4)) (err 24
by,
n

11. Yield the tuple (a,b,c,d, p).

aagmn

m

Procedure I11:83(3.89)
Objective

Choose a positive integer K. The objective of the
following instructions is to construct rational num-
bers a, b, c,d, and a procedure, p(n,m, k), to show
that exp,, (£7,,4)% =1 (err “2+ L) when an integer
k and positive integers n,m such that 0 < k < K,
n > ¢, and m > d are chosen.

Implementation

1. Execute procedure I11:74 and let (a1, by, p1) re-
ceive.

2. Execute procedure I11:38 on (Ka1) and let {az,
ba, p2) receive.

3. Execute procedure II1:79 on (4K) and let (as,
b3, c3,ds, p3) Teceive.

Figure III:1

4. Let a = as.

5. Let b =as K + b3.
6. Let ¢ = max(bg, c3).
7. Let d = max(by,ds).

8. Let p(n,m, k) be the following procedure:

(a) Show that 7, < a; using procedure py.

(b) Hence show that ||[K£7,i| = [kr,[? <
(Kal)Q.

(¢) Now using procedures pq,ps, show that
expy, (£ 7 i) K

K
=)

i. = exp, (K £7ni) (err
ii. = exp, (2E7,i)

i, = %% (err w0 4 )

d) Hence show that exp, (£7,i)% =
( P
i** (err % + 9 4 l;—f) (err 2% 4 %)

9. Yield the tuple (a,b,c,d,p).

expan (5 T1001) '

" expo(f5T100)
|

eXP30(1%TIOOi)

exps (15 T1001)

A plot of the list of complex numbers

eXp‘so(TloTlooi)

eXP30(%7'100i)

%7‘1007;) .
measurements are done relative to the
complex number 1, expsq(757100) is

expag (L Notice that when

1

| exp30(16—07'100i)

roughly " of a revolution, and also

that each complex number has an an-
gle that is roughly an integral multiple

®

w ‘

exp30(1—707100i)

!

eXpso(l%Tlooi)

expso (15 71007)

of that of expsq(5T1001)-

Procedure I11:84(3.90)
Objective

Choose a two rationals M, N such that 0 < M
and N2 < 12. The objective of the following in-
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structions is to construct rational numbers a, b such
that @ > 0, and a procedure, p(z,n), to show that
llcosn (x) —1]|> > a? when a rational number x and a
positive integer n such that M < |z| < N andn > b
are chosen.



Implementation
2 2
1. Let a = 2-(1 - 47).

2. Show that a > 0.
3. Let b=4
4. Let p(z,n) be the following procedure:

(a) Using procedure I11:41, show that (cos, (x)—
1)2

(F((1+2Z)m 4 (1

(

)~ 1)2

I\'J‘H

VII

iii. =

(E[O [5]+1] (nr)'( )27‘(_1)7‘ - 1)2

iv. = (E[TLL%J'H] %(%)%(_1)1«)2
gLzl 4r—2
L s DL
Ar x T ’I’Lan xT n
G (") = B (928 [[5) mod 2 =
1])?
; A2
R Hl]m(a)“ (-1 +
n—4ar 2 C
i (2)2)?
s LQ nir=2 e
vii. > (O AR a1
(43«)2(@2))2
i n4r 2 T r—
viil, > (S0 s G (p) =1+
1712x2))2
i 1: 4r—2 e
. 2 (Zv[” (Zr72)!(%)4 (-1 +
2
2)?
nZ iz N2\\2
x. 2 (R =1+ 33))
xi. > (ixQ(_l + %))2
.. 2 2
xil. > (4 (-1+45))
xiii. = a?

5. Yield the tuple (a,b,p).

Procedure I11:85(3.60)
Objective

Choose a positive integer K. The objective of the
following instructions is to construct rational num-
bers a, b, ¢ such that a > 0, and a procedure, p(n,

(Z[O n+1] %(%)r T+Z[o in+1] pt (a:) (—i)")—
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m, k), to show that |lexp,, (£7,4) — 1| > a? when
an integer k and positive integers n,m such that
0< |kl < %, n > b, and m > ¢ are chosen.

Implementation

1. Execute procedure I11:74 and let (a1, ¢, p1) re-
ceive.

2. Show that (%)% < 12.

3. Execute procedure III:73 and let (ag,ps) re-

ceive.

4. Show that as > 0.

5. Execute procedure I11:84 on (%, %) and let

(a, b, p3) receive.
6. Show that a > 0.

7. Let p(n,m, k) be the following procedure:

(a) Show that 7 I | < % given that 1 < |k] <
K
?.

(b) Hence show that 0 < 22 < %Tm < ‘—?Tm <

Tm < % using procedures p; and ps.

N

Tm) — 1)2 > a? us-

()

Hence show that (cos, (£
ing procedure ps.

(d) Using procedure IIT:41,  show that
llexpy, (7 7md) — 112
i. > re(exp, (£Tpi) — 1)
ii. = (COSH(%Tm) —1)2

8. Yield the tuple (a,b,c,p).

Procedure I11:86(3.61)
Objective

Choose a positive integer K. The objective of the
following instructions is to construct rational num-
bers a, b, ¢ such that a > 0, and a procedure, p(n, m,
j. k), to show that ||exp,, (£ 7ni) — exp,, (£ 7mi)||? >

a? when positive integers n ,J, k, m such that -K <
JSk<K,0<k-j<3 K n>b and m > c are
chosen.



Implementation

1. Execute procedure I11:74 and let (ay, b1, p1) re-

ceive.

Execute procedure II1:35 on (a;) and let (as,
by, p2) Teceive.

Execute procedure II1:85 on (K) and let (as,
b3, c3,p3) receive.

. Execute procedure I11:36 on (a;) and let {(aq4,
by, py) receive.

5. Let a = %0@(13.
6. Let b= max(2a4a1 ,bs, by, bo).
7. Let ¢ = max(by, c3).

8. Let p(n,m, j, k) be the following procedure:
(a) Show that ||%||2 <1
. given that —1 < & <1

ii. given that —K < j < K.

9. Yield the tuple (a,b,c,p).

Procedure I11:87(3.62)
Objective

Choose a positive integer K. The objective of the
following instructions is to construct rational num-
bers a, b, ¢ such that a > 0, and a procedure, p(n, m,
j. k), to show that |exp,, (£ 7ni) — exp, (£ Tmi)|? >
a®? when positive integers n,j, k,m such that 0 <
j§k<K,%Sk—j<K,n2b,and%anre
chosen.

Implementation

1. Execute procedure I11:86 on (K) and let (aq,
b1, c1,p1) receive.

. Execute procedure I11:74 and let (ag, ba, pa) re-
ceive.

Execute procedure I11:82 on (as, 4) and let (a3,
bs, cs, ds, p3) receive.

(b) Hence show that ||&7,il|* = || &[?|7m]]* < L o
|7 |I? < @12 using procedure p;. - Leta=3za.

(c) Hence show that [[exp,, (£ 7mi)||? > a2? > 0 5. Let b = max( ,b1,c3).
using procedure ps.

& . ) 6. Letc—rnax(41 ,Tl,bf,df’)

(d) Hence show that |lexp,, (527,6) — 1)2 > ‘ .
az? > 0 using procedure ps. 7. Let p(n,m, j, k) be the following procedure:

(e) Show that |%z7,i|? < | Kﬂ|| [ 7m]2 < (a) Show that —& <k - K <j< &

2 2 o 1
[7m[? < a2® given that 0 < £t < 3. (b) Also show that 0 < j — (k — K) < %.
2

(f) Show that n > > 2(147“; (c) Show that m >cn > Sb = cy.

(2) Hence show that [lexp,, (%72 ijZ)eXPn( - Tind) — (d) Hence  show that lexpy, (& Tmi)
exp, (Kt < Sl TP UR T < exp, (AR )| 2 r? using procedure pi.
a4n7‘211 < (92822 using procedure py. (¢) Show that m > cn > %2b = by,

(h) Hence using procedure III:19, show that (f) Hence show that 7, < as using procedure
HeXPn( Tmi) — eXpn( TmZ)H pa.

L= k_J”eXpn( Tml + KTmZ)J (g) Hence show that |7, = |4 |? ||| <
eXpn(T ml )expn( Tm2)+€Xpn( TmZ) eXpn( Tml}|’7'm||2 < a22.
exp,, (L 7mi) ||
p"(K ol (h) Also show that m > cn > d—b?’b = ds.
S k—j .
ii. = ex Tmi)(exp,, (S22 Tmi)  —
lexp, (¢ ) (eXPn K™ ) (i) Hence show that |[[i~*exp,(£7ni) —
- (G‘Xpn( Tmz oo - ex (kT i—2r i)|* < (M+b—3)2 < (9)?
k=j 2 Pn m 4'm = \m n —\2
expn( Tm) expn( 7))l using procedure ps.
.... > _ asas 2 ) '
iii. > (apaz — 222) (j) Now  show  that |[lexp,(£7ni)
iv. > a2, exp,, (F7md)|*
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expn( Tl — Tmt) +

I

L= [lexp, (£ 7mi) —
expn( KK’Tml) exp,, (& Tmi)

—K HQ _

i. > 3 ||expn(

llexp, (7 Tm%)

Tml) — expn( Tmz)
expn( Tl — TmZ)H2

ii. > 5(112 — (%1)2
iv. > a2,

8. Yield the tuple (a,b,c,p).

Procedure I11:88(3.63)
Objective

Choose a positive integer K. The objective of the
following instructions is to construct rational num-
bers a, b, ¢ such that a > 0, and a procedure, p(n, m,
j, k), to show that |lexp,, (£7,,i) — exp, (£ Tmi)||? >
a’® when positive integers n, j, k,m such that 0 <
j§k<K,0<k—j<K,n2b,and%zcare
chosen.

Implementation

1. Execute procedure IT1:86 on (
b1, c1,p1) receive.

K) and let (aq,

2. Execute procedure I11:87 on (K) and let {as,
by, ca, pa) Teceive.

Let a = min(ay, as).

>

Show that a > 0.

ot

Let b = max(by, by).
6. Let ¢ = max(F,c2).
7. Let p(n,m, j, k) be the following procedure:
(a) If k — j < &, then do the following:

i. Show that m > en > SLb = ¢1.

ii. Hence show that ||expn( Tmi) —
exp,, (% TmZ)HQ > a; > a using proce-
dure p;.

(b) Otherwise if k —j >
ing:

%, then do the follow-

. Show that ||expn( Tint)—exp,, (& 7)1

as > a using procedure D2.

8. Yield the tuple (a,b,c,p).

Declaration I11:20(3.34)

The phrase ”complex polynomial” will be used to
indicate that the declarations and procedures per-
taining to polynomials are being used but with the
provison that all uses of rational numbers therein
are substituted with uses of complex numbers.

Procedure I11:89(3.64)
Objective

Choose a positive integer K. The objective of the
following instructions is to construct rational num-
bers a, b, ¢, d, and a procedure, p(n, m), to construct
a list of complex numbers 2z and a list of complex
polynomials ¢ such that,

1.z = expn(K_]’(“_lei) for k€ [0: K]
2. qx = \E —
=R
(A —zk)aqk + A(qr+1,2x) for k € [0 : K]

3
4. q;€+1 =
5. (qk)deg(qe) = 1 for k € [0: K +1]
6

- M(qr,zj) =0 (err 2% +
kel0: K+1]

2) for j € [0 : k], for

when two positive integers n, m such that n > ¢ and
o > d are chosen.

Implementation

1. Execute procedure I11:83 on (K) and let (aq,
b1, c1,d1,p1) Teceive.

2. Execute procedure III:88 on (
ba, c2,p2) receive.

K) and let (ag,

Let a = max(1, 2)K

) ag ai.

Let b = max(1, —)Kb1
Let ¢ = max(cy, b).

Let d = max(dy, c2).

N otk W

Let p(n, m) be the following procedure:
(a) Let qx = A\E — 1.

(b) For k € [K : 0], do the following:

K_I’;_ITmi).

ii. Now show that [|A(qx,21)[]? < (&2 +

m

i. Let z; = exp,,(

b1)2 ysi
"1)* using procedure p;.



(c) For k € [K : 0], do the following:
i. Let qx = qry1 div(h — zg).

ii. Let rp = qr41 mod (A — z).

iii. =

Show that deg(ry)
deg(ry) < deg(A — z) = 1.

0 given that

iv. ShOW that 1 = (qk+1)deg(qk+1) = (()\ —
Zk)Qk +Tk)deg(qk+1) = (qk)deg(qk) given
that g1 = (A — zi)qk + 7%

v. Show that gri1 = (A — 2k)qr + A(qr+1,
z) given that A(gri1,2r) = A\ — 2k,
2e) Mg, 21) + A(re, 26) = (2 — 21) A,
Zk) + 71y =Tk

vi. Execute the subprocedure I11:90:0

on (k,qxy1,2).

(d) Now using (cv), verify that (A—1) ZE,O:K} AT
4K
(A —zr-1)gx -1 + AMgx, 2K 1)
(A= Dgr—1 +ANK —1,1)
(A= Dgr-1.

(e) Hence show that 2" \r = ¢ ;.

(f) Yield the tuple (z,q).
8. Yield the tuple (a,b,c,d,p).

i =
ii. =
iii. =
iv. =

Subprocedure 111:90:0

Objective Choose a non-negative integer k, a
complex polynomial gi11, and a list of complex
numbers z such that z; = exp,, (% 7,i) and A(ge11,
25) = 0 (err (2)K (D (L b)) for j € [k+1:0].
Let gr = qg41div(A — z). The objective of the
following instructions is to show that A(g,z;) =
0 (err (Z)K-k(mn 4 by (ery 92 4 D) for j € [k : 0]

a m

Implementation
1. For j € [k : 0], do the following:

(a) Show that A(qrt1,25) — A(qrt1,26) = (25 —
zk)A(gk, zj) given that A(gr+1,2;) = AN —
2k, 25)M(qr, 25) + A(qrs1, 2x)-

(b) Show that [|z; — z¢||* > a2? using procedure
b2 (n7 m, min(jv k)v max(j, k))

(c) Hence show that as?||A(qg, z;)||?

i<z — 2l 1A (gr: 25) 12
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—-
jan

o= (z — z1) Mgk, 25) |1

—-
—-

i I

- = A (qry1,25) — Agrat, 2x)

i —k—1/ain | b —k—1/ain
v, < ((Z)Fh (a4 (2) KR (g
)2
— 2 \K—k—1(ain b1\\2
vo=QRE)ETTER )
vio = ao®(Z) TH R 4+ )%
(d) Hence show that [A(gy.2)|* <
(G < (G +2)

Procedure I11:90(3.65)
Objective

Choose a rational number X and a positive in-
teger K. The objective of the following instruc-
tions is to construct rational numbers a, b, ¢, d, and
a procedure, p(x,n,m), to show that Z[TO:K] f—
HE}:K] (z — exp, (% Tmi)) (err “2 4+ 2) when a com-
plex number = and positive integers n,m such that
n>c¢, ™ >d, and [|z|* < X are chosen.

Implementation

1. Execute procedure ITI:89 on (K) and let (aq,

by,c1,d1,p1) receive.

Execute procedure I11:74 and let {(ag, ba, p2) re-
ceive.

Execute procedure I11:34 on {(ay) and let (a3,
bs, p3) receive.

Let l — LO:K—l] H‘[yk+1K71] (X + ag).
Let a = aql.
Let b = b1l.

Let ¢ = max(cy, b3).

Let d = max(dy, b2).

© ® N e

Let p(z,n, m) be the following procedure:
(a) Show that 7., < ag using procedure ps.

(b) Execute procedure p; on (n,m) and let (z,t)
receive.

(c) For j € [1: K], do the following:

i. Show that H%TmiH?

112 l7ml® <
[T |* < a.



ii. Hence show that ||2;]|2 = [lexp,, (& 7mi)||? <
a3 using procedure ps.

(d) Hence show that ||Z[TO:K] " — H[TLK](JS

)
= A A 2) — T @ = 2|2
i = [Altr—1,2) — [[55) (@ — 2,2
i = AT O = ) + 0 At

zkmﬁ-’“*“‘ T = 2)2) - [T @
)12

iv. = [T U@ — ) + S0 At

%)Hﬁ’““K U —2p) =TI (@ — 2,12

vo = IS A, ) T @ —
212
Vi S (ZLOK 1](a7lnn + %) Hgk—i_l:K_l](X +
as))?
vii, = (( ﬁ) E;K 1]Hk+1K 1]( X +
2

as))
viil, = (22 + 2)2,

10. Yield the tuple (a,b,c,d, p).

Procedure I11:91(3.66)
Objective

Choose a rational number X and a positive in-
teger K. The objective of the following instruc-
tions is to construct rational numbers a, b, ¢, d, and
a procedure, p(z,n,m), to show that z% — 1 =
H[O Kl (z — exp,, (% Tmi)) (err “2 4+ 2) when a com-
plex number x and positive integers n, m such that
n>c, 2 >d, and [|z|> < X are chosen.

Implementation

1. Execute procedure III:90 on (X, K) and let
(a1,b1,¢,d, p1) receive.

2. Let a= (X + 1)ay.
3. Let b= (X +1)b;.
4. Let p(x,n,m) be the following procedure:

(a) Show that X Fgr — I
exp,, (£ 7mi))|? < (42 4 %)% using pro-
cedure D1.

118

(b) Hence show that |zX — 1 — [["%(z —

s

Xy (5 Tmd))||2
= |z - )Z[OZK] e — (¢ — DM@
expn< Tomd))||2

i = flz — 122" — M@ -
exp, (E7md))||2

<X+ 1R+ B2

iv. = (22 4+ 2)2.

m n

5. Yield the tuple (a,b,c,d,p).

Procedure I11:92(3.67)
Objective

Choose a rational number X and a positive integer
K. The objective of the following instructions is
to construct rational numbers a, b, c,d, and a pro-
cedure, p(x,n,m), to show that expy(z) — 1 =

1:K
xHL ](1 — —(expw(z o 1)) (err % 4
complex number z and positive 1ntegers n, m such

that n > ¢, 2 > d, and [|z[|* < X are chosen.

2) when a

Implementation

1. Execute procedure 11I:91 on (1 + %, K) and
let (a1, b1,c1,d1,p1) receive.

2. Execute procedure I11:90 on (1, K) and let {(az,
by, c2, da, pa) Teceive.

3. Execute procedure II11:88 on (K) and let (as,
b3, c3,p3) receive.

Let I = X(1+

X yE-1
Kag :
Let a = a1 + las.
Let b= by + 1bs.

Let ¢ = max(cy, ¢, bs).

Let d = max(dl, dg, 63).

© 0 N e oe

Let p(x,n,m) be the following procedure:
(a) Show that [|1+ &[> < (1+ %)2

< (242 wsing pro-

(b) Hence show that ||(14 %)K
£ —exp, (F7mi))|1?
cedure p;.

show that | K H[I:K}(l

(c) Hence - 1L
mi)) [P = S = I -

exp,, (%



exp, (& 7mi))||? < (%22 + 92)2 using proce-

dure ps. "
(d) For j € [1: K], do the following:

i. Show that Hexpn(%ﬂni) — 1|2 > a3? using
procedure ps.

ii. Let z; = K(exp,(£Tmi) — 1).
(e) Hence show that |[expy () —1—=z HE:K](l_
I
i = Jewg(x) - 1 - [["0 + £ -
exp,(£mmi) + [IVMQ + 2 -
expy (Fe7mi)) = 2 [ = 22

i = Jexpr(@) — 1 - [IVM0 + £ -
exp, (L)) + TN + 2 -
exp,, (L7mi) — 2 T - 22

i = Jexpr(@) — 1 - TIVFa 4+
o ew(fmad) + I
exp, (£ 7mi)) [I (1 - 2) —2 [T
2|2

iv. = llewpg(@) — 1 — T[990 +
L exp,(Bad) + 210N

1:K
ST — exp, (Z7mi) — K)|?

vo < (a4 by X o)) (2
bay)2

Vi, = (L2 4 b) 4 X(14 ) KT (2 b2

vil, = (92 4 £)?

10. Yield the tuple (a,b,c,d, p).
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Part IV

Differential Arithmetic
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Chapter 13

Differential Arithmetic

Procedure IV:0(tue2008191129)
Objective
Choose the following;:

1. A procedure ¢i(z,n) to show that p,(z) =
0 (err a;) when a complex number = and a
positive integer n such that P(z) and n > ¢
are chosen.

2. A procedure go(x,n) to show that ¢,(z) =
0 (err az)? when a complex number x and a
positive integer n such that R(z) and n > ¢y
are chosen.

The objective of the following instructions is to con-
struct the following:

1. Rational numbers ag, bs.

2. A procedure ¢s3(z,n) to show that p,(z) +
tn(x) = 0 (err az) when a complex number z
and a positive integer n such that P(x), R(z),
and n > bz are chosen.

Implementation
1. Let az3 = a1 + as.
2. Let bg = max(cq, c2).

3. Let g3(x,n) be the following procedure:

(a) Show that p,(x) = 0 (err ay) using proce-
dure q;.

(b) Show that t,(z) = 0 (err az) using proce-
dure ¢o.

(c¢) Hence show that p,(z)+t,(z) =0 (err a3 +
as) (err ag).
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4. Yield the tuple (a3, b3, q3).

Procedure IV:1(tue2008191139)
Objective
Choose the following;:

1. A procedure ¢i(z,n) to show that p,(z) =

0 (err a;) when a complex number z and a
positive integer n such that P(z) and n > ¢;
are chosen.

. A procedure ga(x,n) to show that ¢,(z) =

0 (err az) when a complex number z and a
positive integer n such that R(x) and n > ¢y
are chosen.

The objective of the following instructions is to con-
struct the following:

1. Rational numbers as, bs.

2. A procedure gs(x,n) to show that

Pn(x)tn(z) =0 (err az) when a complex num-
ber = and a positive integer n such that P(z),
R(z), and n > bz are chosen.

Implementation

Implementation is analogous to that of procedure
IV:0.

Declaration IV:0(tue2008190516)

The notation {z}, where x is a complex number, will
be used as a shorthand for |re(z)| + |im(z)]|.



Procedure IV:2(tue2008190655)
Objective

Choose a complex number a such that {a} = 0. The
objective of the following instructions is to show that
a=0.

Implementation

1. Using declaration IV:0, show that |re(a)| +
lim(a)| = 0.

2. Hence show that re(a) =0
(a) given that |re(a)] =0

(b) given that 0 > |re(a)] >0
(c) given that |im(a)| > 0.
3. Also show that im(a) =0
(a) given that |im(a)| =0
(b) given that 0 > |im(a)| >0
(c) given that |re(a)| > 0.

4. Hence show that a = 0.

Procedure IV:3(tue2008190520)
Objective

Choose a complex number a and a rational number
b. The objective of the following instructions is to
show that {ba} = |b|{a}.

Implementation

1. Using declaration IV:0, show that {ba}

(a) = [re(ba)| + |im(ba)]

(b) = [pre(a)] + [bim(a)]
(¢) = [bl(Jre(a)] + [im(a)])
(d) = [bl{a}.

Procedure IV:4(tue2008190540)
Objective

Choose two complex numbers a,b. The objective of
the following instructions is to show that {a + b} <

{a} + {b}.
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Implementation

1. Using declaration IV:0, show that {a + b}

(a) = [re(a +b)[ + [im(a + b)|

(b) = [re(a) + re(b)| + [im(a) + im(b)|
(¢) < lre(a)] + |re(b)] + [im(a)| + [im(b)]
(d) = {a} +{b}.

Procedure IV:5(tue2008190546)
Objective

Choose two complex numbers a,b. The objective
of the following instructions is to show that {ab} <

{a}{b}.

Implementation

1. Using procedure IV:4, show that {ab}

(a) = {(re(a) +im(b)i)b}
(b) = {re(a)b + im(a)bi}
(¢) <{re(a)b} + {im(a)b}
(d) = (|re(a)| + [im(a)[){b}
(e) = {a}{0}

Procedure IV:6(tue2008190632)
Objective
Choose a complex number a. The objective of the
following instructions is to show that ||a||? < {a}?.
Implementation

1. Using procedure I11:18, show that ||a||?

(a) = [lre(a) + im(a)i]?

(b) < (Ire(a)| + [im(a)[)*

(c) ={a}*.

Procedure IV:7(tue2008190639)
Objective

Choose a complex number a. The objective of the
following instructions is to show that {a}? < 2|a|?.



Implementation
1. Show that 2||al|? — {a}?
2re(a)? + 2im(a)? — (|re(a)| + |im(a)|)?

2re(a)® + 2im(a)® — re(a)?
2|re(a)||im(a)| — im(a)?

re(a)? — 2|re(a)||im(a)| + im(a)?

[re(a)] — [im(a)|)?

2. Hence show that {a}? < 2||a|?.

Declaration IV:1(3.29)

The notation A7_ f(z), where z,z are complex

numbers such that z # 0 and f[x] is a function of z,

will be used as a shorthand for M

Procedure IV:8(3.83)
Objective

Choose two functions f[z],g[z] and two complex
numbers y, z such that z # 0. The objective of the
following instructions is to show that A7_, (f(z) +

9(x)) = Ai_y f(x) + AL, g(@).

Implementation
1. Show that A7_ (f(z) + g(z))

_ (fw+a)+gy+2)-(F W) +9(¥))

(b) = flyt2)=fly) | 9y+2)—9(w)

ALy fl2) + A%, 9(2).

Procedure I1V:9(3.84)
Objective

Choose a functions f[x] and complex numbers a,
y,z such that z # 0. The objective of the fol-
lowing instructions is to show that A7_ (af(x)) =

alAi_, f(x).

Implementation

1. Show that AZ

r=y

(af(z))

(a) = afltz)-ai@)

(b) = oyt =I ()
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(¢) =ali, f(x).

Procedure IV:10(mon1908191506)
Objective
Choose the following:

1. A procedure go(z,n) to show that p! (x)
0 (err ap) when a complex number z and a
positive integer n such that P(z) and n > by
are chosen.

A procedure g¢i(z,n,d) to show that
AR pn(y) = Pl () (err 2 +b1{6}) when two
complex numbers x, d and a positive integer n
such that P(z), n > by, and 0 < [|§]|? < ¢12
are chosen.

A procedure ga(z,n) to show that t/ (z)
0 (err az) when a complex number z and a
positive integer n such that R(x) and n > by
are chosen.

A procedure g3(z,n,0) to show that
AR ta(y) = ), () (err % + b3{6}) when two
complex numbers x,d and a positive integer n
such that R(z), n > by, and 0 < [|6]|? < c32
are chosen.

The objective of the following instructions is to con-
struct the following:

1. Rational numbers ay, b4, as, b5, c5.

2. A procedure gq4(z,n) to show that p] (x) +
t!.(x) = 0 (err ag) when a complex number z
and a positive integer n such that P(x), R(z),
and n > by are chosen.

A procedure gs(z,n,0) to show that
A2 (pn(y) +ta(y)) = ph (@) +1,(2) (err %+

b5{d}) when two complex numbers z,d such
that P(z), R(x), n > by, and 0 < ||6]|* < c5.
Implementation
1. Let a5 = a1 + as.
2. Let b5 = by + bs.

3. Let g5(x,n,d) be the following procedure:

(a) Show that AS2 p.(y) = p),(z) (err % +
b1{0}) using procedure ¢;.
(b) Show that AfS t,(y) = t,(z) (err % +

b3{d}) using procedure gs.



(c) Hence using procedure IV:8, show that

AFZ (P (y) +ta(y))
=A% pn(y) + A2, tn(y)
i, = pl,(z) + Af2,ta(y) (err 2+ b1 {0})
iii. =p),(x)+t,(x) (err 52 + b3{d})
(d) Hence show that A2 (p,(y) + tn(y))
P(x) + 15, (x) (err S +b5{0}).
4. Let g4(x,n) be the following procedure:

(a) Show that p/,(z)
dure qq.

0 (err ap) using proce-

(b) Show that ¢/, () = 0 (err az) using proce-
dure ¢o.

(c¢) Hence show that p/, (z)+t,, ()
02).

=0 (err ap+

5. Yield the tuple (a4, by, a5, bs, 5,44, G5)-

Procedure IV:11(sat0308191134)
Objective
Choose the following:

1. A procedure qo(z,n) to show that p/, (z) =
0 (err ap) when a complex number = and a
positive integer n such that P(z), and n > by
are chosen

. A procedure ¢i(z,n,d) to show that
A2 pn(y) = p), () (err 2 +b1{0}) when two
complex numbers z,d and a positive integer n
such that P(z), n > by, and 0 < ||6]|*> < ¢12
are chosen

A procedure g2(z,m) to show that ¢ (x)
0 (err az) when a complex number = and a
positive integer n such that R(x), and n > by
are chosen

A procedure g¢s3(z,nm,0) to show that
AF2 ta(y) = t),(x) (err 2 + b3{6}) when two
complex numbers x, § and a positive integer n
such that R(z), n > by, and 0 < [|6]|? < c32

are chosen

A procedure g4(x,n) to show that P(t,(z))
when a complex number x and a positive in-
teger n such that R(x) and n > by are chosen

The objective of the following instructions is to con-
struct the following:
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1. Rational numbers as, b5, ag, bg, Cs.

2. A procedure gs(x,n) to show that
Pl (tn(x))th () = 0 (err as) when a complex
number x such that R(z), and n > b5 are
chosen.

. A procedure gg(x,n,0) to show that
AT pa(ta(y)) = B(tn(2))t,(2) (err % +
b6{5}) when two complex numbers z, dz such
that R(z), n > bs, and 0 < [|§]|* < c6? are
chosen.

Implementation
1. Let a5 = agas.

2. Let b5 = max(bg, ba).

3. Let ag = a1as + a1as + agas.

4. Let bg = a1bg + bras + 2b1bscg + bras + agbs.

5. Let ¢g = min(cs, M)

6. Let g5(x, n,d) be the following procedure:

(a) Show that P(t

(b) 1t A2,

i. Show that t,(z + §) = t,(z) given that
tn(x +9) —tn(x) =06 = 0.

n(2)) using procedure g¢4.

t,(y) = 0, then do the following:

ii. Hence using procedures qg, ¢3, show that
AF2pn(ta(y))

A, = Paltalat8)=pu(tn(a)
B. = Ealta(@)-palta(e)
C. =0

D. = AJ2 tn(y)pn (tn(2))
E

- =t (@) (ta(x)) (err ao( + b3{d})).
(¢) Otherwise do the following:

i. Using procedures ¢s,q4, show that
+4

A. =t (x) (err %2 4 b3{d})

B. =0 (err as).

ii. Show that {6} < 2¢¢ < 2e¢3 given that
[0 < 2061 < 4eg?.

iii. Show that ¢, (z + J) — t,(x)
A=At (y)0



B. =00 (err (% +b3{0} + a2)cg) (err (az+
2bscs + asz)cg) (err ¢q).

iv. Hence using procedures qg,q1, show that

n(xz+8)—tn(z
Ai:(tntw; ol )pn<Z)

A. =p),(tn(x)) (err % 4 b1{0})
B. =0 (err ag).
v. Hence show that AS2 p, (t,(y))

A= ALy ) A 1 (y)
B.= g (ta(@)Afta(y) (e (2 +

bASHE + by 8] T a2)
C. =py (tn(x))ty,(z) (err ag(% + b3{0})).

(d) Hence show that A;impn(tn(y))
P (tn (@)t (x) (err ¢ + bs{0}).

7. Let gg(x,n) be the following procedure:

Show that P(t,(x)) using procedure gy.

Show that p!,(t,(x)) =0 (err ag) using pro-
cedure qp.

Show that ¢/ (z) = 0 (err as) using proce-
dure ¢o.

Hence show that
0 (err agaz) (err as).

Pr(tn ()7, (2)
8. Yield the tuple <a5, b5, aeg, bﬁ, Cg, (g5, q6>.

Procedure IV:12(tue2008191001)
Objective
Choose the following;:

1. A complex number B

2. A procedure ¢i(z,n) to show that pl (z)
0 (err a;) when a complex number z and a
positive integer n such that P(z) and n > b;
are chosen.

3. A procedure g2(z,n,0) to show that

ASS pn(y) = p(x) (err %2 + by{6}) when two
complex numbers x,d and a positive integer n
such that P(z), n > by, and 0 < [|6]|? < c?

are chosen.

The objective of the following instructions is to con-
struct the following:

1. Rational numbers ag, b3, a4, by, C4.
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2.

A procedure g3(z,n) to show that Bpl (x)
0 (err az) when a complex number z and a
positive integer n such that P(z) and n > b3
are chosen.

A procedure g4(xz,n,0) to show that
AL (Bpa(y) = Bply() (e % + by{s})
when two complex numbers x,0 and a pos-
itive integer n such that P(z), n > b3, and
0 < [|6]|* < ¢4? are chosen.

Implementation
1. Let a5 = {B}a;.
2. Let b3 = by.

&S ok W

Let ay = {B}as.
Let b4 = {B}bg
Let ¢4 = co.

Let g3(x,n) be the following procedure:

(a) Show that p] (x) = 0 (err ay) using proce-

dure q;.

(b) Hence show that Bp/, () = 0B (err {B}ay) (err a3).

7.
(a)

Let g4(x,n,0) be the following procedure:

Show that AS2 p,(y) = p'(z) (err %2 +
ba{d}) using procedure gy.

(b) Hence show that BAS? p,(y) = Bp'(z)

8.

i (err {B}(%2 +by{0}))
i, (err 22 + by{d}).

Yield the tuple (a3, b3, as,bs; ¢4, g3, q1)-

Procedure IV:13(mon1908191207)
Objective

Choose the following;:

1.

. A procedure q;(z,n) to show that p/ (z)

A procedure go(z,n) to show that p,(x) =
0 (err ap) when a complex number z and a
positive integer n such that P(z) and n > by
are chosen.

0 (err a;) when a complex number z and a
positive integer n such that P(x) and n > by
are chosen.



3. A procedure g2(z,n,0) to show that
AFS pn(y) = Pl () (err 22 4 b5{5}) when two
complex numbers x,J and a positive integer n
such that P(z), n > by, and 0 < [|6]|? < co?
are chosen.

4. A procedure gs3(z,n) to show that t,(z) =
0 (err az) when a complex number z and a
positive integer n such that R(z) and n > b
are chosen.

5. A procedure g4(x,n) to show that ¢/, (z) =
0 (err a4) when a complex number z and a
positive integer n such that R(z) and n > b3
are chosen.

6. A procedure g¢s(z,n,0) to show that
AF2 ta(y) = t),(x) (err % + b5{6}) when two
complex numbers x,d and a positive integer n
such that R(z), n > b3, and 0 < [|0]|? < e52

are chosen.

The objective of the following instructions is to con-
struct the following:

1. Rational numbers ag, bg, a7, b7, c7.

2. A procedure g¢(z, n) to show that p, ()¢, (z)+
ph(x)tn(z) = 0 (err ag) when a complex num-
ber x and a positive integer n such that P(z),
R(z), and n > bg are chosen.

3. A procedure qr(z,n,d) to show that
A;iw(pn(y)tn(y)) = po(@)t,(z) +
Py (x)t () (err 5T +b7{d}) when two complex
numbers z,d such that P(z), R(z), n > bg,
and 0 < ||6]|? < ¢7? are chosen.

Implementation
1. Let ag = agaq + aias.
2. Let bg = max(bg, bs).
3. Let ay = 0.
4. Let by = (a5 + bscr + aq)(ag + bacy + aq).
5. Let ¢; = min(cg, c5).
6. Let g7(x,n,d) be the following procedure:

(a) Show that {6} < 2c7 given that {0}? <
2||8]2 < 4er?.

(b) Hence using procedures go,q1, show that
AF2pa(y)

i. = pp(z) (err 22 4 by{0})

iil. =0 (err aq).
(c) Hence using procedures gs,qs4, show that
5
AT tn(y)
i. =t (z) (err 2 +b5{0})
ii. =0 (err ay).
(d) Show that p,(x) = 0 (err ag) using proce-
dure qq.

(e) Show that t,(x) = 0 (err ag) using proce-
dure ¢s.

(f) Hence show that A2 (p,(y)tn(y))

y=x
L =pnz+ 6)Az/_ixtn (y) +tn (:C)A;_:‘sxpn(y

)
= (pa(x) + AL, pa(y) A2 tn(y) +
tn(2) A2, pn(y)
il = po(2) A2t (Y)+0A 2,00 (Y) A S tn (y)+
n(@)AF2,pn(y)

iv. = pa(@)A2,tn(y) + 06AS2, ply)
tn(@) A2, pn(y) (err (§ + bs{d}
as){6} (52 + b2{0} + a1))

(g) Hence show that A (p.(y)tn(y)) =
Pu(@) A2t (y) + ta () AL Do (y) (err 2+

b7{d}).

7. Let go(x,n) be the following procedure:

ii.

~

_|_
+

(a) Show that p/,(z) = 0 (err ay) using proce-
dure q;.

(b) Show that ¢/, (z) = 0 (err a4) using proce-
dure qq4.

(¢) Show that p,(x) = 0 (err ag) using proce-
dure qq.

(d) Show that ¢,(x) = 0 (err ag) using proce-
dure ¢s.

() Hence show that p,(2)t,(z) +
Pl ()t (x) =0 (err apayg + ajag) (err ag).

8. Yield the tuple (ag, bs, a7, b7, c7, g6, q7)-

Procedure IV:14(fri2308191803)
Objective
Choose the following:

1. A procedure go(z,n) to show that p! (x) =
gy, () (err 92) when a complex number x and



The

a positive integer n such that P(z) and n > by
are chosen.

A procedure ¢i(x,n) to show that p/ (x)
0 (err a;) when a complex number = and a
positive integer n such that P(z) and n > b;
are chosen.

A procedure ¢z(z,m,0) to show that
AF2 pn(y) = Pl () (err % +by{6}) when two
complex numbers x,d and a positive integer n
such that P(z), n > by, and 0 < ||§]|? < c2?
are chosen.

objective of the following instructions is to con-

struct the following:

1
2

. Rational numbers as, b3, a4, b4, c4.

. A procedure gs(z,n) to show that ¢,(x)
0 (err ag) when a complex number = and a
positive integer n such that P(z) and n > bs
are chosen.

A procedure q4(z,n,0) to show that
A2 pn(y) = d),(x) (err % +by{0}) when two
complex numbers x, § and a positive integer n
such that P(z), n > bz, and 0 < ||§]|> < ¢4?
are chosen.

Implementation

1
2
3

S Ot

. Let a3 = ag + a;.

. Let b3 = max(bg, b1).
. Let agy = ag + as.

. Let by = bs.

. Let ¢4 = ¢o.

. Let g3(z,n) be the following procedure:

(a) Show that p; () = q;,(z) (err 42) using pro-

cedure qp.

(b) Show that p/ () = 0 (err a1) using proce-

7

dure q;.

(c) Hence show that ¢, (z) =0 (err as).

. Let g4(z,n,d) be the following procedure:

(a) Using procedures qo,q2, show that
AL pn(y)
i. = pp(z) (err %2 4 by{0})

ii. = ¢, (z) (err
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(b) Hence show that A;ixpn (y) = ¢, (x)
L2+ bo{d} + 52)
%+ by{0}).

8. Yield the tuple (as, b3, a4, ba, 4, q3,qa)-

i. (err

ii. (err
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Procedure IV:15(tue2008191151)
Objective

Choose a complex number B and a rational number
D > 0. The objective of the following instructions is
to construct rational numbers a, b, ¢, d, a procedure
p(z,n) to show that 0 = 0 (err a) when a complex
number x and a positive integer n such that n > d
are chosen, and a procedure ¢(z,n,d) to show that
A;‘in =0 (err 2 + ¢{6}) when in addition a com-
plex number § such that 0 < ||§]|? < D? is chosen.

Implementation
1. Leta=b=c=d=0.
2. Let p(x,n) be the following procedure:
(a) Show that 0 =0 (err a).
3. Let g(x,n,d) be the following procedure:
(a) Show that AJ2 B =0 (err £+ c{6}).
4. Yield the tuple (a,b,c,d,p,q).

Procedure IV:16(tue2008191209)
Objective

Choose a positive integer N and positive rational
numbers X, D. The objective of the following in-
structions is to construct rational numbers a, b, ¢, d,
a procedure p(z,n) to show that NzV¥ =1 =0 (err a)
when a complex number z and a positive integer
n such that [|z]|> < X? and n > d are chosen,
and a procedure ¢(z,n,6) to show that A2 yN =
NzN=1 (err 2 + ¢{6}) when in addition a complex
number § such that 0 < ||6]|> < D? is chosen.
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Implementation
1. Let a = NXV-L
2. Let b=d=0.

3. Let ¢ = Y10V -1

! (JTY) XrDN-r-2
4. Let p(z,n) be the following procedure:

(a) Show that NaV-1 = 0 (err NaM-1)
(err NXN=1) (err a).

5. Let g(x,n,d) be the following procedure:
(a) Show that AJ2 yN = NzN~1

i. (err M — NzN-1)

(err JEPN (arar — o) -
Nz~

~—

iii. (err ZE,O:N] (M)argN—r=t — NgN-1)
(err §(LION T (V) groN—r=2))
v. (err 2 +¢{d}).

6. Yield the tuple (a,b,c,d,p,q).

iv.

Procedure IV:17(tue2008191254)
Objective

Choose two rational numbers X > D > 0. The ob-
jective of the following instructions is to construct
rational numbers a,b,c,d, a procedure p(x,n) to
show that —% = 0 (err @) when a complex num-
ber 2 and a positive integer n such that |z|* > X2
and n > b are chosen, and a procedure ¢(z,n,d) to



show that A;‘im; = —L (err £ +d{6}) when in ad-
dition a complex number § such that 0 < ||§]|? < D?

is chosen.

Implementation
1. Let a = %
2. Let b=c=0.
3. Let d = m.

4. Let p(xz,n) be the following procedure:
(a) Show that 5 =0 (err %) (err o) (err a).
5. Let g(x,n,d) be the following procedure:

(a) Show that A} L= —

1
y=zy P
i

ii.

iii.
: o)
v. 2 (z+9) )

{5} )
X2(X—-D)

(err £ +d{d}).
Yield the tuple (a,b,¢,d,p,q).

v. (err

vi.

Procedure IV:18(tue2008191341)
Objective

Choose a positive integer N and positive rational
numbers X < Y. The objective of the following
instructions is to construct positive rational num-
bers a,b,c,d,e, a procedure p(x,n) to show that
—~Nz~N=1 = 0 (err @) when a complex number z
and a positive integer n such that X2 < ||z||? < Y?
and n > b are chosen, and a procedure g(x,n,d) to
show that AJ® y=N = —Nz=N=1 (err £ 4 d{5})
when in addition a complex number § such that
0 < [|6]|? < €? is chosen.

Implementation
1. Execute the following in post-order:

(a) Execute procedure IV:11 on (g2,qs, g4, G5,
gs) and let {(a,b,c,d, e, qo, q1) receive.

i. Execute procedure IV:17 on (XM%)

and let (--- o, q3) receive.
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ii. Execute procedure IV:16 on (N,Y,Y) and
let (---,q4,q5) receive.

iii. Let gg(z,n) be the following procedure:

A. Show that |zV|? (lz]|?)N
(X2)V = (XV)?.

>

2. Let p(x,n) be the following procedure:

(a) Show that —Nz— V-1 = —(11},)2 NaN-1 =
0 (err a) using procedure qo.

3. Let ¢(x,n,d) be the following procedure:
(a) Using procedure g, show that A;jﬁzy_N
(@ +)N) 7 = (@)™

xl{,)Q Nzt (err £ 4 d{6})

i =

iii. = —Ng=N-1
(b) Hence show that
—Nz=N=1 (err £+ d{6}).
4. Yield the tuple (a,b,c,d,e,p,q).

Ay

Procedure IV:19(3.18)
Objective

Choose a rational number D > 0. The objective of
the following instructions is to construct two ratio-
nal numbers a,c and a procedure, p(n,J), to show
that A2 exp, (z) = 1 (err ad) (err a{6}) when a
complex number § and a positive integer n such that
0 < [|6]|? < D? and n > c are chosen.

Implementation

1. Execute procedure I11:34 on (D) and let (a,c,
q) receive.

2. Let p(d,n) be the following procedure:

(a) Now using procedure I1:27, and procedure g,
show that exp,, () —1 =0

i. (err exp,(d) —1—9)

(142 —1-95)
Ly 4 ) —nd)
Ly + 2y -1)
POV
PPV IR

ii.

iii.

V.

vi.

(

(
iv. (err

(

(



vii. (err 2—2 ZLOW] ZLO:T] a)
viii. (err 62a).

(b) Therefore show that A% exp,(z) =
1 (err ad) (err a{d}).

3. Yield the tuple (a,c,p).

Procedure I1V:20(3.19)
Objective

Choose two rational numbers X > 0, D > 0. The
objective of the following instructions is to construct
rational numbers [,a,b,d, a procedure t(z,n) to
show that exp,,(z) = 0 (err [) when a complex num-
ber z and a positive integer n such that |z|? < X2
and n > d are chosen, and a procedure, ¢(x,n,d), to
show that A;‘iw exp, (y) = exp,(x) (err & + b{d})
when in addition a complex number § such that
0 < [|6]|> < D? is chosen.

Implementation

1. Execute procedure I11:36 on (max(X, D)) and
let (e, f,u) receive.

2. Execute procedure IV:19 on (X) and let (h, 7,
) receive.

3. Execute procedure I11:34 on (X)) and let (I, m,
t) receive.

4. Let a =eX.

5. Let b =lh.

6. Let d = max(f,j,m).

7. Let p(x,n,d) be the following procedure:

(a) Using procedures show  that

+46
AF2, exp, ()

exp,, (£40)—exp,, (z)
0

u, T, ta

i =
i exp, (z) exp, (§) —exp,, (x)
i. = -

b
A, (err %)

B. (err %)

iii. = exp, (2)A_gexp, (y)
iv. =exp,(z)-1 (err Ih{d}).

(b) Hence show that A;r:‘;m exp,(y) =
exp,,(z) (err < 4 1h{6}) (err £ +b{d}).

8. Yield the tuple (a,b,d,p).

Procedure I1V:21(3.27)
Objective

Choose non-negative rational numbers X, D. The
objective of the following instructions is to construct
rational numbers [,d,a,b, a procedure g(x,n) to
show that cos, () =0 (err [) when a complex num-
ber z and a positive integer n such that ||z|* < X2
and n > d are chosen, and a procedure p(z,n,d) to
show that A;‘im sing, (y) = cos,(z) (err 2 4 b{d})
when in addition a complex number ¢ such that
0 < ||6]|* < D? is chosen.

Implementation
1) Execute the following in post-order:

a) Execute procedure IV:12 on (2%, Go,q3) and
let (I,d,a,b,D,qo,q1) receive.

i) Execute procedure 1V:10 on {q4, g5, g6, q7)
and let (g2, g3) receive.

(1) Execute procedure IV:11 on (gs, g9, q10,
q11,q12) and let (g4, g5) receive.
(a) Execute procedure IV:20 on (X, D)
and let (gs, qo) receive.

(b) Execute procedure IV:12 on (i,qs,
q14) and let (qi0,q11) receive.

(i) Execute procedure IV:16 on (1, X,
D) and let (¢13,q14) receive.

(¢) Let gi2(z,n) be the following proce-
dure:

(i) Show that |liz|]? = ||z|* < X2
(2) Execute procedure IV:12 on (—1,¢s,
q16) and let (gs, q7).

(a) Execute procedure IV:11 on {qi7, ¢1s,
19, G20, q21) and let (q15, q16) receive.
(i) Execute procedure IV:20 on (X, D)

and let (17, q18) receive.

(ii) Execute procedure IV:12 on (—i, gaa,
g23) and let {q19, gao) receive.

(1) Execute procedure IV:16 on (1, X,
D) and let (go2, go3) receive.

(iii) Let go1(x,n) be the following proce-
dure:

(1) Show that ||—iz|? = ||z < X2.



2) Let p(z,n) be the following procedure:
1. Using procedure qo, show that cos, ()
(a) = 3(exp, (iz) + exp, (—iz))

b)) = 3
(—1) exp,, (—iz?t) - (-
=0 (err 1).

(exp, (izt) - i 120 +

i)-1- :EO)
()

3) Let g(x,n,d) be the following procedure:

1. Using procedure ¢, show that
5
AF2, sing(y)
_ A+S (expy(iz)—exp, (—iz)

(8) = A2, (2alir)oomw. (o)

(b) = A+5 (21 (expn(zx1)+(_1) eXpn((—i)xl)))
(© = slew,li) i - 10 4
1) exp, (—ia) - (=) -1-29) (err & +

(—
b{d})
exp,, (ir)+exp,, (—ix
(d) = =2 ( )2 P, (—iz)

(e) = cosy(z).

2. Hence show that A sin,(y)
cosp () (err & +b{d}).

4) Yield the tuple (I,d,a,b,D,p,q).

Procedure 1V:22(3.28)
Objective

Choose non-negative rational numbers X, D. The
objective of the following instructions is to con-
struct rational numbers [, d, a,b, a procedure ¢(z,
n) to show that —sin,(x) 0 (err 1) when a
complex number x and a positive integer n such
that ||z]|> < X% and n > d are chosen, and a
procedure p(z,n,d) to show that A;‘i$ cos,(y) =
—sing (x) (err £ 4+b{d}) when in addition a complex
number § such that 0 < ||6]|* < D? is chosen.

Implementation

Implementation is analogous to that of procedure
IV:21.

Procedure IV:23(wed2108191034)
Objective

Choose non-negative rational numbers X, D such
that X + D < 1. The objective of the following
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instructions is to construct rational numbers [, d, a,
b, a procedure p(x,n) to show that (1 4 z)*

n—1 =
0 (err ) when a complex number x and a posi-

tive integer m such that ||z[|? < X2 and n > d

are chosen, and a procedure q(x,n,d) to show that
AfL lnn(l—i—y) (142),%, (err 2+b{5}) when in
addltlon a complex number § such that 0 < 6]% <
D? is chosen.

Implementation

1. Execute procedure I1I:55 on (1, X') and let (a4,
p1) receive.

2. Let I = ay.
3. Let d=1.
4. Let a =0.
1
6. Let p(x,n) be the following procedure:

(a) Using procedure p;, show that (14 2).*,
= ((1+2),2,)"
ii. =0 (err aq).
7. Let g(x,n,d) be the following procedure:

(a) Using procedure II:28,
A2 I, (1+y)=(1+ x)n 1

(14z),1))
(err 5(21"“7(9: + )
ZE n] (17 ) Z[On 1] (— )ZL’T)

r

i (err$ ZE” 77

show  that

i. (err A;‘im In,(1+y)—

( [07+1]() kgr—k _

—-

i

o) - 20 (- yrar)
iv. (err Z[Tl:n] %Zg’ il ( ) kgr—1-k _
S (1))
v (err S (5 () ater 1ok
ra" 1))
vi. (err 5(2[1 ] (=Dt 1)T ' E[OT 1] ( ) kgr=2-k))
vii. (err §( L S0 (1) xk pro2-ky)
Vil (err 6(2z S 00T (1) xk proky)
ix. (err 6(7 YIU(X + D))
x. (err 5(%))



xi. (err

L +b{d}).
8. Yield the tuple (I,d,a,b,p,q).

Procedure IV:24(wed2108191140)
Objective

Choose non-negative rational numbers X, D such
that X + D < 1. The objective of the following
instructions is to construct rational numbers [, d, a,
b, a procedure p(z,n) to show that H% =0 (err 1)
when a complex number x and a positive integer n
such that ||z]|> < X2 and n > d are chosen, and a
procedure q(z,n,6) to show that A2 In,(1+y) =

+ (err & +b{d}) when in addltlon a complex num-
ber & such that 0 < ||6]|> < D? is chosen.

Implementation

1. Execute procedure I1I:53 on (X, 1) and let (a4,

b1, p1) receive.

2. Execute procedure 1V:23 on (X, D) and let
(ag,ba, ca, b, pa2, g2) receive.

3. Letl = ﬁ

4. Let d = max(1, by).

5. Let a = 2a1l + cs.

6. Let p(z,n) be the following procedure:

(a) Show that |re(x)| < X given that re(z)? <
lx]f* < X2

(b) Hence show that |1+ |2
i. >re(l+x2)?
— (1 +re(x))?
<(1-X)2

1
(c) Hence1 show that -
(err =) (err ).

7. Let g(x,n,d) be the following procedure:

(a) Show that |2 [|* < I* using procedure p.

(b) Show that |[(n — 1)(—a)" }? <
(a1b1"_1)2 < a12 using procedure p;.

(c) Hence show that [(—z)" !]* < (:%4)? <
(2202

(d) Now wusing procedure g2, show that

Exd
AFS In,(1+y)
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(1+2),1 (err 2 +b{5})

1—(—z)" 1

1—(-=)

— 1
14z

ii.

(=)™ 1
14z

2a;1
)

iii. (err ) (err

(e) Hence show that Af° In,(1 + y)

b (e 2 4+ b{5} + 220 (e 2 +5{5)),

8. Yield the tuple (I,d,a,b,p,q).

Procedure IV:25(sun0812191401)
Objective

Choose a rational number X such that 0 < X < 1.

The objective of the following instructions is to con-

struct a rational number f such that 0 < f < 1,
"1

and a procedure p(z) to show that re(i75) > —f

and ||’”+1||2 < 1 when a complex number z such

that re(r) > 0 and ||z]|> > X? is chosen.

Implementation
_1-x

2. Verify that 0 < f < 1.
3. Let p(x) be the following procedure:

(a) Show that [[£=5[* <1

il
i. given that ||z — 1[]? < [Jz + 1]|?

ii. given that (re(z) —1)? < (re(x) + 1)2

iii. given that 0 < re(x).

(b) Show that re(£)

+1

i e E=D((z+1)7)
i = re( ()
T l|z||>+o—(z) " —1
11. = YQ(W)
[l=]*~1

W = 22 2re(z) 41

. X2_

W Z ZP+2re(x)+1
X211

V. 25 =)

Declaration I'V:2(wed2108191408)

The notation In, (z), where z is a complex number,

will be used as a shorthand for In,, (1+ 75 L) —In, (1—
ijﬂ) when re(z) > 0, In,,(7) + ¢ when im(z) > 0,

and Iny, (xi) — T4 if otherwise.



Procedure IV:26(thu2208191250)
Objective

Choose a rational number X such that 1 > X > 0.
The objective of the following instructions is to con-
struct a positive rational number a, and a procedure
p(x, k) to show that |[Ing(z)||?> < a? when a posi-
tive integer k and a complex number = such that
|lz||* > X2 and re(x) > 0 are chosen.

Implementation

1. Execute procedure IV:25 on (X) and let (aq,

p1) receive.
. Verify that 0 < a1 < 1.

. Execute procedure III:70 on (a;) and let {(ag,
pa) receive.

. Let a = 2as.
. Let p(x, k) be the following procedure:
Show that ||

z—112 2
2= II7 < a1” using procedure p;.

Show that [|Ing (1 4+ %)”2 < ay? using pro-

cedure ps.

¢ ow that ||Ing(l — =— < a2” using pro-
Show that [|Ing.(1 — £5)[|? < ag® usi
cedure ps.

Hence show that ||Ing(z)||?

)—hlk(l—%

z—1

L= g1+ 37

)I?

ii. < a2

6. Yield the tuple (a,p).

Procedure IV:27(sun0812191440)
Objective

Choose a rational number X such that 0 < X < 1.
The objective of the following instructions is to con-
struct positive rational numbers a, b, and a proce-
dure p(z, k) to show that |[Ing(z)||?> < a? when a
positive integer k and a complex number x such that
|lz||> > X? and k > b are chosen.

Implementation

1. Execute procedure 1V:26 on (X) and let (aj,
p1) receive.

2. Execute procedure I11:74 and let (az, ba, p2) re-
ceive.
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3. Verify that ag > 0.

4. Let a =ay + .

5. Let p(x, k) be the following procedure:

(a) Show that 7, < % using procedure po.
(b) If re(xz) > 0, then do the following:

i. Show that |Ing(z)||? < a1? < a? using
procedure p;.

(¢) Otherwise if im(z) > 0, then do the follow-
ing:

i. Show that || %[ = ||z[|* > X2

Show that re(%)
im(x) > 0.

ii. = re(im(z) — re(x)i) =

iii. Hence show that [Ing(2)||? < a1 using

procedure p;.

Hence show that ||In;(z)]?
T < (a1 + 2)* = a®.

iv. =

g () +

(d) Otherwise do the following:
i. Show that |zi]|? = ||z|* > X2

ii. Show that re(zi) = re(—im(z) +re(x)i) =

—im(x) > 0.

ili. Hence show that ||Ing(zi)||> < a1? using
procedure p1.

iv. Hence show that |[Iny(z)[|? = ||Ing(zi)—

FilP < (a1 +%)? = .

6. Yield the tuple (a,b, p).

Procedure IV:28(wed2108191401)
Objective

Choose a rational number X such that 1 > X > 0.
The objective of the following instructions is to
construct positive rational numbers a,c,d,e and a
procedure p(x,n,k) to show that exp,,(Ing(x))
x (err 9% + £) when a complex number x and in-
tegers k,n such that re(x) > 0, [|z]|> > X2, n > e,
and k > d are chosen.

Implementation

1. Execute procedure IV:25 on (X ) and let {f, po)
receive.

2. Execute procedure II1:70 on (f) and let (aj,
p1) receive.



3. Execute procedure I11:37 on (a;) and let (as,
ba, p2) Teceive.

4. Execute procedure III:35 on (a1) and let (as,
bs, p3) receive.

5. Execute procedure II1:71 on (f) and let {aq,
¢4, d, eq,py) TECEIVE.

_a as(1+f)
6. Let a = a—‘; + as(1=f) "

_ ca o ca(l+f)
7. Let ¢ = ag + a‘; + as(1=f)"

8. Let e = max(bg, b3, €4).
9. Let p(z,n, k) be the following procedure:

(a) Show that re(2)? < [|[Z7[]* < f? using
procedure pg.

(b) Hence show that |re(§—;1)| < f.

¢ ow that ||Ing(1l+ —=— < a;“ using pro-
Sh h Ing (1 iﬁ 2 < qq2 usi

cedure p;.

(d) Show that ||lng(1 — i—;})”z < a,? using pro-
cedure p;.

(e) Hence using procedures po,p2,ps, pa, show
that exp,, (Ing(z))

i. =exp,,(Ing(1+ %ﬁ) — Ing (1 — %))

expn(lnk(l-&-i;})) ﬂ)
x—1 n

exp,, (Ing (1— T )

i. = (err

Gi 1+i;i (err L(a4n + 54))
' expn(lnk(lfijri)) 2 k

. — 1+iﬂ 14+ f asn c
iv. = = (err (a3(1—f))(4T + &)

V. = T.

(f) Hence show that exp,, (Ing(z)) =z
f

i (err 2+ i(% + %)+ (asl(itf))(% +
)
(e 4 )

10. Yield the tuple (a,c, d, e, p).

Procedure IV:29(sun0812191512)
Objective

Choose a rational number X such that 0 < X < 1.
The objective of the following instructions is to
construct positive rational numbers a,c,d,e and a
procedure p(x,n,k) to show that exp, (Ing(z)) =

134

x (err G + <) when a complex number x and inte-
gers k,n such that ||z]|> > X2, n > e, and k > d are
chosen.

Implementation

1. Execute procedure IV:28 on (X) and let {aq,
b1, c1,d1,p1) Teceive.

2. Execute procedure IV:27 on (X) and let (aq,
ba, p2) Teceive.

3. Execute procedure IT1:82 on {ag, 1) and let {as,
b3, cs, ds3, p3) Teceive.

Let a = as + as.
Let ¢ = by + bs.
Let d = max(cy, b, d3).

Let e = max(cs3, dy).

® N o

Let p(z,n, k) be the following procedure:
(a) If re(x) > 0, then do the following:

i. Show that exp,(Ing(z)) =z (err 2" +

bn—l) (err G 4 £) using procedure p;.

(b) Otherwise if im(z) > 0, then do the follow-
ing:

i. Show that || %[ = [|z||* > X2

ii. Show that re(%) = re(im(z) — re(z)i) =

im(x) > 0.
iii. Hence show that exp,(Ing(%)) =
< (err == + %) using procedure p;.

iv. Hence show that |[Ing(%)[|* < ag? using
procedure ps.

v. Hence using procedure p3, show that

exp,, (Ing(z))
A, = exp, (Ing(7) + i)

B. =i'exp, (Ing(%))

C.=i-% (err %4—%)
D. ==z
vi. Hence show that exp,(Ing(z)) =

x (err 4% + 2).
(¢) Otherwise do the following:

i. Show that ||zi||* = ||z||*> > X2.



ii. Show that re(zi) = re(— im(z) +re(x)q)

—im(z) > 0.
iii. Hence show that exp,(Ing(zi)) =
wi (err % + %1) using procedure pj.
iv. Hence show that |[Ing(24)||?> < a? using
procedure ps.
v. Hence using procedure ps, show that
exp,, (Ing (z))
A. = exp,, (Ing (zi) — i)
B. =i !exp, (Ing(xi)) (err %2 + )
C. =i tai (err 22 4 b1)
D. =x.
vi. Hence show that exp,(Ing(z)) =
z (err 4% + £).

Yield the tuple (a,c,d,e,p).

Procedure IV:30(wed2108191324)
Objective

Choose two rational numbers X, € such that 0 < € <
1 and X > 0. The objective of the following in-
structions is to construct a rational number f such
that 0 < f < 1, and a procedure p(z) to show that
| %HQ < f% when a complex number z such that
re(z) > € and ||z]|? < X? is chosen.

Implementation
2e

2. Show that 0 < f < 1.

3. Let p(z) be the following procedure:
(a) Show that X2 + 1+ 2¢ < 111%
>1— f?

1. giVen that ﬁ

ii. given that f2 1 -

2 2
(i) 21

4e
X24+1+42€
o de
XTFi42e
(b) Hence show that ||z||?
i< X?
4e
—f2
4671+f2726+26f2
=52

f2—142e(1+52)
S e

ii. <

(1+2¢)
iii.

iv.
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2_ 2
V. S L 1+21r_e§¢‘12)(1+f )

(c) Hence show that || < f?

i. given that (re(z) — 1) + im(z)? <
f2((re(x) +1)* + im(2)?)
ii. given that (1 — f?)(re(z)? + im(z)?) <

f2—142re(x)(1+ f?).
4. Yield the tuple (f,p).

Procedure IV:31(wed2108191603)
Objective

Choose two rational numbers X, e such that 0 <
€ < 1and X > 0. The objective of the following
instructions is to construct rational numbers ¢, d, a,
b,e, a procedure p(z,n) to show that H%H2 <
when a complex number x and a positive integer
n such that re(z) > ¢, [|z||*> < X2, and n > d
are chosen, and a procedure g(x,n,d) to show that
AR In,(y) = 2 (err £ 4 b{0}) when in addition
a complex number § such that 0 < |§]|* < €? is
chosen.

Implementation

1) Execute the following in post-order:

a) Execute procedure IV:10 on (gs,qa,qs, gs)
and let (¢, d,a,b, e, q1,qs) receive.

i) Execute procedure IV:11 on (g7, gs, 99, q10,
q11) and let (g3, q4) receive.

1781 >

(1) Execute procedure 1V:24 on (e,

and let (g7, gg) receive.

(a) Execute procedure IV:30 on (X, €) and
let {e1, q12) receive.

(2) Execute procedure IV:10 on (qi3,q14,
q15, q16) and let (go, q10) receive.

(a) Execute procedure IV:15 on (1, 1) and
let (q13,q14) receive.

(b) Execute procedure IV:12 on (-2, ¢7,
q18) and let {q15, q16) receive.

(i) Execute procedure IV:11 on (g9,

420, G21, G22, ¢23) and let (q17, q1g) re-
ceive.

(1) Execute procedure IV:18 on (1,
14 ¢, X + 1) and let (q19,g20) re-
ceive.



(2) Execute procedure IV:10 on (gog,
25,926, q27) and let (ga1,q22) re-
ceive.

(a) Execute procedure IV:15 on (1,
1) and let (go4, g25) receive.

(b) Execute procedure IV:16 on (1,
X, 1) and let {go6, ga7) receive.

(3) Let go4(z,n) be the following pro-
cedure:

(a) Show that (1 + €)2 < (1 +
ve(2))? = re(w+1)% < la+1] <

(X +1)2
(3) Let g11(x,n) be the following procedure:

(a) Show that Hl — 2(x + 1)71?
||z+1 |? < e1? using procedure qio.

ii) Execute procedure IV:12 on (—1, gos, g29)
and let (g5, qg) receive.

(1) Execute procedure IV:11 on (gs0,qs1,
32,433, q34) and let (gos, gag) receive.

1—61 >

(a) Execute procedure IV:24 on (e, =

and let (g30,gs31) receive.

(b) Execute procedure IV:12 on (-1, qo,
Q10> and let <Q32,Q33> receive.

(c) Let gs4(z,n) be the following proce-

dure:
(i) Stow that | ~(1+(=2)(w-+1) ) =
(=3 L||2 < €,2 using procedure qi.

2) Let p(z,n) be the following procedure:

a) Show that 1
(err ¢).

=0 (err 1) (err re(I)) (err 1)

3) Let ¢(x,n,d) be the following procedure:
a) Using procedure go, show that A+5 In, (y)

) lnn(l_ Z i))

2.—A+5 (ln( ( +(=)+1)7h)
(-1)’ )(1+( 2y +17)

+ 1)”

+

)7))

)) 10

+
+
)(0+
+

—~—

>
—
<
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b) Hence

that

show
L (err £ 4+ b{0}).

5
AF, Ing(y)

4) Yield the tuple (c,d,a,b,e,p,q).

Procedure IV:32(thu2208191330)
Objective

Choose a complex number A and non-negative ratio-
nal numbers X, D such that X + D < 1. The objec-
tive of the following instructions is to construct ra-
tional numbers [, d, a, b, a procedure p(x,n) to show

that [|A(1 + )27}

111> <12 when a complex number

x and a positive integer n such that ||z|? < X? and
n > d are chosen, and a procedure g(x,n,d) to show

that Af2 (1 +y)a =

1+ 2)22] (err & +b{8})

when in addition a complex number ¢ such that
0 < ||§]|* < D? is chosen.

Implementation

1.

7.
(a) Using procedure pa,

8.

S ok W

Execute procedure III:52 on ({A+1}, X + D)
and let (ag, b1, p1) receive.

Execute procedure II1:55 on ({A —
let (as, p2) receive.

Let I = {A}as.
Let d =1.

1}, X) and

Let a =0.
aib
Let p(x,n) be the following procedure:

show that A(1 +
A-1
n—1 =0

x)
i (err A1+ )27
ii. (err {A}az)
iii. (err ).

Let g(x,n,d) be the following procedure:

(a) For r € [1: n], do the following:

i. Show that ||[A+ 1||> < {4+ 1}2.
ii. Hence show that ||(f) (X + D) <
(a1b1")? using procedure p;.

[0:r—1]

iii. Hence show that ||(‘:) A (Z)xkéT_Z—kHZ

< H(f)HQ( ECOT*l] (;)XkDr—Q—k)Q



[0:r—1]

B. = [[(M)I(3= Tk
C. <|p=(H)(X + D)2

s

(T)XkDr—k')Q

D. < (“4%)%
(b) Now show that A2 (1+y)a

— (14 z)}) -

= A(l+x)i}
Al +

(e §(5" () (z+0) =5 ()an)-

Z[On 1] (A 1) )
(

ii.

iii. (err % 0"1 @) 07+1] (N)ahsr—F —
")) = AZ 0" A )
iv. (err  YOM (4 [0:r] (r)ak a1k
SO L) ()
v (err Ay S0y gk g1k

Z[l:n] ( ) )
(err 5(2[1 ] ( )
vii. (err (5(2[::"] %))
(

[0:r—1]
k

(Z)l‘kéT_2_k))

vi.

viii. (err o(

lbl
)

ix. (err

L+ b{d}).
9. Yield the tuple (I,d,a,b,p,q).

Procedure IV:33(thu2208191432)
Objective

Choose a complex number A and non-negative ratio-
nal numbers X, D such that X + D < 1. The objec-
tive of the following instructions is to construct ra-
tional numbers I, d, a, b, a procedure p(z,n) to show
that ||A(1 + )2~ 1||? < 12 when a complex number
x and a positive integer n such that ||z||?> < X? and
n > d are chosen, and a procedure g(z,n,d) to show
that Af2 (1 +y)a = A(L+ )7t (err & 4+ b{5})
when in addition a complex number § such that
0 < ||6]|> < D? is chosen.

Implementation

1. Execute procedure I11:52 on ({A}, X) and let
(a1,by,p1) receive.

2. Execute procedure I11:55 on ({A —1}, X) and
let {(ag, p2) receive.
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Execute procedure 111:53 on (b1, 1) and let (a3,
bs, p3) receive.

Execute procedure IV:32 on (X, D) and let
(@4, b4, ca,da, pa, qa) receive.

5. Let | = {a}as.

6. Let d = max(1,b4).

7. Let a = ¢4 + 2{A}ajas.

8. Let b =d4.

9. Let p(z,n) be the following procedure:

(a) Using procedure p2, show that A(l +

)l =
i. (err A(1+x)271)

(err {A}as)
(err ).

ii.
iii.
10. Let g(z,n, d) be the following procedure:

(a) Show that ||(‘2:i)x”_1|\2 < (a1by™
ing procedure p;.

(b) Show that [|(n — 1)b,"}||? <
as? using procedure ps.

(c) Hence show that |by" |2
(a7,

(d) Now using procedure g4, show that A;ﬁx (1+

)2 us-

(asbs"1)?

IN

)? <

(naj’l

A(L+2)22] (err & + daf0})
A

( )an)
. (err {A}albln b
C. Hdlaras)
Hence show that A2

y=x
)yt

i (err @ +dy{o) + 2l
(err 2 + b{5}).
11. Yield the tuple (I,d,a,b,p,q).

(err

(e) 14y = A0 +

ii.

Declaration IV:3(thu2208191619)

The notation z?, where x,a are complex numbers
and n is a positive integer Will be used as a short-
hand for (1 + 1)~a,

:E+1) ( z+1



Procedure I1V:34(sat2408190819)
Objective

Choose three non-negative rational numbers A, X,
€ such that 0 < € < 1. The objective of the fol-
lowing instructions is to construct positive rational
numbers B, C, D, and a procedure p(z, a,n) to show
that % = xz* (err BC™) when a complex number z,
and integers a,n such that ||z]|? < X2, |la]|?> < A2,
re(z) > €, and n > D are chosen.

Implementation

1. Execute procedure IV:30 on (X, €) and let {(aq,
p1) Treceive.

2. Show that 0 < a1 < 1.

3. Execute procedure III:57 on (A, a;) and let
(a2, ba, c2, p2) receive.

4. Execute procedure III:55 on (A, a;) and let
(as, p3) receive.

Let B = asas.
Let C = bg.
Let D = max(ca, A).

® N o o

Let p(z,a,n) be the following procedure:
(a) Show that ||";T__}||2 < a1? using procedure p;.
(b) If @ > 0, then do the following;:

i. Using procedure I11:49 and procedures ps,
p3, show that =7

A =0+ En -5

B.

_ 1-221)0
(1+ %)Zﬁ (err agasbs™)

_ (455D
C =G

T

D. =2z°

(¢) Otherwise do the following:

i. Using procedure I11:49 and procedures po,
p3, show that =7

r— 0—(— —a
A=+ 2000 - 2y

—1
or1)

B. = (1""%)701 (1 _ ac—l)—a

n
= Grmoae )" (err azazby™)

_ =)
¢ =aEhe

T

(d) Hence show that z = x* (err azasbs™)
(err BC™).

9. Yield the tuple (B,C, D, p).

Procedure IV:35(sat2408191109)
Objective

Choose three non-negative rational numbers A4, X, e
such that 0 < € < 1. The objective of the following
instructions is to construct positive rational num-
bers B, C, and a procedure p(z, a,b,n) to show that
230 = 222% (err BC™) when complex numbers z,
a,b, and a positive integer n such that ||z? < X2,
lal|? < A2, ||b]|> < A2, and re(x) > € are chosen.

Implementation

1. Execute procedure IV:30 on (X, €) and let (a4,
p1) receive.

2. Execute procedure III:54 on (A, a;) and let
(ag, b, pa) Teceive.

3. Execute procedure III:55 on (2A4,a1) and let
(as, ps) receive.

4. Let B = agaz(1l + as).
5. Let C = b2.

6. Let p(x,a,b,n) be the following procedure:

a+b

n

(a) Using procedures p1, p2, p3, show that

i = (14 z=L)a+b(l — L—l)_(a"'b)

z+1/n x+1/T
i. = (1 + Z9)e + Z3)h1 -
%)»(,;a)Jr(ib) (err agbgnag)

iii.

(b) Hence show that z2° =

3o
—
@D
=
=
oy}
Q
S
S~—

:17 L

3

7. Yield the tuple (B, C,p).



Procedure IV:36(sat2408191137)
Objective

Choose three non-negative rational numbers A, X,
e such that 0 < € < 1. The objective of the fol-
lowing instructions is to construct a positive ratio-
nal number D, and a procedure p(z,n, a, k) to show
that (z2)¥ = 0 (err D) when complex numbers z,
a,k, and a positive integer n such that ||z[|? < X2,
Hka”2 < A2 and re(x) > € are chosen.

Implementation

1. Execute procedure IV:30 on (X, €) and let {(aq,

p1) receive.

Execute procedure III:55 on (A, a;) and let

(a2, p2) receive.
3. Let D = a2

4. Let p(z,n,a, k) be the following procedure:

(a) Using procedures py, p2, show that (z2)*
=((1+ 5 - 59"
= (1 + 5D (= 357"
= 0((1 - 21, (err az?)
iv. =0.
(b) Hence show that (z2)*

5. Yield the tuple (D, p).

0 (err D).

Procedure IV:37(thu2908190744)
Objective

Choose three non-negative rational numbers A, X, €
such that 0 < € < 1. The objective of the follow-
ing instructions is to construct a positive rational
number D, and a procedure p(x,n,a) to show that
|z¢||? > D? when complex numbers z,a, and a pos-
itive integer n such that ||z||? < X2, ||a||? < A%, and
re(z) > € are chosen.

Implementation

1. Execute procedure IV:30 on (X, €) and let {(aq,

p1) receive.

. Execute procedure II1:56 on (A,a;) and let
(as, ba, p2) Teceive.

. Let D = as?.
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4. Let p(z,n,a) be the following procedure:

Show that HL*}HQ < a1? using procedure p;.

Show that [|(14 Z=2

w+1) | > as? using proce-
dure po.

Show that ||(1 — —) 4|2 > ay? using pro-
cedure ps.

Hence using declaration IV:3, show that

IIJL’?LII2
=+ &l -
> as?as?
iii. = D2
5. Yield the tuple (D, p).

=

ii.

Procedure IV:38(thu2908190802)
Objective

Choose three non-negative rational numbers A, X, e
such that 0 < € < 1. The objective of the following
instructions is to construct positive rational num-
bers B,C, D, and a procedure p(x,a,b,n) to show
that 227 = ig‘

(err BC™) when complex numbers

z,a,b, and a positive integer n such that ||z||* < X?,
llal|? < A2, ||b)|? < A2, re(x) > ¢, and n > D are
chosen.

Implementation

1. Execute procedure IV:30 on (X, €) and let {(aq,

p1) receive.

. Execute procedure TII:57 on (A,a1) and let
(as,ba, o, p2) Teceive.

. Execute procedure III:56 on (A,a;) and let
(a3, b3, p3) receive.

. Execute procedure I11:55 on (24, a;) and let
(aq, py) receive.

5. Let B = agas(1+ ).

6. Let C = bs.

7. Let D = max(ca, b3).

8. Let p(x, a,b,n) be the following procedure:
(a) Using procedures pi,ps,ps,ps, show that

a—b
T

a— —a)—(—b
(1+x+1) b( _r&)( )—(=b)



. =1+ ;_&)“ bEL:i;n (err asazbe™)
Lo (45T ) nas

ii. = =y S (err agbso g)

iv. = %

x

s

(b) Hence show that 2~

n aq

w) (err BC™).

(err agasbs™+

Y
&

azby

9. Yield the tuple (B,C,D,p).

Procedure IV:39(sat2408191538)
Objective

Choose three non-negative rational numbers A, X, e
such that 0 < € < 1. The objective of the following
instructions is to construct a positive rational num-
ber B, C, and a procedure p(z, n,a, k) to show that
(r2)* = 29% (err BC™) when complex numbers ,
a,k, and a positive integer n such that ||z||* < X2,
||ka||? < A2, and re(x) > € are chosen.

Implementation

1. Execute procedure IV:30 on (X, €) and let {(a;,

p1) receive.

. Execute procedure III:58 on (A,a;) and let
{ag,ba, p2) Teceive.

Execute procedure III:55 on (A, a;) and let
(as, p3) receive.
. Let B = 2asas.
5. Let C = bs.
6. Let p(z,n,a, k) be the following procedure:

(a) Using procedures py, pa, p3, show that (z2)*

= (1 + 2 a1 = 22"
o= (1 S0 = 59).)"
= (14 2200 (1 - 221)79)F (orr asby"as)
= ((1+2=h)ak)L(1—2=1) 2k (err agazbs™)

ak
V. n -

(b) Hence show that (z%)* = 2% (err BC™).

7. Yield the tuple (B, C,p).
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Procedure IV:40(thu2208191610)
Objective

Choose a complex number f and two rational num-
bers X,e such that 0 < ¢ < 1 and X > 0.
Let g(f,2,n) be a shorthand for [2f(1 + Z1)f .

x+1
(1—r+1) e+ D)7+ 20+ &) (1 -
iﬁ) F(x41)72]. The objective of the following in-
structions is to construct rational numbers ¢, d, a, b,
e, a procedure p(x,n) to show that ||g(f, z,n)||*> < 2
when a complex number x and a positive integer n
such that re(z) > ¢, ||z|?, and n > d are chosen, and
a procedure ¢(z, n, d) to show that A;‘iwxﬁi =g(f,x
n) (err £4b{d}) when in addition a complex number
§ such that 0 < |6 < €2 is chosen.

Implementation
1) Execute the following in post-order:

a) Execute procedure IV:13 on (g7, 3, 44, gs, g5,
ge) and let {(c,d,a,b, e, p,q) receive.

i) Execute procedure IV:30 on (X, ¢) and let
(e1,qg) Teceive.

ii) Execute procedure IIT:55 on ({f}, e1) and
let {eq, q10) receive.

ili) Let g7(x,n) be the following procedure:

(1) Show that [|Z
dure qg.

|? < €12 using proce-

(2) Using procedure g0, show that || (14 (1+
(=2)(@+ 1)~ LI

(a) =1+ 5DAI?
(b) S 622.
iv) Let gg(z,n) be the following procedure:

(1) Show that ||
dure qg.

z+1||2 < e1? using proce-

(2) Using procedure g0, show that ||(1—
(=2) (@ + 1)~ I
(a) = II( )a 12
(b) é 622.

(1+

1_w—i-l

v) Execute procedure IV:11 on {g11, ¢12, q13,
q14, q15) and let (g3, q4) receive.

(1) Execute procedure IV:33 on (f, eq,
and let (q11, q12) receive.

1361 >



(2) Execute procedure IV:10 on {(qig,q17,
q1s, q19) and let (g3, q14) receive.

(a) Execute procedure IV:15 on (1, 1) and
let {q16,q17) receive.

(b) Execute procedure IV:12 on (—2, ¢a0,
QQ1> and let <qlg,q19> receive.

(i) Execute procedure IV:11 on (goo,
423,924, 925, q26) and let (g20, q21) Te-
ceive.

(1) Execute procedure IV:18 on (I,
1+¢€1+ X) and let (g22, ga3) re-
ceive.

(2) Execute procedure IV:10 on (ga7,

928,29, q30) and let (o4, q2s5) re-
ceive.

(a) Execute procedure IV:15 on (1,
1) and let (g7, g2s) receive.

(b) Execute procedure IV:16 on (1,
X, 1) and let {ga9, g30) receive.

(3) Let ga6(xz,n) be the following pro-
cedure:

(a) Show that (1 +¢)?
() < (1+ re(x))?

(3) Let g15(x, n) be the following procedure:

(a) Hence show that |1 + (-2)(z +
D7 = [|[Z7]* < ei® using pro-
cedure qq.

2

vi) Execute procedure IV:11 on (gs1, ¢s2, ¢33,
434, q35) and let (g5, gg) receive.

(1) Execute procedure IV:33 on (—f, ey,
= 52) and let (g31,q32) receive.

(2) Execute procedure IV:12 on (—1,q3,
q14) and let {(gs3, gs34) receive.

(3) Let g35(x,n) be the following procedure:

(a) Hence show that ||—(1 4+ (=2)(z +
1)~ H|? = < e;? using pro-
cedure ¢q.

(=il

141

Procedure IV:41(thu2208191859)
Objective

Choose a complex number f and two rational num-
bers X, e such that 0 < e < 1 and X > 0. The ob-
jective of the following instructions is to construct
rational numbers ¢, d, a, b, e, a procedure p(z,n) to
show that || fz{~1||> < ¢® when a complex number =
and a positive integer n such that re(z) > ¢, ||z[|? <
X2, and n > d are chosen, and a procedure q(z,n,
§) to show that A2 xf = fz/=1 (err & + b{5})
when in addition a complex number § such that
0 < ||6]|* < €? is chosen.

Implementation

1) Execute procedure IV:30 on (X, €) and let {(aq,
p1) receive.

2) Execute procedure I11:54 on ({f} + 1,a1) and

let {(ag,bo, po) receive.

Execute procedure I11:55 on ({f} 4+ 1, a;) and
let (a3, ps) receive.

Execute procedure 111:53 on (bs, 1) and let (a4,
by, p4) TeCEiVE.

Execute procedure 1V:40 on (f, X,e) and let
(ps, pe) Teceive.

Let ¢ be subprocedure 1V:42:0.

Execute procedure IV:14 on (¢, ps,pe)
and let (c,d,a,b,e,p,q) receive.
Subprocedure 1V:42:0

Objective Choose a complex number f and two
rational numbers X, e such that 0 < ¢ < 1 and
X > 0. Let g(f,z,n) be a shorthand for [2f(1 +

==l (1—%) I+ )72+ 2F L+ 2l
(1- m) f(x +1)72]. The objective of the fol-

lowing instructions is to construct a rational num-
ber h, and a procedure t(z,n) to show that g(f,x
n) = faf=' (err %) when a complex number 2 and
a positive integer n such that re(x) > ¢, ||z||* < X?,
and n > d are chosen.

Implementation
1. Let h = {f}azazas((+%)% +1).
2. Let t(x,n) be the following procedure:

1+e

(a) Show that Hﬁ”2



- 1
[1+=]*

e 1
. = Ge(i+a)2+im(2)?)2

i, < (L)
(b) Using procedures pi,pa,ps,ps, show that
2f(1+ 20 - (1= 2+ )72 +

[Qf( g;+1)f1 . (1 - iJ&)n ($ + 1)_2]

[2f(1 +m)fl( + ) - (1 -
—)fl(“) N4+ 21+ )

i.

& |||

T x+1
(11— 5D @ +1)77]

A. (err 2{f}a2b2na3(1i6)2)

B. (err M(ﬁ)z)

o= 2P0 + j’fﬁ)f M1+ ifi)l - (1 -
S e £ 1) 4 A D

1

—~

e R Ol DG Vi

Figure IV:0
°

A, (err 2{f}azazbs" (11)?)
2)?

—2f<1+f>£ M1-29)n 7 1[<1+;E+%>-

B. (err 2{f}%aﬂ“(

\./

(+1)2+(1-2Hi(z+1)77
v, = 4f (14 S0 ( m) “1(z+1)72)
v. = fl+Zhi 1 -zt — 222
vi. = f(1+ %)5—1(1 _ %);(f—l)
A, (err {f}azasbo™)
B. (err o)
vii, = faf!
(c) Hence show that [2f(1 1)£ (1 -
2 @+ )7+ [2f( -1 (] -

L) S (e 1)) = faf (ere i

3. Yield the tuple (h,t).

A plot of the lists of complex numbers

N[
—
o
IS
2
—
= ol
o
[

0:40 0:40 1
(L249)3 and 2<[101)l51. Note that
the steepness of ( 1%0])175 is approx-
imately glven by the y-coordinates of
[0:40] \ &
§( 10 )

of ([01‘(*)0])15 is rapldly increasing, the

graph of ([014(1)0] )15 has a relatively

large pos1t1ve value and where the
[0: 40])

. That is, where the graph

graph of (
graph of ([0 40])

5 ﬁattens out, the

" has a relatively

small pOblthG value
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Chapter 15

Integral Arithmetic

Declaration IV:4(3.30)
The notation ]7R f(r,d,), where:

1. f(r,d,) is a procedure to construct a complex
number when complex numbers r, §,. such that
P(r,4,) are chosen

2. R is a non-empty list of complex numbers such
that P(Rt7Rt+1 - Rt) for t € [0 : |R| - 1]

will be used as a shorthand for ZLO:lRl_l] f(Ry,
Riy1 — Ry).

Procedure I1V:42(3.86)
Objective
Choose the following:

1. A procedure f(r,d) to construct a complex
number when complex numbers r, §, such that
P(r,4,) are chosen.

A procedure g¢(r,d) to construct a complex
number when complex numbers r, §,- such that
Q(r,d,) are chosen.

A non-empty list of complex numbers R such
that P(R;, Ryy1 — Ry) and Q(Ry, Ryy1 — Ry)
fort € [0: |R] —1].

The ObJeCthG of the followmg instructions is to show
thatf 8:) + g(r,6,)) ffr(5 —|—fTRg(r

r)-.

Implementation

1. Show that f 6r) + g(r,9;))
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(a) = S (f(Ry, Ryyy— Re)+g( Ry, Reyy —

Ry))

b) = SO F(R, R
SO g(Ry, Ryt — Ry)

Ry +

= [T rr6,) + [Fg(r,6,)

Procedure I1V:43(3.87)
Objective
Choose the following;:

1. A complex number a.

2. A procedure f(r,d) to construct a complex
number when complex numbers r, §,. such that
P(r,d,) are chosen.

3. A non-empty list of complex numbers R such
that P(Rt,Rt+1 - Rt) fort € [0 : |R‘ — 1}

The objective of the following instructions is to show

that [ af(r,6.) =a [T f(r,6,)

Implementation

1. Show that fTRaf(r, 8,)
OEDY S
(b) _GZO‘R‘ 1 f(Re, Reyq —

) =af’f(rd,)

af(Re, Rip1 — Ry)

Ry)



Procedure 1V:44(3.88)
Objective
Choose the following:

1. A procedure f(r) to construct a complex num-
ber when a complex number r such that P(r)
is chosen.

2. A non-empty list of complex numbers R such
that P(R;) for t € [0: |R| — 1].

3. A non-empty list of complex numbers S such
that P(S;) fort € [0: |R|—1] and R|gj—1 = So-

The objective of the following instructions is to show

that [ 5 f(r)6, = [ f(r)o, + 5 F(r)6

Implementation
1. Let T=R™S.
2. Show that [ f(r)d
(a) = ZEOilTlil] F(T)(Teyr — Ty)

(b) = Z[O‘R‘ Iy f)(Tr — Ty) +

Implementation
1. Show that 4, Al f(z)
f (S T+5) f(r ))
(Mzﬁﬁﬂwma—ﬂm

() = S (f(Rys) —
(d) = f(Rjg|-1) — f(Ro).

f(Rx))

Declaration IV:5(3.31)

The notation AX, where X is a list, will be used as
a shorthand for (X; — Xo, Xo — X1,--+, X|x)-1 —
X|x|-2)-

Procedure IV:46(fri3008190328)
Objective
Choose the following:

1. A non-negative rational number A.

2. A procedure
A+6 Sn(y) =

q1(w,n,6) to show that
fr(z) (err & 4b1{d}) when two

ZHR‘ LAl F(T)(Tewr—To)+) 24 [IRL:\T]=1] F(T) (Tey1— CompleX numbers z, § and a positive integer n

1)

(c) = Z[O‘R‘ Ty f(R)(Rep1 —  Ry)

t+1 |R| — Si— |R|)

@ = X FR) Ry — R+

F(Tiri-1)(So—Rirj-1)+ 01 £(80) (S~

St)

o) = [T )8, + [ f(r)6

Procedure 1V:45(3.34)
Objective
Choose the following:

1. A procedure f(r) to construct a complex num-
ber when a complex number r such that P(r)
is chosen.

2. A non-empty list of complex numbers R such
that P(R;) for t € [0 : |R| — 1].

The objective of the following instructions is to show
R
that [* 8, AZ% f(2) = f(Rig 1) — f(Ro).

+
ﬁﬂm D@ =T )+ £(S, - r)-

such that P(z), n > ¢1, and 0 < [|§]|? < dy?
are chosen.

The objective of the following instructions is to con-
struct the following:

1. Non-negative rational numbers a, b, ¢, d.

2. A procedure p(R,n) to show that

JEFL0, = fu(Rig—1) — fa(Ro) (err & +
bmax({AR})) when an integer n and a non-
empty list of complex numbers R such that
P(R;) and 0 < ||Rt+1 — Ri||* < d? for
tel0:|R —1], f{5}<Aandn>c
are chosen

Implementation

1. Let a = a1 A.
2. Let b= b A.

3. Let ¢ =¢y.

4. Let d = d;.

5. Let p(R,n) be the following procedure:

(a) Using procedure ¢1, show that fTR flh(r)é



i = EECO:‘R‘A] 11 (R)(Ri+1 — Ry) bmax({AR})) when an integer n and a non-
empty list of complex numbers R such that

.. : — Rip+1—R
ii. 522|R| 1Ay:’ﬁ%k () (Rps1 — Ri) P(R,) and 0 < |[Ripq — Re|?2 < d for
R
AR|=1, 4 te[0:|R —1], 0r} < A and n > ¢
A (e ZE'IRI 1(?1 AR TES B are c%oser|1.| b d A

Rip){Ri+1 — Rk })

B. (err (% +b; max({AR})) Z%'m*l{RkH— Implementation

Rk}) 1. Let a = ajasA.

C. (err (% + by max({AR})) fTR{(ST}) 9. Let b= bjasA.
D. (err (T + b1 max({AR}))A) 3. Let ¢ = max(cq, ba).
E. (err £ +bmax({AR})) 4. Let d = d.
iii. = 22:‘R|_1 f”(Rk+(R§:+ll__R£z)_f7l(R’“) 5. Let p(R,n) be the following procedure:
(Rit1 — Rr) (a) Using procedures gqi,q2,q3, show that
v, = S0 (f (Rig) — fu(Re) S far)s:
v. = fu(Big-1) = fa(Ro). = S (gn (B (gn(Bir) —

(b) Therefore show that fTR fr(rs, = 9n(Br))
fn(R\R|—1)_.fn(R0) (CI“I‘ %+bmax({AR})), i = ZECO=|R|—1] f"(gn(Rk))Afi_}—%lkingn(y)(Rk.H*

6. Yield the tuple (a,b,c,d,p). Bx)
i = S (g0 (Ri) gl (Be) (Rir —

Procedure IV:47(fri3008190457) Ry)
Objective A (er P ap(n 4 b (R -

R ) {Riy1 — Ri})

Choose the following: o RI_1
B. (err as( +b; max({AR})) SRy —

1. A non-negative rational number A. Ri})

2. A procedure g¢i(x,n,d) to show that ar R
A;iwgn(y) = g, (x) (err 52 +b1{d}) when two C. (err ap(5 + by max({AR})) fT {or})
complex numbers x,d and a positive integer n D. (err az(%* + by max({AR}))A)
such that P(z), n > ¢1, and 0 < ||0]|> < dy? “
are chosen. E. (err & +bmax({AR}))

. R

3. A procedure ga2(x,n) to show that f,(x) = iv. = [.7 fa(gn(r)gn(r)d;.

0 (err az) when a complex number = and a gn(R) B
positive integer n such that Q(z) and n > by (b) Hsnce show that fr fa(r)or =
are chosen. I falgn(r))gn ()0, (err & 4+bmax({AR})).

4. A procedure gz(x,n) to show that Q(g,(z)) 6. Yield the tuple (a,b,c,d,p).

when a complex number x and a positive in-
teger n such that P(z) and n > ¢, are chosen  Procedure IV:48(fri3008190709)

The objective of the following instructions is to con- Objective

struct the following:
Choose three rational numbers A, X,e such that

1. Non-negative rational numbers a, b, ¢, d. 0 <e<1and X > 0. The objective of the fol-
2. A procedure p(R,n) to show that lowing instructions is to construct the following:
ng(R) fu(r)d, = fTR Jn(gn(1))gy ()0, (err & 4 1. Non-negative rational numbers a, b, ¢, d.
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2. A procedure p(R,n) to show that er% =
In, (R gj—1) (err & + bmax({AR})) when an
integer n and a non-empty list of complex
numbers R such that re(R;) > e, ||R¢||? < X2
and 0 < ||Req1 — Re||?> < d?fort € [0: |R|—1],
Ry =1, ff{ér} < A, and n > ¢ are chosen.

Implementation

1. Execute procedure IV:31 on (X,e) and let
(--+,q) receive.

2. Hence execute procedure IV:46 on (A, q) and
let {(a,b,c,d,t) receive.

3. Let p(R,n) be the following procedure:
(a) Using procedure ¢, show that fTR %

L= Inn(Rg-1) — Ina(Ry) (err & +
bmax({AR}))

ii. = lnn(R|R|,1) - lnn(l)
iii. = lnn(R|R|_1).
(b) Hence  show  that [

r

In, (R|gj—1) (err & + bmax({AR})).
4. Yield the tuple (a,b,c,d,p).

R,
T
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Matrix Arithmetic
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Chapter 16

Matrix Arithmetic

Declaration V:0(4.28)

The phrase "matrix” will be used as a shorthand
for a list of equally lengthed lists of polynomials. In
particular, the phrase ”m x n matrix” will be used
as a shorthand for a length-m list of length-n lists
of polynomials.

Declaration V:1(4.29)

The notation A; ;, where A is a matrix and I,J
are lists of indicies, will be used as a shorthand for
((Aj)s for j eI).

Declaration V:2(4.30)

The phrase " A = B”, where A, B are m X n matri-
ces, will be used as a shorthand for " A4; ; = B; ; for
j€0:n], forie[0:m]”.

Procedure V:0(4.73)
Objective

Choose an m X n matrix A. The objective of the
following instructions is to show that A = A.

Implementation

1. Verify that Ai,j = Ai,j fOI'j S [0 :
i€[0:m].

n|, for

2. Hence verify that A = A.
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Procedure V:1(4.74)

Objective

Choose two m x n matrices A, B such that A = B.
The objective of the following instructions is to show
that B = A.

Implementation

1. Verify that Ai,j = Bi,j fOI'j € [0 :
i€]0:m].

n], for

2. Hence verify that B; ; = A, ; for j € [0 : n],
for i € [0: m)].

3. Hence verify that B = A.

Procedure V:2(4.75)
Objective

Choose three m x n matrices A, B,C such that
A = B and B = C. The objective of the follow-
ing instructions is to show that A = C.

Implementation
1. Verify that A;; = B;; for j € [0 : n], for
i€]0:m].
2. Verify that B;; = C;; for j € [0 : n], for

i€]0:m].

Hence verify that A; ; = C;; for j € [0 : n],
for i € [0:m].

. Hence verify that A =C.



Declaration V:3(4.31)

The notation A + B, where A, B are m X n ma-
trices, will be used as a shorthand for the list
((A;j + By j for j € [0:n]) for i € [0:m]).

Procedure V:3(4.76)
Objective

Choose four m x n matrices A, B,C, D such that
A = C and B = D. The objective of the following
instructions is to show that A+ B =C + D.

Implementation
1. Verify that A;; = C;; for j € [0 : n], for
i€ [0:m].
2. Verify that B; ; = D, ; for j € [0 : n], for
i€ [0:m].
3. Hence verify that A+ B

(a) = ((A;;+B;; for j € [0:n]) forie[0:m])
(b) = ((C;;+D;; for j € [0:n]) for i € [0: m])
(c) =C+D.

Procedure V:4(4.77)
Objective

Choose three m x n matrices A, B,C. The objec-
tive of the following instructions is to show that
(A+B)+C=A+(B+0C).

Implementation

1. Verify that (A+ B)+C

(a) = <<(A + B)iJ + C@j for j € [0 : n]) for i €
02 m])

(b) = (((Ai;j+ B, )+C;j for j €[0:n]) forie
0 m)

(c) = ((Ai;j+(B;;+C; ;) for j €[0:n]) for i €
[0:m])

(d) = ((Ai; +(B+C);; for j € [0:n]) forie
0 ml)

(e) = A+ (B+0).
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Procedure V:5(4.78)
Objective
Choose two m x n matrices A, B. The objective of
the following instructions is to show that A + B =
B+ A.
Implementation
1. A+B
(8) = ((Aiy+Bi for j € [0:m]) for i € [0: m))
(b) = (B + A for j € [0:n]) fori € [0: m))
(¢) = B+ A.

Declaration V:4(4.32)

The notation 0,,, will contextually be used as a
shorthand for the list ({0 for j € [0 : n]) for ¢ € [0 :
m]) where the natural numbers m, n are determined
by the context.

Procedure V:6(4.79)

Objective

Choose an m x n matrix A. The objective of the
following instructions is to show that 0 + A = A.
Implementation

1. Verify that 0+ A

(2) = Omxn +A

(b) = ((0;,; + A for j € [0:n]) for i € [0:m])
(c) = ((0+ A, for j € [0:n]) for i € [0:m])
(d) = ((A;; for j € [0:n]) for i € [0:m])

(e) = A.

Declaration V:5(4.33)

The notation —A, where A is an m X n matrix, will
be used as a shorthand for the list ((—A; ; for j €
[0:n]) for i € [0:m]).

Procedure V:7(4.80)

Objective

Choose two m x n matrices A, B such that A = B.

The objective of the following instructions is to show
that —A = —B.



Implementation

1. Verify that A;; = B;; for j € [0 :
i€ [0:m].

n], for

2. Hence verify that —A

(a) = ((—A;,; for j € [0:n]) for i € [0:m])
((—B;,; for j € [0:n]) for i € [0: m])
(¢) = -B.

Procedure V:8(4.81)
Objective

Choose a m x n matrix A. The objective of the
following instructions is to show that —A + A = 0.

Implementation
1. Verify that —A+ A
(a) (((A);; +A;;forj € [0:n])forie0:
mj)

(b) <<B(AZ’]) + Ai,j fOI‘j € [0 : Tl]) for i € [O :

(¢) ({0 for j €[0:n]) forie[0:m])
(d) =o0.

Declaration V:6(4.34)

The notation AB, where A is an m X n matrix and
B is an n x k matrix, will be used as a shorthand for

the list (319" A, B, for j € [0: k]) fori € [0 :
m]).

Procedure V:9(4.82)

Objective

Choose two m x n matrices A, C and two n X k ma-
trices B, D such that A = C and B = D. The ob-
jective of the following instructions is to show that
AB =CD.

Implementation
1. Verify that A;; = C;; for j € [0 : n], for
i€ [0:m].
2. Verify that B;; = D;; for j € [0 : k], for
i€ [0:n).
3. Hence verify that AB
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(a) = (1" A, , B, for j € [0: k]) fori €
[0: m])

b) = (SO i, D, forj € [0 : K] fori e
0

(¢) =CD.

Procedure V:10(4.02)
Objective

Choose an m x n matrix, A, an n X p matrix, B, and
a p X ¢ matrix, C. The objective of the following
instructions is to show that (AB)C = A(BC).

Implementation
1. Verity that (AB)C
(a) = (N (AB);,C, for j €[0: q]) for i €
[0:m])
(b) = (X7 A431B1,)Cyj for j € [0

q]) for i € [0 : lm])

(Pl 50l 4 By C i for € [0
q]) for i € [0 : m])

()

(P S OP 4By, O for o€ [0
q]) for i € [0 : m])

(d)

(S 4, 0 B Lo, for e [0
q]) for i € [0 : m])

()

(f) [: <<z]>£01”1 A (BC),; for j € [0: q)) fori e
0:m

(g) = A(BO).

Declaration V:7(4.35)

The notation a,,x,, where a # 0 is a polynomial,
will contextually be used as a shorthand for the list
({afi = 4] for j € [0 : m]) for i € [0 : m]).

Procedure V:11(4.84)
Objective

Choose an m x n matrix, A. The objective of the
following instructions is to show that 14 = A.



Implementation

1. Verify that 14

(a) =1,A

(b) = <<ZLO:m] 1, A, for j € [0 : n]) fori €
[0: m])

() = (X1™}i = r]A,; for j € [0: n)) for i €
[0:m])

(d) = ((As,; for j € [0:n]) for i € [0:m])
(e) = A.

Procedure V:12(4.85)
Objective

Choose an m x n matrix A, and two n x k matrices
B,C. The objective of the following instructions is
to show that A(B+ C) = AB + AC.

Implementation
1. A(B+C)

(@) = (X4,,(B + O)yforj € [0
k]) for i € [0 : m])

() = (X" A, (B + Cry)forj € [0
k]) for i € [0: m])
() = (XA By + Ay Cry) for j € [0 :

k]) for i € [0: m])

(d) = (X0 4, B, + 0" 4, ¢, for j e
[0: k]) for i € [0: m])

(e) = <<ZLOW] A; B, forj € [0 : k]) fori €
0 ml) + (57" 55,7 i Crj for j € [0
k]) for i € [0 :m])

(f) = AB+ AC.

Declaration V:8(4.36)

The phrase "row i of A” and the notation A, .,
where A is an m X n matrix and 0 < ¢ < m, will be
used as a shorthand for A; jo.p,)-

Declaration V:9(4.37)

The phrase ”column ¢ of A” and the notation A, ;,
where A is an m X n matrix and 0 < 7 < n, will be
used as a shorthand for Ajg.,) ;-
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Procedure V:13(4.00)
Objective

Choose an m x 2 matrix, A. Let deg(0) = co. Let
k = min(deg(Ao,0),deg(Ao,1)) and ¢ = deg(Ap,o).
The objective of the following instructions is to make
Ap1 =0, deg(Apo) < k, and either leave A, ¢ un-
changed or make deg(Ao,0) < g by a sequence of op-
erations whereby, in each step a polynomial times
either of the columns is added to the other.

Implementation
1. Let A be our working matrix.
2. While Ay ; # 0, do the following:
(a) If deg(Ap,0) < deg(Aop,1), then:

A
i. Subtract M)\degmo,l)fdegmo,o)
(A0,0)deg(4g o)
times A(),Q fI‘OIIl AO,l-

ii. Now verify that either Ag;’s degree has
decreased or Ag; = 0.

(b) Otherwise, do the following:

(A0.0)deg(40,0) Adeg(Ao,0)—deg(Ao,1)
(A0,1)deg(40 1) ’

ii. If Ag,0 = pAo,1, then do the following:
A. Add 1 - P times A071 to A070.

i. Let p=

B. Verify that now Ag o = Ao.1.
iii. Otherwise, do the following:

A. Verify that Ao # pAo.i.

B. Add —p times Ay 1 to Agpo-
iv. Therefore verify that Ag o # 0.

v. Also verify that Ago’s degree has de-
creased.

Verify that Ay, = 0.

Verify that the changes to A, if any, have
decreased its degree.

If both operations are well-defined, then do the
following:

(a) Verify that all changes to Ag 1 but the last
have decreased its degree.

(b) Verify that deg(Apo) < the degree of the
penultimate value of Ay ;.



6. Therefore verify that deg(Aoo) < k.

7. If A, o was changed, then do the following:
(a) Verify that Ay was also changed.
(b) Therefore verify that deg(Ap) <

8. Yield the tuple (4).

q.

Declaration V:10(4.01)

The phrase "matrix diagonal” will be used as a
shorthand for matrix positions such that the row
index equals the column index.

Declaration V:11(4.02)

The phrase ”diagonal matrix” will be used to refer
to matrices with Os in all off-diagonal positions.

Procedure V:14(4.01)
Objective

Choose a m x n matrix, A. The objective of the fol-
lowing instructions is to transform A into an m X n
diagonal matrix by a sequence of operations whereby
either a polynomial times any of the columns is
added to a different column, or a polynomial times
any of the rows is added to a different row.

Implementation
1. If m =0 or n = 0, then do the following:

(a) Verify that A is an m x n diagonal ma-
trix.

(b) Yield the tuple (A).

2. Otherwise do the following:

3. Verify that m > 0 and n > 0.

4. Let A be our working matrix.

5. Now do the following:

(a) While Ag [1.n,) # 0, do the following:

i. Select the m x 2 matrix whose top-right
entry coincides with the last non-zero en-
try of the first row

ii. Apply procedure V:13 on this submatrix.
Verify that the top-left and top-right en-
tries of the submatrix are now non-zero

and zero respectively.

iii.
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iv. If A, ¢ was modified by (5aii), then do the
following:

A. Verify that deg(Ag) decreased.
B. Go back to (5).

(b) Now do the same operations as in (a), but
this time with the operations themselves re-
flected across the matrix’s diagonal.

6. Verlfy that AO,[I:n] =0.
Also verify that A[1.m,)0 = 0.

Apply procedure V:14 on the submatrix
A[l:m],[l:n]~

Verify that (8)’s execution leaves the first row
and column unchanged.

10. Also verify that Ay, (1:n] is noW a (m — 1) x

(n — 1) diagonal matrix.

11. Therefore verify that A is now an m x n

diagonal matrix.

12. Yield the tuple (A).

Declaration V:12(4.04)

The phrase ”tilt matrix” will be used to refer to
square matrices with only 1s on the diagonal, a sin-
gle polynomial off the diagonal, and Os everywhere
else.

Procedure V:15(4.03)
Objective

Choose a procedure, A, and two non-negative inte-
gers m,n. The objective of the following instruc-
tions is, once A has been executed, to construct a
list of m xm tilts, M, and a list of n xn tilts, IV such
that M)ps—1—; equals 1,, after applying the i*" row
operation carried out by A also on it, and NV; equals
1,, after applying the i*" row operation carried out
by A also on it.

Implementation
1. Make an empty list, N.

2. Augment procedure A so that each time a
polynomial x times a column 7 is added onto
column 7, an n X n matrix that only has 1s on
its diagonal, and such that the only non-zero



entry off its diagonal is = at position (4, j), is
appended onto V.

3. Make an empty list, M.

4. Also augment procedure A so that each time
a polynomial x times a row 7 is added onto
row j, an n X n matrix that only has 1s on
its diagonal, and such that the only non-zero
entry off its diagonal is x at position (j,1), is
prepended onto M.

5. Now run procedure A.

6. Yield the tuple (M, N).

Procedure V:16(4.04)
Objective
Choose a m x n matrix, A. The objective of the fol-
lowing instructions is to show that 1,,A = A = Al,,.
Implementation

1. For 0 < r < m, do the following:

(a) For 0 <t < n, do the following:

i. Verify that (1, A)ry = S0 (1) 0 Au s =
(]-m)r,rAr,t =1x% Ar,t = Ar,t~

2. Therefore verify that 1,,A = A.
3. For 0 < r < m, do the following;:
(a) For 0 <t < n, do the following:

i. Verify that (Al,,),; = Z[O:m] A u(In)uye =

u

A’l‘,t(ln)t7t == A’I‘,t x1 = ATvt'
4. Therefore verify that Al, = A.

Declaration V:13(4.05)

The notation A~!, where A is a list of m x m tilts,
will be used to refer to the result yielded by execut-
ing the following instructions:

1. Let A~! be ().
2. For i in [0 : | 4[], do the following:

(a) Let (4, k) be the position of the off diagonal
entry of A;.

(b) Let B equal A; but with entry (j, k) negated.
(c) Now prepend B onto A~L.
3. Yield (A~1).
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Procedure V:17(4.05)
Objective

Choose a list of m x m tilts, A. The objective of the
following instructions is to show that A, A1, = 1,,.

Implementation
1. Verify that |A| = |[A7Y].
2. For i in [0 : |A4[], do the following:

(a) Let (4, k) be the position of the off diagonal
entry of A;.

(b) Let B = A~ _1_;.
(c) For r in [0 : m] and r # j, do the following:
i. For t in [0 : m], do the following;:
A. Verify that (4;B),, = 29" (4,), B, =

u

(Ai)'r‘,TBr,t =1x Br,t = [7" = t]
(d) For ¢ in [0 : m] and t # k, do the following:
i. Verify that (4;B);, = 3219 (4;); 0, Bus =

u

(Ai)j,tBt,t = (Ai)j,t x1 = [] = t]
(e) Verify that (4;B);r = Z[O:m] (Ai)juBup =

(Ai)j,jBjk+(Ai)j ke Brk = 1xBj i+ (A3 j i
1= B+ (Ai)jr =0.
(f) Therefore verify that A;B = 1,,.

3. Therefore using procedure V:10 and procedure

V:16, verify that A, A7L,
(a) = Ao~ Ajaj—2A|a 1A AT - AT 42
(b) = Ag-- Ajaj-Aaj2lm ATHAT - ATy
(c) = Ao~ AjajsAja A7 HAT 9 AT 4

) :

(e) = AolmA™ a1
(f) = A0A71|A\—1
(8) =1m

Procedure V:18(4.06)
Objective

Choose a list of m x m tilts, A. The objective of the
following instructions is to show that (A=1)~1 = A
and A1, A, =1,,.



Implementation
1. Verify that (A~!)~! = A.

2. Therefore using procedure V:17, verify
that A1, A, =A"L, (A )7L =1,.

Procedure V:19(4.07)
Objective

Choose a 2 x 2 diagonal matrix, A. The objective of
the following instructions is to construct polynomi-
als u, v and transform A into a 2 x 2 diagonal matrix,
A’, such that A} ; = uAp, and Agp = vAp, by a
sequence of operations whereby either a polynomial
times any of the columns is added to a different col-
umn, or a polynomial times any of the rows is added
to a different row.

Implementation
1. Add row 1 to row 0.
2. Now verify that Ag1 = A41,1.
3. Set A’ = A and let A’ be our working matrix.

4. Let (M, N) receive the results of executing
procedure V:15 on the pair (2,2) and the fol-
lowing procedure:

(a) Execute procedure V:13 on A’.
5. Using (4), verify that M is empty.

6. Using (4) and (5), verify that AN, =

M,AN, = A'.
7. Using (6), verify that A = Al,, = AN,N1, =
AN,

8. Using (4), verify that Af; = 0.

9. Using (4) and (7), verify that Ay =
ApoN 100+ Ag 1 N"1i0 = A5 oN Lo 00

10. Using (4) and (7), verify that A1 = Agq =
A6,ON71*0,1 + A6,1N71*1,1 = A6,0N71*0,1-

11. Using (2), verify that A; o = 0.

12. Using (6) and (11), verify that A}, =
A10Nwoo + A11Nag = A11Na =
A6,0N_1*0,1N*1,o-

13. Using (6) and (11), verify that A}, =
A1 oNyoq1 + A11Ne1 = A1iNaa =
ApoN " 01 Nux 1

14. Subtract N_I*O’IN*LO times row 0 from row
1.

15. Now using (14) and (12), verify that A} ; = 0.

16. Therefore verify that A’ is a 2 x 2 diago-
nal matrix.

17. Let A= A'.
18. Yield (N 1.0 1 Nyi 1, N0 0)-

Procedure V:20(4.08)
Objective

Choose a m x n matrix, A such that min(m,n) > 0.
The objective of the following instructions is to de-
fine a list of polynomials u and transform A into
an m x n diagonal matrix such that Ay, = urAoo
for k in [0 : min(m,n)] by a sequence of opera-
tions whereby either a polynomial times any of the
columns is added to a different column, or a poly-
nomial times any of the rows is added to a different
row.

Implementation

1. Let u = (1).

2. Execute procedure V:14 on A.

3. Verify that A is an m x n diagonal matrix.

4. For j in [1 : min(m,n)], do the following:

(a) Using (h), verify that Ay = ur Ao, for k in

[0 4].
(b) Set A’ = A.

(c) Execute procedure V:19 on A’<07j> ( and

:0,5)
let (uj;,v) receive.

(d) Using (c), verify that A and A" are the same
modulo positions (0,0) and (j, j).

(e) Therefore verify that A’ is an m xn diagonal
matrix.

(f) Also, using (c), verify that A’ ; = u;Af .
(g) Also, for k in [1 : j], do the following;:

i. Using (a), (c), and (d), verify that A} , =
Ak,k = ukAQO = ukAEJ,OU'

ii. Set up = ugv.

iii. Hence verify that Aj ; = upAp .



(h) Therefore verify that Ay = ugAo, for k in
[0:75+1].
(i) Now let A = A"

5. Hence using (4h), verify that A, =

upAo,o for k in [0 : min(m,n)].

Also, using (4e), verify that A is an mxn
diagonal matrix.

Yield (u).

Procedure V:21(4.09)
Objective

Choose a m x n matrix, A, and a n X k matrix,
B. Choose integers 0 < a < m, 0 < b < n, and
0 < ¢ < k. The objective of the following instruc-
tions is to show that

L. (AB)[0:a],0:q] = A 00 B +
A[O:a],[b:n]B[b:n],[O:c]
2. (AB)oualfeck] = Ajpealjo:n) Blow) ek T
Ajo:a),[b:n] Blpin), [e:k]
3. (AB)[a:m],[O:c] = A[a:m],[O:b}B[O:b],[O:c] +
A[a:m],[b:n]B[b:n],[O:c]
4. (AB)[a:m],[c:k] - A[a:m],[O:b]B[O:b],[c:k] +
Ala:m],[b:n) Blbm), [e:k] -
Implementation
1. For each 0 <4 < a, do the following:
(a) For each 0 < j < ¢, do the following:
i. Verify that (AB),; = Y\ 4;,B,; =
0:b b:n
ZL ]Ai-,poyj + ZL ]Ai,po,j =
b
ZLO ](A[o:a],[o:b])i,p(B[o:b],[o:c])p,j +
n—>b
ZI[,O N Afo-a] pn))isp (Bloen] [0:c] g
(Aj0:a),[0:5) Bo:b),[0:¢] 1,5 (A[0:a), [b:n) Blben], [0:¢] )i -

Therefore verify that (AB).q)0:q
Afo:a],[0:6] Blo:b],[0:¢] T A[0:a],[b:n) Blpen],[0:c] -

Using computations analogous to (1)
and (2), show items (2), (3), and (4) of
the objective.

Declaration V:14(4.06)

The phrase "number of rows of A” and the notation
rows(A), where A is an m X n matrix, will be used
as a shorthand for m.
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Declaration V:15(4.07)

The phrase "number of columns of A” and the no-
tation cols(A), where A is an m x n matrix, will be
used as a shorthand for n.

Declaration V:16(4.08)

The notation diag(C'), where C is a list of rational
square matrices, will be used to refer to the result
yielded by executing the following instructions:

1. Let E be a 0 x 0 matrices.
2. Now for ¢ in [0 : |C|]:

(a) Add cols(C;) columns filled with zeros to the
right end of E.

(b) Add rows(C;) rows filled with zeros to the
bottom end of .

(¢) Set the bottom-right corner of E equal to
C;.

3. Yield the tuple (E).

Procedure V:22(4.10)

Objective

Choose a m xn matrix, A. Let A_; _; = 1. The ob-
jective of the following instructions is to construct
the list of polynomials v and transform A into an
m x n diagonal matrix such that Ay ; = v Ar—1k-1
for k£ in [0 : min(m,n)] by a sequence of opera-
tions whereby either a polynomial times any of the
columns is added to a different column, or a poly-
nomial times any of the rows is added to a different
row.

Implementation
1. If min(m,n) = 0, then do the following:

(a) Verify that A is an m x n diagonal ma-
trix.

(b) Yield ().
2. Otherwise do the following:

(a) Apply procedure V:20 on A, and let (u) re-
ceive.

(b) Verify that A is an m x n diagonal matrix.

(c) Verify that Agjp = wupdoo for k in [0 :
min(m, n)].



(d) Let B,C be an (m — 1) x (n — 1) diagonal
matrix with wuy., on the diagonal.

(e) Let (M, N) receive the results of executing
procedure V:15 on the pair (m — 1,n — 1)
and the following procedure:

i. Execute procedure V:22 on C and let (w)
receive.

(f) Therefore verify that C'is an (m—1)x(n—1)
diagonal matrix.

(g) Also verify that C' = M,BN,.
(h) Let 0_17_1 =1.

(i) Now wusing (ei), verify that Cpi =
wkCl_1 k-1 for k in [0 : min(m,n) — 1J.

(j) Therefore using (c), verify that AgocC =
M*(A0,0B)N* = M*A[lzm],[lzn]N*'

(k) Premultiply A by diag(1, My) for k in [|M] :
0].

(1) Postmultiply A by diag(1, Ny) for k in [0 :
V1]

(m) Now verify that Ay, [1:n) = Ao,0C.
n) Now let u = (Ag,0) " w.

(
(o) Therefore verify that Ay, = urpAp_1 -1
for k in [0 : min(m,n)].

(p) Yield the tuple (u).
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Chapter 17

Compound Matrices

Declaration V:17(4.09) i. Verify that (Ajgu)~(r41m][1im])i-16 =
B+ pC.

The notation det(A), where A is a m x m matrix, Tp

will be used to refer to the result yielded by execut- ii. Verify that Al i ) is

. . . . [0:r] ™ [r+1:m],[1:m]

ing the following instructions: Al0:r]~ [r+1:m],[1:m] With row i — 1 replaced
by B.

1. If m = 0, then do the following: Y
iii. Verify  that  Af is

[0:7] ™ [r+1:m],[1:m]
A[O:T]A[TJ’,l:m]’[l:m] with row 7 — 1 replaced

2. Otherwise, do the following: by C

(a) Yield the tuple (1).

(a) Let hy = Ajo:)~ [r41,m],[1:m) for 7 in [0 m)]. iv. Execute procedure V:23 on (p, B,C,i — 1,
[0:m] A0~ [r4 1:m], [1m])-
(b) Yield the tuple (Y™ (—1)" A, det(h,.)).

T

v. Therefore verify that det(Ajg.r)~[r41:m],[1:m]) =

/ "
Procedure V'23(4 11) det(A[O:T]A[7‘+1:m],[1:m])+pdet(A[O:r]“[T+1:m],[1:m])'
(b) For r in [i + 1 : m], do the following:

Objective

Choose a polynomial p. Choose two 1 x m matrices, " Z\)/gr.lfy that (A~ (r+tm) im)ie = B+
B and C. Choose an integer 0 < i < m. Choose a

m x m matrix, A, such that its i** row is B + pC. ii. Verify  that A’[Ow]ﬁ[rﬂ:m]’[l:m} is
Let A’ be A but with the i** row replaced by B Al0:r)~ [r4+1:m],[1:m] With Tow i replaced by
and let A” be A but with the i*"* row replaced by B.

C. The objective of the following instructions is to ” A )
show that det(A) = det(A’) + pdet(A”). fii. Verify — that Aot 1) 38
A[0:r)~ [r41:m],[1:m] With row i replaced by

Implementation
iv. Execute procedure V:23 on (p, B,C,1i,
1. If m = 1, then do the following: A )
[0:7] ™ [r+1:m],[1:m]/ -

(a) Verify that i = 0. v. Therefore verify that det(A.,)~[r+1:m],[1:m]) =

(b) Therefore verify that det(A) = Ago = det(Afo:r]A[rJrl:m],[Lm])+pdet(AE(/):r]A[r+1:m],[1:m])'
— !/ "
Boo +pCoo = det(A) + pdet(A”). (¢) Therefore using (av) and (bv), verify that
2. Otherwise, do the following: det(A)
(a) For 7 in [0 : i], do the following: i = ZTO:m](—l)TAT,O det (A~ [r41:m],[1:m])
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(—1)ZA¢,0 det (A[:i~ [i41:m],[1:m])
Z[rH_l.m](_l)rA?‘,O det(A[O:r]“[r-‘,—l:m]7 1:
= Y (—1)7 4, 0 (det(Af |
Pty prom o) + (=
pAi,O) det(A[ 0:4] ™ [i4+1:m],[1: m]) +

i+1:m r
> ,}( 1) Ar0(Ae8(Alg.p1~ -y 12 [1:m) )+
pdet(Ag,,

0:¢ r
= Zq[ﬂ ](_1) A”"O det(A[O ] [r4+1:m],[1: m])+
(=1)" 45 o det(Ajgui)= i+, [1:m)) +
Z’[’:H—l'm](*l)rAT‘,O det(A[O 7_]/\[7_,'_1 m 1 7n )
0:7 r
ZL ](_1> Ar,op det(A[O:r]"[r+1:m],[1:m})+

—-
=

]-)TA’I",O det(A[O:r]" [r+1:m],[1:m] ) +
+

(1))
O:r]"[r-&-l:_m 7[1:m])
1)'(Afo +

iii. +

r+14m],[1.m])

iv.

+

(_1_)ipA§/,o det(A[O:i]"[H»l :m],[1: m]) +

S 1) A, op det (A~ 1om), [1:m])
v — E[To:m](_1)TA’T70 det(Afo:r]A[rH:m],[l:m])+

p YN (1) AL, det (A1~ 4 1m),[1:m])
vi. =det(A’) + pdet(A”).

Procedure V:24(4.12)
Objective

Choose a polynomial p. Choose two m x 1 matrices,
B and C. Choose an integer 0 < i < m. Choose a
m x m matrix, A, such that its i*" column is B+pC.
Let A’ be A but with the i*” column replaced by B
and let A” be A but with the i** column replaced
by C. The objective of the following instructions is
to show that det(A) = det(A’) + pdet(A”).

Implementation

1. If i = 0, then verify that det(A)

2. Otherwise, do the following;:
(a) For r in [0 : m], do the following:

V:24
B[O:’I”]A [r+1:m],05 C’[O:r]’“ [r+1:m],05 {
A[O:r]’“ [r4+1:m],[1:m] > )

(p,
1

i. Execute  procedure on

)

ii. Therefore verify that det(Ajg.,)~[r+1:m],[1:m]) =
det(Alg (g 1om), (1:m)) TP ACE (A~ g 1] [1m))-

(b) Therefore using (a), verify that det(A)

L= Zgﬂozm](_]‘)TAT,O'det(A[O:T]“[r+l:m],[l:m])
Z[O m] rAr0<det(AfO:r]"‘[r+1:m],[1:m]>+
pdet(A{o o~ [t 1em] [1:m]))
lii. = Z[Ozm]( 1)"Ao det(Afo ]~ [r+1iml], [1: m})+
ST (— 1) A det (AL )~ 4 1m), [1:m])

iv. =det(A’) 4+ pdet(A4”).

Procedure V:25(4.13)
Objective

Choose a m x m matrix, A. Choose an integer
0 <i< m. Let A’ be A with rows i — 1 and ¢
swapped. The objective of the following instructions
is to show that det(A’) = —det(A).

Implementation
1. If m = 2, then do the following:
(a) Verify that i = 1.

(b) Therefore verify that det(A’) = Af oA} | —
Al1,0A6,1 = A1,0A401 — Ao A1 1 = —det(A).

(a) = Z ( 1)" Ay det( Ao}~ [r+1:m],[1:m]) 2. Otherwise do the following:

(b) = Z ( 1)"(B+pC)r0 det(Afr)~[r41:m),(1:m))  (2) For rin [0: i — 1], do the following:

(c) = Z ( 1)"(B)r,0 det(A{g:r]~ [r41:m],[1:m] )+ i Verif/y that A[o:r]’\[r+1:m]7[1:m] is the same
Z[ ]( 1) (pC)TOdet(A[O:T]’\[T+1:m] [l:m]) as A[O:r]“[r-&-l:m],[l:m] but with rows i — 2

' and 2 — 1 swapped.

— [0:m] _ 1\ .

(@) = [&m} (=1)"(B)ro det( Ay ~fr- 1im) from)) ii. Execute procedure V:25 on (Ao~ [r41:m],[1:m]
pzr . (_1)T(C)T,0 det(A[O:r]’“[r+1:m],[1:m}) i — 1>

(e) = ZE-O:m]( 1)"(A")r0 det(A’[O r]’\[r+1:m],[1:m])+ iii. Hence verify that det(Afo:r]A[r+1:m],[1zm]) =
pz [0:m] ( ) AN)T 0 det(A[ T]A[rJrl:m],[l:m]) - det(A[O:T]ﬁ[rJrl:m]’[l:m]).

(f) = det(A’) + pdet(A”)
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(b) For 7 in [i + 1 : m], do the following:



i. Verify that Ajo.)~[r41:m],[1:m) 15 the same
as A[o ]~ [ 1:m] L] but with rows i — 1
and 2 swapped.

ii.

Hence verify that det(A{g,;~ (1. (1:m)) =

— det(Ajour)~ [r4 1:m],[1:m])-

(c) Verify that det(A)
i = Z,[,()m] (71)7,147“,0 det(A[O:’r']’\[7'+1:m],[1:m])

_ Z[O:i—l] (_1
(71)1:71141'—1,0 det(A[O:i—l]“ [i:nL],[l:nL])
(=1)"Ai o det(Afo:i)~ fi41:m] [1:m])

S (1) A det(A

_ Z[O:ifl](
) A’L 0 det(A[O 1] [i+1:m], [1:m]
1)1 A] o det(Afg 1~ fiamy,f1:m))

iii.

ii.
+
+

)

[0:7]~ [r+1:m],[1:m
i, 1" AL o det(Alg .~ i 1om) 1

(=
(=

Execute procedure V:25 on (Ao~ [r+1:m],[1:m]

)TAT,O det (A[O:T] ~[r4+1:m],[1:m] )+

:m])_

Sl 1)" A7 0 det(Alg.p (1 1m) [12m))
iv. = — Z[Tozm]( 1)"Ao det(A[o ] = [r1im], (1 m])
V., = — det(A’).

Procedure V:26(4.14)
Objective

Choose a m X m matrix, A. Choose an integer
0 <i< m. Let A be A with columns i — 1 and
i swapped. The objective of the following instruc-
tions is to show that det(A’) = — det(A).

Implementation

1. If i = 1, then verify that det(A)
(a) =N (-1)7 4, det(A[o:]~ [r41:m],[1:m
(b) = X0 (=1)r Ao S (-1

det (Afo:r]~ fr4-1:t]~ [t+1im],[2:m]) +
[ m]( )tA Z[Ot( 1)TAT71*
det(A[O.'r A[r+1.t]ﬁ[t+1.m],[2:m+1])

() = S0 (=1)1 1 Ay g S (-1)7 Ay %
det(Afoir)~ r+1:4]~ [t+1:m] [2im41]) +
ST 1) Ay T (1)t Ao
det(A[:r)~ [r41:)~ [t+1:m], [2:m+1])

(d) = (1)1 Ay, S (1) Ay

det (Al 1~ i1~ fpr 1) 2emr1) T

1)
)tflAm1 *
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[0:m] 1)7 A [r+1:m] 1
A T

[0:7] ™ [r+1:8] 7 [t+1:m],[2:m] )

—( (1) AL

)tA;s,l *

[r+1:7n](

(e) = DI LAL

et (Afg., )~ (r4 106~ [t 1) 2em)) T
0: 0: r
A, S (1A
et (Afg.y )~ [r41:6]~ [t 1], 26m]

(f) = —det(4").
2. Otherwise do the following;:

(a) Verify that i > 1.

(b) For r in [0 : m], do the following:

i. Execute procedure V:26 on (i — 1,
A[O:T]’\[r+1:m],[1:m]>~
ii. Therefore verify that det(Ajo.~[r41:m],[1:m]) =

det(AEO )™ [r+1:m],[1:im]/*

(¢) Therefore using (bii), verify that det(A) =
Z[Tme](—l)TAr,o - det(Ajo:p)~[r41:m),[1:m]) =
S 1) AL (= det (A, -
—det(A4").

SN~—"
|

[r+1:m],[1:m]

Procedure V:27(4.15)
Objective

Choose integers 0 < 7 < m. Choose a m x m ma-
trix, A, such that columns ¢ — 1 and 4 are the same.
The objective of the following instructions is to show

that det(A4) = 0.
Implementation
1. Let A’ be A with columns i—1 and ¢ swapped.
2. Execute procedure V:26 on (A, ).
3. Also, verify that A’ = A.
4. Therefore verify that det(4) = det(A’) =
—det(A).
5. Therefore verify that det(A4) = 0.

Procedure V:28(4.16)
Objective

Choose integers 0 < ¢ < m. Choose a m X m matrix,
A, such that rows 7 — 1 and ¢ are the same. The ob-
jective of the following instructions is to show that
det(A) = 0.



Implementation

Instructions are analogous to those of procedure
V:27.

Procedure V:29(4.17)
Objective

Choose integers 0 < i < m. Choose an integer
—i < j < m —1i. Choose a m x m matrix, A. Let
A’ be A but with column ¢ moved j places. The ob-
jective of the following instructions is to show that
det(A’) = (—1)7 det(A).

Implementation
1. Let B = (A).
2. For k in [i : i + j], do the following:

(a) Let Bjp| be the result of swapping columns
k and k + 1 of B|p|_1.

(b) Using procedure V:26,  verify that
det(B‘B|_1) = — det(B|B‘_2).

3. Verlfy that A" = B‘BI,I.

4. Therefore verify that det(4’) =

det(B)p|-1) (=)' det(Bjpj—2) = ---
(—=1)7 det(By) = (—1)7 det(A).

Procedure V:30(4.18)
Objective

Choose integers 0 < 7 < m. Choose an integer
—1 < j < m —1i. Choose a m X m matrix, A. Let
A’ be A but with row ¢ moved j places. The ob-
jective of the following instructions is to show that
det(A’) = (—1)7 det(A).

Implementation
Instructions are analogous to those of procedure
V:29.

Declaration V:18(4.10)

The notation Cj(A), where A is a m X n matrix and
k is an integer such that 0 < k < min(m,n), will
be used to refer to the (%) x (}) matrix with the
following specification:
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The rows are labeled by the colexicograph-
ically sorted list of increasing length-k se-
quences whose elements are picked from [0 :
m).

The columns are labeled by the colexicograph-
ically sorted list of increasing length-k se-
quences whose elements are picked from [0 : n].

For each row label I: For each column label
J: The entry at position (I,.J) is det(Ay, ;).
Declaration V:19(4.11)

The notation A; ; will be used to refer to the entry
of A with row label I and column label J.

Procedure V:31(4.19)
Objective

Choose two integers 0 < k < m. The objec-
tive of the following instructions is to show that

Ck(lm) = 1(7:).

Implementation

1. For each row label I of Cx(1,,), for each col-
umn label J of C(1,,), do the following;:

(a) If I = J, then do the following:

1. Verify that ((1m)I,J)i,j = ((1m)J7J)i,j
(In)g; = [Ji = Jj] = [i = j] for
0<i<k, for0<j<k.

ii. Therefore verify that (Ck(1,,))1.0 = k.

iii. Therefore verify that (Cy(1,,))1,s
det((lm)[,J) = det(lk) =1.

(b) Otherwise, do the following:
i. Verify that I # J.

Let 7 be the index of an element of I that
is not an element of J.

ii.
ili. Now verify that (1,,)r,,; = [Ii = j| =0,
for each j in J.

iv. Therefore verify that ((1,,)1,7)i,« = O1xk-

. Therefore verify that (Cy(1,,))r.
det((1m)zr,s) = 0.

2. Therefore verify that Cy(1,,) = 1(7:).



Procedure V:32(4.20)
Objective

Choose an integer 0 < k < min(m,n). Choose a
m x m tilt, A, such that the off diagonal entry is
the polynomial p at (,7). Also choose a m X n
matrix, B. The objective of the following instruc-
tions is to construct a (') x (') matrix D such that
Cx(AB) = DCy(B).

Implementation
1. Let D = Ck(lm) = 1(7;)
2. Verify that AB equals B, but with its row i

having p times B’s row j added to it.

3. Go through the row labels, I, of Ci(AB) and
do the following:

(a) If i ¢ I, then do the following:

i. Verify that (AB)r« = By «.

ii. Therefore for each column label J, ver-
ify that Ck(AB)Ll = det((AB)[,J) =
det(B[’J) = Ck(B)Ll'

iii. Therefore verify that (Cy(AB))r. =
(Cr(B)) L -

(b) Otherwise, if ¢ € I, then:

i. Let I’ be I but with an in-place replace-
ment of ¢ by j.

ii. For each column label J: Using pro-
cedure V:24, verify that Cx(AB);,; =
det((AB)I)J) = det(BI’L]> +p* det(Bp’J).

iii. If j € I, then do the following;:

A. Verify that the sequence I’ contains two
Js.

B. For each column label J: Using proce-
dure V:28 verify that det(By: s) = 0.

C. Therefore for each column label J: ver-
ify that Ck(AB)Ll = det(B]’J) ==
Ce(B); ;-

D. Therefore verify that Cy(AB);, =
Cr(B)j -

iv. Otherwise if j ¢ I, do the following:

A. Let | be the signed number of places
that the j introduced above needs to be

moved in order to make I’ an increasing
sequence.

B. Let I be obtained from I’ by moving
the integer j in I’ by [ places.

C. For each column label J: Using pro-
cedure V:30, verify that det(Bp ;) =
(—1)l det(szJ).

D. Therefore for each column label J: Ver-

ify that Ci(AB);, = det(Bry) +
D * det(prJ) = det(BlyJ) + (—]_)lp *
det(B[H”]).

E. Verify that I” is a row label of Cy(B).
F. Therefore for each column label J: Ver-
ify that Cp(AB);, = det(Bry) +
(=1)!'p * det(Brrj) = Cw(B);, +
(_1)lp * Ck(B)ﬂ,l‘
G. Therefore verify that (Cy(AB));. =
(Ck(B)) .« + (=1)'p(Cr(B)) 17,
H. Set Dlyﬂ to (71)lp.
(c) Therefore verify that Cy(AB);, =
Dy .Ci(B).
4. Therefore verify that Cy(AB) = DCy(B).
5. Yield (D).

Procedure V:33(4.21)
Objective

Choose an m x n diagonal matrix, A. Also choose
an n X n matrix, B. Also choose an integer 0 < k <
min(m,n). The objective of the following instruc-
tions is to construct an (') x (}) diagonal matrix

D such that C,(AB) = DCy(B).

Implementation

1. Let D = Cx(0pmxn) = 0(7);1)><(n).

k
2. Verify that AB equals Blg.min(m,n)],« With each
row ¢ multiplied by A; ;.
3. Go through the row labels, I, of C(AB) and
do the following:
(a) If Iy < min(m,n), then do the following:

i. Verify that every element of I is less than
min(m, n).



ii. Let AO = A.

iii. For¢in [0 : k]: Let A;41 equal A; but with
position (I, I;) set to 1.

iv. For each column label J: Repeatedly using
procedure V:24, verify that Cy(AB),

A. =det((AB)r.;)

B. =det((4oB)1.1)

C. = Ayy.1, det((A41B)1.5)

D. = Ay, 1, A1 1, det((A2B) 1 g)

- =An AL Ay, det((AgB)r,)
- =Ap AL Any 1, det(Br )
- = AIOJOAILIl T AIk—L,Ik—le(B)Ll‘

v. Therefore verify that (Cr(AB));. =
AI1,I1AI1711 T Afk,fk * (Ck(B))L*'

vi. Set DLL to AIOJOAI1J1 B .AIk—lylk—l'

T Qs

(b) Otherwise if Iy > min(m,n), then do the
following:

i. Using the precondition, verify that
Alk,* = 01><n~

ii. Therefore verify that (AB)r, « = O1xn-
ili. Therefore verify that ((AB)1 )k« = O1xn-

iv. Therefore for each column label J: verify
that Ck(AB)Ll = det((AB)[“]) =0.

v. Therefore verify that (Cy(AB))r . is
zero.

(c) Therefore verify that Ci(AB);, =
Dy .Cy(B).

4. Verify that D is diagonal.
5. Verify that Cy(AB) = DCy(B).
6. Yield (D).

Procedure V:34(4.22)
Objective

Choose an integer 0 < k < min(m,n). Choose a
m x m tilt, A. Also choose a m x n matrix, B. The
objective of the following instructions is to show that

Ch(AB) = C(A)C(B).
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Implementation

1. Execute procedure V:32 on matrices A and 1,,
and let (D) receive.

2. Using procedure V:31, verify that Cix(A) =
Cr(Al,,) = DCk(1,,) = Dl(?) =D.

3. Execute procedure V:32 on (A, B) and let (D')
receive.

4. Verify that D' = D = Cy(A).

5. Therefore verify that Cy(4AB) =
D'Cy(B) = Cr(A)C(B).

Procedure V:35(4.23)
Objective

Choose an integer 0 < k < min(m,n). Choose an
nxn tilt, A. Also choose a m xn matrix, B. The ob-
jective of the following instructions is to show that
C(BA) = C(B)Cy(A).

Implementation

Instructions are analogous to those of procedure
V:34.

Procedure V:36(4.24)
Objective

Choose an integer 0 < k < min(m,n). Choose an
m x n diagonal matrix, A. Also choose a n X n ma-
trix, B. The objective of the following instructions
is to show that Cx(AB) = Cy(A)Ck(B).

Implementation

Instructions are analogous to those of procedure
V:34.

Procedure V:37(4.25)
Objective

Choose a m x n matrix, A. Let D_; _; = 1. The
objective of the following instructions is to construct
a list of m x m tilts, M, an m x n diagonal matrix,
D, a list of polynomials, v, and a list of n x n tiltss,
N, such that M, AN, =D, A= M-, DN~',, and
D;; =v;D;_1,-1 for i in [0 : min(m, n)].



Implementation

1. Let D be a copy of A.

2. Let (M, N) receive the results of executing
procedure V:15 on the pair (m,n) and the fol-

lowing procedure:

(a) Execute procedure V:22 on the matrix D
and let (v) receive.

3. Verify that D,; = v;D;_1,-1 for ¢ in [0 :
min(m,n)].

4. Verify that M, AN, = D.

5. Hence verify that A = 1,41, =
M1 M,ANN"', =M-1, DN,

6. Yield the tuple (M, D,v, N).

Procedure V:38(4.26)
Objective

Choose integers 0 < k < min(m,n,p). Choose a
m X n matrix, A. Also choose a n X p matrix, B.
The objective of the following instructions is to show
that Ck(AB) = Ck(A)Ck(B)

Implementation

1. Execute procedure V:37 on A and let (M, D,
N) receive.

2. Using repeated applications of procedure V:36,
verify that C(AB)

(a) =Cp(M 1o

(b) = Ck(Milo)"‘Ck(Mil\Mhl) * Ck(D) *
Ce(N710) - Cu(N~t n=1)Cr(B)

M= DN N7y

(¢) =Cp(M ™Yo Mty —1DN" Yo - N7y

(d) = Cr(A)Cr(B).

Procedure V:39(4.27)
Objective

Choose a m x m matrix, A. Let D be a copy of A.
Execute procedure V:22 on D. The objective of the
following instructions is to show that det(A) is the
product of the diagonal entries of D.

Implementation

1. Execute procedure V:37 on A and let (M, D,
N) receive.

2. Using procedure V:38, verify that det(A)
(a) = Cm(A)
(b) =Cn(M~ YoMty 1DN 1y N7ty 1)

(c) = Cpu(M~tg) - Cm(MilIM\—I)Cm(D)Cm(Nilo)
- Crn(N7! vj21)

(d) =1---1C(D)1---1 = C,(D)

(e) = det(D)

(f) _ HLO:m] D,

Declaration V:20(4.12)

The notation AT, where A is a m x n matrix, will
be used to refer to the m x m matrix such that
AT, ;= A;; foriin [0: n], for j in [0 : m].

Procedure V:40(4.28)
Objective

Choose a m x n matrix, A, and a n x k matrix, B.
The objective of the following instructions is to show
that BTAT = (AB)T.

Implementation

1. Verify that BT AT and (AB)T have dimensions
k x m.

2. For i in [0 : k]: For j in [0 : m]:

71B) (a) Verify that (BTAT)i)j = ZEO:n] Bl,iAj,l =
S AjaBui = (AB)ji = (AB) )i
3. Therefore verify that BT AT = (AB)T.
~1)Cx(B)

Procedure V:41(4.29)
Objective

Choose a m x m matrix, A. The objective of the
following instructions is to show that det(A”)
det(A).

Implementation

1. Execute procedure V:37 on A and let (M, D,
N) receive.
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2. Therefore using procedures procedure V:39
and procedure V:40, verify that det(AT)

(a) =det((M~tg--- M~ -1DN "o N7y 21)T)

(b) =det((N"}nj—1)" -+ (N"1o) T DT (M~ ag-1)T
o (MT1)T)
(c) = det(DT)
(d) = det(D)
() =det(M Ly MYy _y DN~ N1y ;)
(f) = det(A).
Procedure V:42(4.30)
Objective

Choose a m x n matrix, A, and an integer 0 < k <
min(m, n). The objective of the following instruc-
tions is to show that Cj(A4)T = C(AT).

Implementation
1. For each row label I of Cj(AT), do the follow-
ing:
(a) For each column label J of Cyx(AT), do the

following:

i. Using procedure V:41, verify that
Ce(AD)ry = det((AT)ry) =
det(Asr) = (Cr(A)) 11

2. Therefore verify that (Ci(A4))7 =
(Cr(AT)).
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Chapter 18

Polynomials and Normal Forms

Procedure V:43(4.31)
Objective

Choose a m x n rational matrix, A, and a m X p
rational matrix, B. Execute procedure V:37 on A
and let (M, D,, N) receive the result. If the indices
of the rows of D that are entirely zero are also the
indices of the rows of M,B that are entirely zero,
then the objective of the following instructions is
to construct a m X p rational matrix E such that

AE = B.
Implementation
Verify that A= M~',DN1,.

Verify that M~',, D, and N~!, are rational
matrices.

1.
2.

Let C be an n x p matrix with its " row given
as follows:

(a) If D;; # 0, then do the following:
i. Let row ¢ be row i of M, B divided by D ;.
(b) Otherwise, do the following:

i. Choose p rational numbers to fill up

the row.

4. Verify that DC = M, B.

5. Let E¥ be N,C.

6. Therefore using procedure V:17, ver-
ify that AE = M ',DN"LE =
M-, DN-' N, C = M~1.D1,C =
M-1.DC=M*'M,B=1,B=0B.

Yield the tuple (F).
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Declaration V:21(4.13)

The notation A\ B will be used to refer to the result
yielded by executing procedure V:43 on (A, B).

Procedure V:44(4.32)
Objective

Choose a m x n rational matrix, A, and a p X n
rational matrix, B. Execute procedure V:37 on A
and let (M, D,, N) receive the result. If the indices
of the columns of D that are entirely zero are also
the indices of the columns of BN, that are entirely
zero, then the objective of the following instructions
is to construct a p X m rational matrix E such that
EA=B.

Implementation

Instructions are analogous to those of procedure
V:43.

Declaration V:22(4.14)

The notation A/B will be used to refer to the result
yielded by executing procedure V:44 on (A, B).

Procedure V:45(4.33)
Objective

Choose a m x n rational matrix, A, a n X p ratio-
nal matrix, F/, and a m X p rational matrix, B such
that AE = B. FExecute procedure V:37 on A and
let (M,D,,N) receive the result. If the indices of
the rows of D that are entirely zero are not also the
indices of the rows of M, B that are entirely zero,



then the objective of the following instructions is to
show that 0 # 0.

Implementation
1. Verify that M-, DN-1,F = AF = B.
2. Therefore verify that DN, E = M, B.

3. Let ¢ be an integer such that D; , is zero and
yet (M, B); . is not zero.

4. Verify that D, =
(DNfl*E)L* = (M*B)%*

5. Let j be an integer such that (M.B); ; # 0.
6. Now verify that 0 = D, ; = (M. B); ; # 0.

Di,*N_l*E -

Procedure V:46(4.34)
Objective

Choose a p X m rational matrix, F, a m X n ratio-
nal matrix, A, and a p X n rational matrix, B such
that FA = B. Execute procedure V:37 on A and
let (M, D,,N) receive the result. If the indices of
the columns of D that are entirely zero are not also
the indices of the columns of BN, that are entirely
zero, then the objective of the following instructions
is to show that 0 # 0.

Implementation

Instructions are analogous to those of procedure
V:45.

Procedure V:47(4.35)

Objective

Choose two m x m rational matrices, A and B, such
that AB = 1,,. The objective of the following in-
structions is to show that either 0 =1 or BA =1,,.

Implementation

1. Execute procedure V:37 on B and let (M, D, ,
N) receive the result.

2. Verify that B= M1, DN~1,.

3. If D has a zero on its diagonal, then do the
following:

(a) Using procedure V:39,  verify that
det(1l,,) = det(AB) = det(A)det(B) =
det(A) det(D) = det(A) 0 = 0.

(b) Also verify that det(1,,) = 1™ = 1.
(¢) Therefore verify that 0 = 1.

(d) Abort procedure.
4. Otherwise do the following:

(a) Verify that D does not have a zero on its
diagonal.

(b) Verify that B\l,, = 1,(B\ln) =
AB(B\1,,) = A(B(B\1p,)) = Al,, = A.

(c) Therefore verify that BA = B(B\1,,) =
1.

Procedure V:48(4.36)
Objective

Choose an m x m matrix, M, and an m x m rational
matrix, B. The objective of the following instruc-
tions is to construct a m X m matrix, @, and a mxm
rational matrix, R, such that M = (Al,, — B)Q + R.

Implementation

1. Let MoX? + MiX = - 4+ MuyA® = M, where
the M, are m x m rational matrices.

2. Now let R = B* My + B*'M, +---+ BM,,.

3. Let Q = S IR, BO4 A 21, Bl 4ot
A°1,, BE=T) M.

4. Verify that M — R = (A, —
B) Y11, BY 4 AF21,BY 4 . 4
A1, BE=1) My = (A1, — B)Q.

5. Verify that M = (\1,, — B)Q + R.
6. Yield the tuple (Q, R).

Procedure V:49(4.37)
Objective

Choose an m x m matrix, M, and an m x m rational
matrix, B. The objective of the following instruc-
tions is to construct a m xm matrix, J, and a mxm
rational matrix, R, such that M = Q(A1,,—B)+R.

Implementation

The instructions are analogous to those of procedure
V:48.



Procedure V:50(4.38)
Objective

Choose two m X m rational matrices, B, A, and
two lists of m x m tilts such that A\l,, — B =
M(Al,,, — A)N. The objective of the following in-
structions is to either show that 0 = 1 or to con-
struct m x m rational matrices R; and R3 such that
lm = R1R3 and B = RlARg.

Implementation

Verify that (A,, — B)N~! M\, —
ANN- = M(ALy — A1, = M(ALy — A).

1.

2. Execute procedure V:49 on (M, B) and let
(Q1, Ry) receive.

3. Verify that M = (A1, — B)Q1 + Ry.

4. Execute procedure V:49 on (N~1 A) and let
(Q2, R2) receive.

5. Verify that N~1 = Qa(\,, — A) + Rs.

6. By substituting M and N~! into (2), ver-
ify that (Al,, — B)(Q2(Aly, — A) + Re) =
(()\lm — B)Ql + Rl)(/\lm - A)

7. By rearranging both sides, verify that (A1, —
B)(Q2—Q1)(A\1,,—A) = Ry(Al,,—A)— (A1, —
B)Rs.

8. By equating the coefficients of different powers
of X both sides, verify that Q2 — Q1 = Oyyxm-

9. Verify that R;(Al,, — A) — (A\l,, — B)Ry =
(A, — B)(Q2 — Q1)(A\l,, — A) = (AL, —
B)Omxrn(Alm - A) - O'rnXm-

10. Therefore by adding (A1,, — B)Rs to both
sides, verify that ARy —R1A = Ri(A\l,,— A) =
(Al,, — B)Ry = ARy — BR».

11. By equating the coefficients of A on both sides,
verify that Ry = Rs.

12. Therefore verify that R1A = BR;.

13. Execute procedure V:49 on (M~ A) and let
(@3, R3) receive.

14. Verify that M~! = (A\1,,, — A)Q3 + Rs.

15. Verify that 1,, = MM~ = (A, — B)Q1 +

Rl)Mil = ()\lm — B)QlMil + RlMil =
()\lm - B)QlMil + Rl()\f — A)Qg + R1R3 =
()\1 — B)Q1M71 + ()\I — B)Rng + R1R3 =
(Alm — B)(Q1M ™' 4+ R1Qs3) + R1Rs.
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16. By equating the powers of A on both sides,
verify that Q1M ! + R1Q3 = 0.

17. By substituting zero for Q1M ' + R1Q3, ver-
ify that 1,, = (Al,, — B)Opxm + R1Rs =
Ry Rs.

18. Therefore using procedure V:47, verify
that R3R1 = ]-m°

19. Also, verify that B = Bl,, = BR1Rs =
R AR;3.

20. Yield the pair (R;, R3).

Procedure V:51(4.39)
Objective

Choose a m x n matrix, A. Choose two integers
0 <i,j < m such that i # j. The objective of the
following instructions is to negate row ¢ and swap it
with row j using only elementary row operations.

Implementation

1. Let A be our working matrix.

2. Subtract row j from row i.

Add row i to row j.
. Subtract row j from row 3.

Verify that the i'* row has been negated
and swapped with the j** row.

Procedure V:52(4.40)
Objective

Choose a m x n matrix, A. Choose two integers
0 < 4,7 < n such that ¢ # j. The objective of
the following instructions is to negate column i and
swap it with row j using only elementary column
operations.

Implementation

The instructions are analogous to those of procedure
V:51.



Procedure V:53(4.41)
Objective

Choose an m X n diagonal matrix, A. Choose two
integers 0 < 7,7 < min(m,n) such that i # j. The
objective of the following instructions is to swap B; ;
and Bj; ; using only elementary row and column op-
erations.

Implementation
1.
2.

Let A be our working matrix.

Use procedure V:52 to negate the i** row and
swap it with the j** row.

Use procedure V:52 to negate the i** column

and swap it with the j** column.

Therefore, overall verify that B;; and
Bj ; have been swapped.

Procedure V:54(4.42)
Objective
Choose an m x n diagonal matrix, A. Choose two in-
tegers 0 < ¢, j < min(m,n) such that i # j. Choose
a rational k # 0. The objective of the following
instructions is to multiply B;; by k and B; ; by %
using only elementary row and column operations.
Implementation

1. Let A be our working matrix.

2. Add k times row i to row j.

3.

4.

5.

Subtract % times row j from row i.
Add k times row i to row j.

Verify that the i*"* row has been scaled by k,
the j*" row by —%, and that both these rows
are swapped.

Use procedure V:52 to negate the i** row and
swap it with the j** row.

Therefore, overall verify that B;; has
been multiplied by k, and B;; by %
Procedure V:55(4.43)

Objective

Choose a m X m rational matrix, A. Execute pro-
cedure V:22 on the polynomial matrix A\l — A and
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let (B) be the result. The objective of the follow-
ing instructions is to show that either none of the
diagonal entries of B are equal to zero, or 1 = 0.

Implementation

1. Verify that det(AI — A) is a monic polynomial

of degree m.

. Therefore using procedure V:39, verify that
det(B) = det(AI — A).

Therefore verify that det(B) is a monic poly-
nomial of degree m.

. If any of the diagonal entries of B equal zero,
then do the following:

(a) Verify that det(B) = B07oBl71 e Bm—l,m—l =

0.
(b) Therefore using (3) and (4a), verify that
1=0.

(¢c) Abort procedure.
5. Otherwise do the following;:

(a) Verify that none of the diagonal entries
of B equal zero.

Procedure V:56(4.44)
Objective

Choose a positive integer m and an m x m rational
matrix, A. Execute procedure V:37 on the polyno-
mial matrix Al,, — A and let (, B,v,) be the result.
The objective of the following instructions is to ei-
ther show that 0 < 0 or to construct an integer a
such that Zga:m] deg(B; ;) = m, deg(B; ;) > 0 for i
in [a : m], and deg(B;;) = 0 for ¢ in [0 : al.

Implementation

1. Execute procedure V:55 on A.

2. If deg(B;;) = 0 for ¢ in [0 : m], then do the
following:

(a) Verify that det(Al,, — A) = det(B) =
BooBi, - Bm—1,m-1-

(b) Therefore  verify that 0 <
m = deg(det(Aly, A)) =
deg(BO,OBM s Bm—l,m—l) =04+04+---+
0=0.

(c) Abort procedure.



3. Otherwise do the following;:

(a) Let 0 < a < m be the least integer such that
deg(Ba,q) > 0.

(b) Verify that deg(B;;) =0 for ¢ in [0:

L™ deg (B; )

al.

(¢) Verify

ZEU:m]
deg(det(B)) = deg(Al,, — A) = m.

that

(d) For ¢ in [a+ 1 : m], do the following:

i. Verify that B;; = w;B;—1,1.

ii. Verify that B;; # 0.
iii. Therefore verify that u; # 0.
Therefore verify that deg(B;;)
deg(u;Bi—1,—1) > deg(Bi—1,-1) > 0.

iv.
(e) Yield the tuple (a).

Declaration V:23(4.19)

The notation (e;)x 1 will be used to refer to the kx 1
rational matrix such that its i*" entry, 1, is the only
non-zero entry.

Declaration V:24(4.22)

The notation mat,(p) will be used as a shorthand
[0:]
for 3257 pje;.

Declaration V:25(4.16)

The notation comp(p), where p # 0 is a monic poly-
nomial such that deg(p) > 0, will be used as a short-
hand for the deg(p) x deg(p) rational matrix of the
following constitution:

1. Tts first deg(p) — 1 columns equal the last
deg(p) — 1 columns of 1j.

2. Its last column is — matgeg(p) (P)-

Procedure V:57(4.45)
Objective

Choose a monic polynomial, p such that deg(p) > 0.
Let k = deg(p). Choose a k x k matrix, D, such that
D = A1 — comp(p). The objective of the following
instructions is to transform D into diag(1,---,1,p)
by a sequence of elementary operations.

deg(Bi,i) = deg(Bo,oBl,1 s Bmfl,mfl) =
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Implementation

1. Let the matrix D be our working matrix.

2. For i in [k : 1], add A times row 4 to row ¢ — 1.

3. Verify that D’s first k—1 columns are now the

last £ — 1 columns of —1.

4. Verify that D’s last column is p followed by

some other polynomials.

. For i in [1 : k], subtract D; ;1 times column
i — 1 from column k — 1.

. Verify that D’s last column is now p followed
by zeros.

. For i in [1 : k], negate row i — 1 and exchange
it with row ¢ using procedure V:52.

. Therefore verify that D = diag(l,---,1,
p)-

Procedure V:58(4.46)
Objective

Choose a positive integer m and an m X m rational
matrix, A. Execute procedure V:15 on the poly-
nomial matrix Al,, — A and let (, B,,) receive the
result. Execute procedure V:56 on A and let (a)
receive the result. Let E; = comp(mon(Byiia+i))
for 4 in [0 : m — a]. The objective of the following
instructions is to first show that cols(diag(E)) = m,
and second to apply a sequence of elementary oper-
ations on Al,, — diag(E) to obtain the matrix B.

Implementation

1. Verify that the diagonal of B comprises
a rationals followed by Bg.a, Bati,a+1,""" »
Bmfl,mfl-

. Using procedure V:57, verify that
cols(diag(FE)) ZE(HEH cols(E;)
ST cols(comp (mon(Bai,a+4)))
Z[&IEI]
Y™ deg(By) = m.

3. Let F = \1,, — diag(E).

4. Now for i in [0 : |E|]:
(a) Let j = ZLM] cols(E,.).
(b) Let k = j + cols(E;).

deg(mon(Ba+i,a+i)) = ZEO:mfa] deg(Ba+i,a+i) =



(¢c) Apply procedure V:57 on the

(mon(Batia+i)s Fljirl, ik -

tuple

5. Now verify that F' is an m x m diagonal ratio-

nal matrix.
6. Also wverify that the diagonal of F
Comprises mon(Ba,a)a mon(BaJrl,aJrl)v R

mon(B,,—1,m-1) and a 1s.

Rearrange the diagonal of F' so that mon(B; ;)
is at the i*" position on the diagonal for i in
[a : m] by doing pairwise swaps. In general,
swap the i'" and j** diagonal entries using
procedure V:53.

8. For 4 in [0 : m — 1], do the following;:

(Bi,i)deg(B; ;)

(a) Let k = (Fi.)aca(ry ) "

(b) Scale B; ; by k and B;11 41 by % using pro-
cedure V:54.
(C) Now verify that Fi,i = B'L',i-

9. Now verify that det(F),,
diag(E))m =1 =det(Al,, — A),

det(Al,, —
= det(B)m-
10. Therefore verify that (Fin m)deg(Fyn.m)

_ det(F),
(det(Fl1:m), [1:m])) m —deg(Fm,m)

_ det(B)m
(det(Bli:m],(1:m]))m—deg(Bm,m)

(Bm,m)dcg(Bm,m)'
11. Therefore verify that F, ,, = Bm,m.
12. Therefore verify that F = B.

Procedure V:59(4.47)
Objective

Choose a m X m rational matrix, A. Execute pro-
cedure V:56 on A and let {(a) receive the result. Let
E; = comp(mon(B,;q+i)) for i in [0 : m — a]. The
objective of the following instructions is to either
show that 0 = 1 or to construct m x m rational ma-
trices R,T such that A = Rdiag(E)T, RT = 1,,,
and TR =1,,.

Implementation

1. Execute procedure V:37 on the polynomial
matrix Al,, — A and let (P, B,,Q) be the re-
sult.
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Verify that P,(Al,,, — A)Q. = B.
Verify that A\l,, — A= P 1, BQ!,.

Let Z be a variant of procedure V:37 where
every occurence of procedure V:22 in its in-
structions is replaced with procedure V:58,
and where every mention of v is ignored.

Execute procedure Z on the matrix Al,, —
diag(E) and let (M, ,, N) receive the result.

Verify that M, (\1,, — diag(E))N,. = B.

Verify that A,, — A P~L.BQ7!,
P, M(\,, — diag(E))NQ,.

Execute procedure V:50 on the matrices (A4,
P~1M, diag(E), NQ™'). Let the tuple (R, T)
be the result.

9. Verify that A = Rdiag(E)T.
10. Verify that RT = 1,,.
11. Verify that TR = 1,,.

12. Yield the tuple (R, E,T).

Procedure V:60(4.86)
Objective

Choose two polynomials a,b and an m X m matrix
C such that @ = b. The objective of the following
instructions is to show that A(a,C) = A(b, C).

Implementation

Implementation is analogous to that of procedure
I1:67.

Procedure V:61(4.87)
Objective

Choose two polynomials a,b and an m X n matrix
C. The objective of the following instructions is to
show that A(a +b,C) = Aa,C) + A(D, C).

Implementation

Implementation is analogous to that of procedure
11:72.



Procedure V:62(4.88)

Objective

Choose a polynomial a and an m xm matrix B. The
objective of the following instructions is to show that
A(—a,B) = —A(a, B).

Implementation

Implementation is analogous to that of procedure
11:78.

Procedure V:63(4.89)

Objective

Choose two polynomials a,b and an m X m matrix
C. The objective of the following instructions is to
show that A(ab,C) = A(a, C)A(b, C).
Implementation

Implementation is analogous to that of procedure
11:81.

Procedure V:64(4.48)
Objective

Choose a polynomial, 7, and m X m rational ma-
trices, R, A, S such that SR = 1,,. The objective
of the following instructions is to show that A(r,
RAS) = RA(r, A)S.

Implementation

1. Verify that A(r, RAS)

(a) = X000 (RAS)
(b) =S RATS
(c) = RGP, 40)8

(d) = RA(r, A)S.

Procedure V:65(4.49)
Objective

Choose a list of m x m rational matrices, A, and
a polynomial, r. The objective of the following in-
structions is to show that A(r,diag(A)) = diag(A(r,
A)).
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Implementation

1. For ¢« = 0 up to ¢ = t, by repeated applica-
tions of procedure V:21, verify that diag(A)°
evaluates to diag(A?).

. Therefore verify that A(r,diag(A))

() = X"y diag(4)7
(b) = S r; diag(Ad)
() = X1 diag(r; A7)
(d) = diag(X 1" r; 49)
(¢) = diag(A(r, A)

Procedure V:66(4.50)
Objective

Choose a m x m rational matrix, A, and a polyno-
mial, . Execute procedure V:59 on the matrix A
and let the tuple (R, E, R3) receive the result. The
objective of the following instructions is to show that
A(r, A) = Ry diag(A(r, E)) Rs.

Implementation
1. Verify that R3Ry = 1,,.
2. Using procedure V:64, verify that A(r, A) =

A(?“, R1 dlag(E)Rg) = R1A(7”, dlag(E))R:;

Using procedure V:65,
diag(FE)) = diag(A(r, E)).

verify that A(r,

Therefore verify that

Ry diag(A(r, E))Rs3.

A(r, A)

Procedure V:67(4.51)
Objective

Choose a monic polynomial p # 0 such that
deg(p) > 0. The objective of the following instruc-
tions is to show that A(p, comp(p)) = Odeg(p) xdeg(p)-

Implementation
1. Let G = comp(p).
2. For i in [0 : deg(p)], verify that Gley =
Gi~leg = = GO%; =e,.
3. Therefore, for ¢ € [0 : deg(p)], do the follow-
ing:



(a) Using (1), verify that A(p, G)e;
= (5 e
it = (27 ;67 Gle
iii. = GI(GGIe®—1 4 W] ) Gi)e,
iv. = G(Geqeg(p)—1 + Zg&deg(m] pje;)
v. = Giodeg(p)xl
vi. = Ogeg(p)x1-
Therefore verify that A(p, comp(p)) = A(p,
@) = Odeg(p) xdeg(p) -
Declaration V:26(4.20)

The notation last 4, where A is an m X m rational
matrix, will be used as a shorthand for the polyno-
mial yielded by executing the following instructions:

1. Execute procedure V:37 on the polynomial
matrix Al,, — A and let the tuple (, B,,) re-
ceive the result.

2. Yield <Bm71,m71>c

Procedure V:68(4.52)
Objective
Choose a m x m rational matrix, A. The objective
of the following instructions is to show that either
1=0orlasty #0.
Implementation

1. Execute procedure V:55 on A.

2. Therefore verify that last, # 0.

Procedure V:69(4.53)
Objective

Choose a m X m rational matrix, A. The objective
of the following instructions is to either show that
0 < 0 or to show that A(lasta, A) = Opysxem-

Implementation

1. Execute procedure V:37 on the matrix A and
let the tuple (M, B, v, N) receive the result.

2. Execute procedure V:56 on A and let (a) re-
ceive.
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3. Execute procedure V:59 on A and let (R, E/, T')
receive.

4. For jin [0 : |E|]:
(a) Verify that E; = comp(mon(Bg+j.a+;))-

(b) Verify that lasta
Ba+j,a+j HLO«Jr]Jrl:m] Uy

(c) Let k = deg(mon(Bayjatj))-

Bm—l,m—l

(d) Therefore using procedure V:67 verify
that A(lastA,Ej) = A(Bm—Lm—lij) =

A(Ba+j,a+j, COmP(mOH(Ba+j,a+j))) H[TaHH:m] A(vr,

E;) = Orxk HLaJer:m] A(vr, Ej) = Ok

5. Therefore using procedure V:66 verify
that A(lasta, A) = Rdiag(A(lasta, E))T
Rdiag(A(Bm—l,m—laE))T = ROmeT

0m><m°

Procedure V:70(4.54)
Objective

Choose a monic polynomial p such that deg(p) > 0.
Choose a polynomial g # 0 such that deg(g) <
deg(p). The objective of the following instructions

is to show that A(g,comp(p)) # Odeg(p)xdeg(p)-

Implementation

1. Let G = comp(p).

2. Therefore using declaration V:25, verify
that A(g,G)eo = (L7 g;G0)ep =
:d
ST e £ Odeg(pyxi-
3. Therefore verify that A(g,G) #

Odeg(p) xdeg(p)*

Procedure V:71(4.55)
Objective

Choose a polynomial g and a monic polynomial p
such that deg(p) = deg(g) > 0 and A(g, comp(p)) =
Odeg(g)xdeg(g)- Lhe objective of the following in-
structions is to show that g = gqeg(g)P-



Implementation

1. Let G = comp(p).

2. Using  declaration  V:25,  verify  that
Odeg(g)x1 = A(g,G)eg = (ZEO:lgH ngJ)eO =
0:d

gdeg(g)Gedeg(g)fl + ZE eg(9)] g;e;.

3. Therefore for ¢ in [0 : deg(g)], do the following:

(a) Verify that 0
Zgoideg(gﬂ 9;€5)i.0-

(9deg(g)Gedeg(g)-1 +

(b) Therefore using declaration V:25, verify that
~Ydeg(g)Pi +9i = 0.

(c) Therefore verify that g; = gqeg(q)Pi-

4. Therefore verify that g = gycg(4)p-

Procedure V:72(4.56)
Objective

Choose a m x m rational matrix, A. Choose a poly-
nomial p # 0, such that A(p, A) = Opxm. The ob-
jective of the following instructions is to either show
that 0 # 0 or to construct a polynomial f such that
p = flast4.

Implementation
1. Let F be the 1 x 2 matrix ({(p,last4)).
2. Execute procedure V:37 on F and let (M, D,
N) receive the result.
3. Verify that Dy o # 0.
4. Let g = Doy .
5. Verify that F = M-, DN~!', = DN~ 1,.
6. Verify that lasty = Fy1 = DooN 101 +
Doa N7ty 1 =DooN o1 =9gN o
7. Therefore verify that N_I*O’l # 0.
8. Let u = deg(last ).
9. Now wverify that w = deg(lasty) =
deg(Do,oN~"'sp,1) > deg(Do,0) = deg(g).
10. Verify that D = M,FN, = FN,.
11. Therefore verify that g = Dgg = Nigop +

N*I,O laStA.
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12. Therefore using procedure V:67, verify that
A(g, A) A(Nyo0, A)A(p, A) + A(Niyy,
A)A(labtA,A) = A(N*()’O’ A)O7n><m + AA(]\L.(LO7

A)Om xXm

= Omxm,-

13. Execute procedure V:59 on the matrix A and

let the tuple (R, E, R3) receive the result.

14. Using procedure V:66, and procedure V:59,
verify that diag(A(g, E)) 1, diag(A(g,
E)ln = RsRydiag(A(g, E))RsRy = R3A(g,

A)Rl = RSOmeRl = Omxm-

15.
16.

Let G = comp(mon(last)).
Verify that A(g, G) A(g, Ejg)—1)
diag(A(g; E)) pm—uim],lm—wm] = Ouxu-
17. If deg(g) < u, then:
(a) Using procedure V:70, verify that A(g, G) #

O'lLX’U.‘

(b) Therefore using (16),
Ouxu = A(g, G) # Ouscu-

(c) Abort procedure.

verify that

18. Otherwise, do the following:
(a) Verify that deg(g) = u.

(b) Using procedure V:71, verify that g
Jdeg(g) last 4.

(c) Therefore  verify that p
Foo = DooNt'i0 + DoaN "ty
N_l*o,og + N_1*1,0 * 0 N_l*o,og
N71*07ogdeg(g) laStA.

(d) Yield the tuple (N ™', gdeg(g))-

Procedure V:73(4.57)
Objective

Choose an m x n rational matrix, A, and an n X m
rational matrix, B, such that AB = 1,,. The ob-
jective of the following instructions is to show that
either 0 = 1 or every column of B is non-zero.

Implementation

1. If any column i of B, Be;, is equal to zero,
then:

(a) Verify that 0,x1 = AO0,x1 = A(Be;)
(AB)el = lmei = €;.

(b) Therefore verify that 0=1.



(c) Abort procedure.

Procedure V:74(4.58)
Objective

Choose a m x m rational matrix, A. Choose a
polynomial p such that p # 0, A(p,A) = 0, and
deg(p) < deg(last4). The objective of the following
instructions is to show that 0 < 0.

Implementation

1. Execute procedure V:72 on A and p and let f

receive.
Now verify that p = flasta.

Now using the precondition and (2), verify
that f # 0 and last4 # 0.

Therefore using the precondition, (2),
and (3), verify that deg(lasts) > deg(p) =
deg(flast4) > deg(last4).

Abort procedure.

Declaration V:27(4.21)

The notation pows(A), where A is a m x m rational
matrix, will be used as a shorthand for the result
yielded by executing the following instructions:

1.
2.

Let t = deg(last ).

Make an m? x t matrix, B, whose i*" column
is the sequential concatenation of the columns
of A’

Yield (B).

Procedure V:75(4.59)
Objective

Choose a m x m rational matrix, A. Execute proce-
dure V:37 on pows(A) and let the tuple (M, D,, N)
receive the result. Let ¢ = cols(pows(A)). The ob-
jective of the following instructions is to show that
either 0 < 0 or to show that C(D) = C¢(D) g0 #
0.

Implementation

1. Execute procedure V:37 on pows(A) and let
the tuple (M, D,, N) receive the result.

2. Verify that M, pows(A)N, = D.
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Using  procedure  V:17, verify  that
M=, M, pows(A)N, = 1,,2 pows(A)N,
pows(A)N, = M~1.D.

If C¢(D)y o = 0, then:
(a) Verify that for some 0 <i <t, D;; = 0.

4.

(b) Therefore verify that De; = 0,21

(c) Therefore verify that pows(A)(Ne;)
(pows(A)N)e; = (M~1D)e; = M~ (De;) =
Oz x1-

Let p = N A” + Ny A+ -+ Nyg AL
Therefore verify that A(p, A) = Oy xim-

(d)
()
(f) Execute procedure V:73 on N~!, and N,.

g) Therefore verify that p # 0.

()

(h) Execute procedure V:74 on A and p.
(i) Abort procedure.

5. Otherwise, do the following:

(a) Execute procedure V:33 on (D, 14,t) and let
E receive.

(b) Verlfy that Ct(.D) = Ct(Dlt) = EC’t(lt)
Ex1=F.

(¢c) Verify that E is a (";2) x (1) diagonal matrix.

(d) Therefore verify that Cy(D) is a (m2

t
diagonal matrix.

) x 1

(e) Therefore verify that Ci(D)

Ct (D)Oﬁeo 75 0.

Procedure V:76(4.60)
Objective

Choose a m x m rational matrix, A. Let ¢
cols(pows(A4)). The objective of the following in-
structions is to show that either 0 < 0 or to show
that Cy(pows(A)) # 0.

Implementation

1. Execute procedure V:37 on pows(A) and let

the tuple (M, D,, N) receive the result.

2. Verify that pows(A) = M~1,DNL,.
3. Execute procedure V:73  on  Cy(M,),
Cy(M~1,).



4. Hence verify that all columns of C;(M ~1,) are
NON-Z€ro.

Execute procedure V:75 on A.

Verify that Cy(D) = Ct(D)O’OeO # 0.
Therefore verify that C¢(D), o # 0.

Execute procedure V:73 on Cy(N,), C(N~1L,).
Hence verify that Cy(N~1) # 0.

10. Verify that C;(pows(A)) = C;(M ', DN~1,

© ® N oo«

() = S0 S ™ ()t Ar
(d) = 0™ Brsem ) A

() =X bA,,

(f) =b A,

(g) = btr(A)

Procedure V:79(4.70)

)= jective
CLML)CHD)CHN 1)) = CoM ) Co(D), eat (N &

Ct(D)o,oct(N_l*)Ct(M_l*)eO # O(Wf)

x1°

Declaration V:28(4.26)

The notation tr(A), where A is a square matrix, will
be used as a shorthand for the sum of its diagonal
entries.

Procedure V:77(4.68)
Objective

Choose two m X m matrices A, B. The objec-
tive of the following instructions is to show that

tr(A+ B) = tr(A) + tr(B).

Implementation

1. Verify that tr(A + B)
a) =Y "(4+ B),,

Procedure V:78(4.69)
Objective

Choose a polynomial b and an m x m matrix A. The
objective of the following instructions is to show that
tr(bA) = btr(A).

Implementation
1. Verify that tr(bA)
(a) = tr(bmxmA)
(b) = 327" (bmscm A)rr

Choose an m x n matrix A and an n X m matrix
B. The objective of the following instructions is to
show that tr(AB) = tr(BA).

Implementation

1. Verify that tr(AB)

() = Y"(AB),.,

(b) =S S A, By,
() =X S By A,
(d) = S (BA)

(e) = tr(BA).

Procedure V:80(4.71)
Objective

Choose an m xn matrix A such that A # 0. The ob-
jective of the following instructions is to show that
tr(ATA) > 0.

Implementation

1. Verify that tr(AT A)

(a) = AT 4),.,

(b) _ Z[TO:n] Z][ﬁo:m,] (AT)r,tAtvr
(C) _ ZLO:n] ZEO:m] At,rAt,r
(@) = =7 S (A

(e) >0.

Declaration V:29(4.27)

The phrase ”symmetric matrix” will be used to refer
to matrices A such that " AT = A”.
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Procedure V:81(4.61)
Objective

Choose a symmetric m X m rational matrix, A. Let
t = deg(lasta). Choose two polynomials u,w such
that deg(u) < t and deg(w) < t. The objective of
the following instructions is to show that tr(A(uw,
A)) = mat(u)T pows(A)T pows(A) mat(w).

Implementation
1. Verify that tr(A(uw, A))
(a) = tr(A(u, A)A(w, A))
(b) = tr((E upA?) (S w, A7)

(o) = tr() S0 ww, AP A7)

(d) = X0y, tr(AP A7)
(e) — ZLO:t] Z([]O:t] Upwq Z[eOm] Z‘[f(-)m] Apehf

Al e
(f) — Z[po:t] Z([]O:t] Upw, ZLOm] ZE?W] Apf7e .

A4 e

. . _m2

(&) = SIS g, S0 pows (), pows(A)
(h) = S Sy, (pows(A)T pows(A))p,g

(i) = 1w, (pows(A)” pows(A) maty (w)),

(j) = mat(u)” pows(A4)T pows(A) mat,(w)

Declaration V:30(4.25)

The notation sel 4, where A is an m X m rational
matrix, will be used as a shorthand for the result
yielded by executing the following instructions:

1. Using procedure V:42, procedure
V.76, and procedure V:80, ver-
ify  that  C(pows(A4)T pows(A)) =

Procedure V:82(4.62)
Objective

Choose a symmetric m x m rational matrix, A. Let
t = deg(last4). Choose a polynomial u such that
deg(u) < t. The objective of the following instruc-
tions is to show that tr(A(usels, A)) Lt

= (last )¢ *

Implementation

1. Using procedure V:81, verify that tr(A(usela,

4))
(a) = mat(u)T pows(A)T pows(A) mat,(sel)
(b) _ mat(u)? pows(A)T pows(A)((pows(A)T pows(A))\er_1)
(last a)¢

~ mat(u)Te,_
(C) - (last a)¢ :
(4) = "
() = Tastay-

Procedure V:83(4.63)
Objective

Choose a symmetric m x m rational matrix, A. The
objective of the following instructions is to either

9show that 0 # 0 or construct polynomials u, v such

that ulast 4 +vsely = 1.

Implementation
1.
2.

Let t = deg(last 4).
Let G be the 1 x 2 matrix ((lasta,sel4)).

Execute procedure V:37 on G and let the tuple
(M, D,,N) receive.

Verify that G = M~ !, DN~1,.

Verify that last 4 # 0.

Therefore verify that Dg o # 0.

If deg(Do,0) > 0, then do the following:

N o e

Ci(pows(A)T)Cy (pows(A)) = Cy(pows(A))" Cy(pows(Ad) Eet b = N~10.0-

tr(Cy(pows(A))" Cy(pows(A))) > 0.
2. Let t = deg(last ).
3. Let H = (pows(A4)T pows(A))\es_1.

Z;O:t] Hj.o)\j

4. Yield ( (Tasta); )-
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(b) Verify that last4 = bDg .

(¢) Therefore verify that b # 0.
(d) Let z = deg(b).
)

(e) Verify that ¢t = deg(lasta) = deg(bDoo) =
deg(b) + deg(Dg ) > deg(b) = =.



(f

(g) Verify that sely = c¢Dy .

)
)
(h) Let u= At=*"1p.
)
)

(i
(J

Execute procedure V:82 on A and u.

Hence verify that (last): tr(A(usela, A)) =
Ut—1 — b 7é 0.

(k) Also verify that tr(A(usela, A))

L. = tr(AX =" beDo g, A))

ii. =tr(A\*"clasta, A))

iii. = tr(A\*"1c, A)A(last 4, A))
iv. =tr(AA"2*"te, A)0pnxm)

v. = tr(Omxom)

vi. = 0.

(1) Therefore verify that 0 # 0.

(m) Abort procedure.

8. Otherwise, do the following;:
(a) Verify that deg(Dyg,0) = 0.
(b) Let u= 5.

(¢) Let v = géz

(d) Verify that ulasty +vsely = 1.

(e) Yield the tuple (u,v).

Procedure V:84(4.64)
Objective

Choose a symmetric m X m rational matrix A, where
m > 0. Let t = deg(last 4 ). The objective of the fol-
lowing instructions is to either show that 0 # 0 or
to construct lists of polynomials s, ¢ such that

1. For i =0 to i = ¢, deg(s;) = 1.
2. For i =0 to i =t, sgn((s;):) = sgn((s¢)s).
3. Fori=1toi=t—1, s;-1+ S;+1 = ¢;Si-
4. s; = last 4.
Implementation
1. Let s; = last4.
2. Execute procedure V:83 on A and let (u, s¢41)

receive the result.
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Hence verify that us; + sy41selgq = 1.
Let ¢, = s¢4+1 div s,.

Let s¢—1 = s¢41 mod s;.

&S Gt W

Verify that sy41 where

deg(si—1) < deg(s:) =t.

qtSt + St—1,

7. Therefore verify that us; 4+ (g s¢ + s¢—1) sela
1.

8. Therefore verify that A(s;_1sela,A)
Aus + (qese + se—1)selg, A) = A1, A) =1,

9. Therefore using procedure V:82, verify that

% = tr(A(si—1sela, A) = tr(l,) =
m > 0.
10. For ¢ € [t : 1], do the following:

(a) Let ¢; = (—si41) div(—s;).

(b) Let s;—1 = (—si4+1) mod (—s;).

(c) Verify that deg(q;) = 1.

(d) Verify that (¢;)1 = %

(e) Also verify that —s;11 = —q;8; + si—1.

(f) Therefore verify that ¢;s; = ;41 + Si—1-

(g) Therefore verify that ¢;s; — $;41 = $i—1.

(h) Execute procedure I1:125 on the tuple (s, q,

i —1) and let (p, j) receive.

(i) Verify that s;—1 = pss—1 + js¢.

(j) Verify that deg(p) =t —1—-(i—1)=t—1.

(k) Verify that deg(j) =t—2—(i—1)=t—1—1i
)

(1) Therefore verify that A(s;—1,A4)
A(psi—1 + jsi, A) = A(psi—1,A) + A(j,
A)A(s50, A) = A(psi—1, A) + A, A0 =
A(psi—1, A).

(m) If A(p, A) = 0, then do the following;:

i. Execute procedure V:74 on A and p.
ii. Abort procedure.

(n) Otherwise, if A(s;—1,A) = Opmxm, then do
the following;:

i. Verify that A(ps;—isela, A) = A(psi—1,
A)A(sela, A) = A(si—1,A)A(sely, A)
OmeA(SelA,A) = Omxm-



ii. Verify that A(psi—1sela,A)
A)A(sp—1selq, A) Alp, A)1,,
A) 7é 07n><m-

Therefore verify that 0 #£ 0.

iii.

iv. Abort procedure.

(o) Otherwise if A(s;—1sela, A) = Opxm, then
do the following;:

i. Verify that A(s;—1selasi—1,A4)
A(si—1sela, A)A(si—1, A) = OpmxmA(si—1,
A) = Omxcm-

ii. Verify that A(Si_l sela s¢_1, A) = A(Si_l,
A)A(SGIA St_l,A) A(Si_hA)lm
A(Si—laA) # Omscm-

iii. Therefore verify that 0., xm 7 Omxm-

iv. Abort procedure.
(p) Otherwise, do the following:
i. Verify that deg(s;—1) < 1.
i. Verify that A(s;—1sela, A) # Opmxm.-

—

iii. Execute the subprocedure V:85:0 on the
tuple (4 — 1, 8;-1).

iv. Hence wusing procedure V:80, verify
that % = tr(A(si_1%seln?, A)) =
tr((A(s;—1sela, A))?) = tr((A(s;_1sela,
A))T(A(Si_l selA,A))) > 0.

Therefore verify that sgn((s;—1);—1) =
sgn((s;)q)-

11. Yield the tuple (s(o.t+1], q[0:])-

Subprocedure V:85:0

Objective Choose an integer 0 < k < ¢ such
that polynomial sj is defined. Choose a polyno-
mial g such that deg(g) < min(k,t — 1). The ob-
jective of the following instructions is to show that
tr(A(gspsela?, A)) —

T Skt )k

Implementation

1. If k = t, then verify that tr(A(gsgsela?, A))

(a) = tr(A(gssela?, A))

(b) = tr(A(gsela?, A)A(s;, A))
(¢) = tr(A(gsela?, A)Omsm)
(d) =0
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(e) = (Sk+gll3k+1'

2. Otherwise if & = t — 1, then verify that
tr(A(gspsela?, A))

(a) = tr(A(gsi—1sela’, A))

(b) = tr(A(gsel, A)A(s,_1sel4, A))
(c) = tr(A(gsela, A)1y)

(d) = tr(A(gsela, 4))

) =5

3. Otherwise if k£ <t — 1, then do the following:
(a) Verify that deg(ggr+1) =k+1<t¢—1.

(b) Execute the subprocedure V:85:0 on the tu-
ple (k + 1, gqi+1)-

(¢c) Now verify that tr(A((gqur1)skrisela?,

(sp42)k+2 .

(spt1)k+1 7" Ik
A)) = +10k+ = .
) (Sk+2) k42 (Sk41)k+1

(d) Verify that deg(g) < k <t —2.
(e) Execute the subprocedure V:85:0 on the tu-

ple (k+2,9).
(f) Now verify that tr(A(gsgiosela®, A)) =
9k+2 — 0 =0
(Sk+3)k+3 (Sk+3)k+3 :

(2) Therefore verify that tr(A(gsgsels?, A))
i = tr(A(g(@r15041 + ser2)sela?, A))

i, = tr(A(quJrlskJrlselA2 + gSpaosela?, A))

ii. = tr(A(qu+1sk+1se1A2,A)+A(gsk+gsel,42,
)
iv. = tr(A(gqrs1Skp1sela’®, A))+Ftr(A(gspyosela?,
A))
_ 9k
Ve = (Sk+1k)k+1
s g
vi. = (Sk+1k)k+1'

Procedure V:85(4.65)
Objective

Choose a symmetric m X m rational matrix, A. Let
t = deg(last4). The objective of the following in-
structions is to either show that 0 < 0 or to con-
struct two lists of rational numbers ¢,d such that
cp < dyp <1 < dy < - < -1 < di—1 and
0 # sgn(A(lasta,¢;)) = —sgn(A(lasta,d;)) for ¢ in
[0:1¢].



Implementation B. sgn(A(ug, di)A(ur, di) - - Awm—1,

@)

1. Execute procedure V:84 on the matrix A and

let the tuple (s, ¢) receive the result. C. =sgn(A(upuy * - Um—1,d;))

2. Execute procedure I1:124 supplying the tuple D. = sgn(A(last,d;))
(s,q). Let the tuple (c,d) receive the result. E. £0

3. Verifydthat o < dp <1 <dp <00 < (d) If sgn(A(uj, ¢;)) = sgn(A(uj,d;)) for j € [0:
Ct—1 < d¢—1.

m], then do the following:

4. Verify that sgn(A(last 4, ¢;)) i. Verify that sgn(A(last, ¢;))
—sgn(A(last4,d;)) for i in [0 : ¢].

A, =sgn(A(upuy -+ - Um—1,¢;))
5. Yield {(c,d).
{e;d) B. = sgn(A(ug, ¢;)) sgn(A(u, ¢;)) - - - sgn(A(um—1,

ci))

Procedure V:86(4.66)
C. = sgn(A(uo, di)) sgn(A(us, di)) - - - sgn(A(um—1,
Objective d;))

Choose a symmetric m X m rational matrix, A. Let D. =sgn(A(uouy -+ Upm—1,d;))
t = deg(last4). Execute procedure V:85 on A and

let the tuple (¢, d) receive the result. Execute proce- E. = sgn(A(lasta, d;)).

dure V:37 on A and let the tuple (,,u,) receive the ii. Therefore verify that 1 = —1.
result. The objective of the following instructions

is to either show that 1 = —1 or to construct a list iii. Abort procedure.

of non-negative integers k such that 0 # sgn(A(uy,, (¢) Otherwise do the following:

¢i)) = —sgn(A(ug,,d;)) for ¢ in [0 : ¢].
) (A ) 0:1] i. Let k; be the least integer such that

0 7é Sgn(A(uki ) Cl)) = - Sgn(A(uki ) dl))
3. Yield (k).

Implementation
1. Verify that lasty = uguq « - - Usp—1-

2. For 7 in [0 : ], do the following: Procedure V:87(4.67)

(a) Using the precondition, verify that 0 # Objective

A(lasta,c;)) = — A(lasta,d;)). ) . .
sen(Allasts, c.)) sen(Allasts, di)) Choose a symmetric m x m rational matrix, A. Ex-

(b) If 0 € sgn(A(u, ¢;)), then do the following: ecute procedure V:37 on A and let the tuple (,,
u,) receive the result. Execute procedure I1:112
on A and let k receive. Let ¢ = deg(lasts). Let
A. =sgn(A(ug, ¢;)) sgn(A(uy, ¢;)) - - - sgn(A(um—1y = ZEO:t] [k; = 4] for j in [0 : m]. The objective

¢i)) of the following instructions is to either show that
0 < 0, or to show that n; = deg(u;) for 7 in [0 : m].

i. Verify that 0

B. = sgn(A(ug, ci)A(u1,¢;) - Aum—1,¢i))
C. =sgn(A(upuy - - Um—1,¢;)) Implementation
D. = sgn(A(last 4, ¢;)) 1. Verify that Zg_o:m] n; = Zg_o:m] ZEM] [k; =
. 0:t 0:m . 0:t
E. #0. =SSk = =2 =t
(c) If 0 € sgn(A(u,d;)), then do the following: 2. 1If for any 7 in [0 : m], n; > deg(u;), then do

the following;:

i. Verify that 0
! i (a) Execute procedure I1:112 on the polynomial

A. =sgn(A(ug, d;)) sgn(Aug, d;)) - - - sgn(A(um—1, u; along with deg(u;)+1 of the distinct pairs
d;)) (e1,d;) such that k; = i.
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(b) Abort procedure.

3. Otherwise if for any ¢ in [0 : m], n; < deg(u;),
then do the following:

(a) Verify that ZEO:m] nj < Zgo:m] deg(u;) =t.
(b) Therefore using (1) and (a), verify that
Sy < .
(c) Abort procedure.
4. Otherwise, do the following;:

(a) For all ¢ in [0 : m], verify that n, =
deg(us).

Procedure V:88(4.72)
Objective

Choose a symmetric m x m rational matrix, A. Let
t = deg(last4). Execute procedure V:86 on the ma-
trix A and let the tuple (k) receive the result. The
objective of the following instructions is to either

show that 0 < 0 or to show that 31" (m —k;) = m.

Implementation

1. Execute procedure V:37 on the matrix A and
let the tuple (, D, u,).

2. Using procedure V:87, verify that ZEM] (m —

(a) = ST TPk < )

(b) = S Sy < )

() = X Sy < 4] S ki = 1)
(d) = S Sk < ks = 1]
() = X P S < [k = 1]
(f) = X0 S < ) Sk =1
(g) = XV P < g deguy

(h) = X9 S deg g

(i) =X deg D; 5
(i) =m
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